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Foreword

What exactly is Approximate Commutative Algebra? Where precisely can the ap-

proximateness arise? Don’t think that it just means

xy = 0.9999yx

and be aware there are certainly some important places where approximation and

vagueness are definitely not allowed: e.g. in the theorems!

The name ApCoA is an acronym for “Approximate Commutative Algebra”. It

has received some criticism for its self-contradictory nature: algebra is exact, so it

cannot be approximate — but it is for this very same reason that we like it! Our

explicit goal is precisely that of building a bridge between the approximate data of

the real world and the exact structures of commutative algebra. We believe that the

nine papers contained in this volume give an excellent insight into this emerging

field of research, and will contribute to the building of this important bridge.

The original stimulus for this book was the first ApCoA workshop hosted in

February 2006 by the Radon Institute of Computational and Applied Mathematics

(RICAM) of the Austrian Academy of Science and the Research Institute for Sym-

bolic Computation (RISC) of the Johannes Kepler University in Linz, Austria. As

interest spread and many new ideas and results sprang up, it quickly became clear

that a second ApCoA workshop was warranted. This second workshop was part of

the RISC Summer 2008 event, and was again co-organized by RICAM. Most of the

articles in this book grew out of the presentations given at this second workshop.
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Preface

We have gathered together in this volume nine articles offering highly varied points

of view as to what Approximate Commutative Algebra (ApCoA) comprises. These

diverse perspectives furnish an accessible overview of the current state of research

in this burgeoning area. We believe that bringing together these surveys creates a

single reference point which will be of benefit both to existing practitioners who

wish to expand their horizons, and also to new researchers aspiring to enter this

exciting and rapidly developing field. The presentations are intended also to appeal

to the interested onlooker who wants to stay informed about recent developments in

the field.

The contributions to this book come from active university researchers with a

keen interest in ApCoA. Some of them have extensive experience in the field, while

others are relative newcomers bringing with them new tools and techniques. The

survey articles by their very nature can only scratch the surface, but each one comes

with its own bibliography for those who desire to delve more deeply into the numer-

ous topics discussed.

To help the reader orient himself, the paragraphs below summarise the scope of

each of the contributed articles. Read and enjoy!

Kreuzer, Poulisse, Robbiano

From Oil Fields to Hilbert Schemes

New techniques for dealing with problems of numerical stability in computations

involving multivariate polynomials allow a new approach to real world problems.

Using a modelling problem for oil field production optimization as a motivation, the

paper presents several recent developments involving border bases of polynomial

ideals. To get a deeper understanding for the algebra underlying this approximate

world, recent advances concerning border basis and Gröbner basis schemes are dis-

cussed. For the reader it will be a long, tortuous, sometimes dangerous, yet hopefully

fascinating journey from oil fields to Hilbert schemes.
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viii Preface

Bates, Hauenstein, Peterson, Sommese

Numerical Decomposition of the Rank-Deficiency Set of a Matrix of Multivariate

Polynomials

Let A be a matrix whose entries are algebraic functions defined on a reduced quasi-

projective algebraic set X, e.g. multivariate polynomials defined on X := CN . The

sets Sk(A) , consisting of x ∈ X where the rank of the matrix function A(x) is at

most k , arise in a variety of contexts: for example, in the description of both the

singular locus of an algebraic set and its fine structure; in the description of the

degeneracy locus of maps between algebraic sets; and in the computation of the

irreducible decomposition of the support of coherent algebraic sheaves, e.g. supports

of finite modules over polynomial rings. The article presents a numerical algorithm

to compute the sets Sk(A) efficiently.

Wu, Reid, Golubitsky

Towards Geometric Completion of Differential Systems by Points

Numerical Algebraic Geometry represents the irreducible components of algebraic

varieties over C by certain points on their components. Such witness points are

efficiently approximated by Numerical Homotopy Continuation methods, as the in-

tersection of random linear varieties with the components. The paper outlines chal-

lenges and progress for extending such ideas to systems of differential polynomials,

where prolongation (differentiation) of the equations is required to yield existence

criteria for their formal (power series) solutions.

Scott, Reid, Wu, Zhi

Geometric Involutive Bases and Applications to Approximate Commutative Algebra

This article serves to give an introduction to some classical results on Involutive

Bases for polynomial systems. Further, it surveys recent developments, including a

modification of the above: geometric projected involutive bases, for the treatment of

approximate systems, and their application to ideal membership testing and Gröbner

basis computation.

Zeng

Regularization and Matrix Computation in Numerical Polynomial Algebra

Numerical polynomial algebra emerges as a growing field of study in recent years

with a broad spectrum of applications and many robust algorithms. Among the

challenges faced when solving polynomial algebra problems with floating-point

arithmetic, the most frequently encountered difficulties include the removal of ill-

posedness and the handling of large matrices. This survey develops regularization

principles that reformulate the algebraic problems for their well-posed approximate

solutions, derives matrix computations arising in numerical polynomial algebra, as

well as a subspace strategy that substantially improves the computational efficiency

by reducing the matrix sizes. These strategies have been successfully applied to nu-

merical polynomial algebra problems such as GCD, factorization, elimination and

determination of multiplicity structure.



Preface ix

Shekhtman

Ideal Interpolation: Translation to and from Algebraic Geometry

This paper discusses four themes that surfaced in multivariate interpolation and

which seem to have analogues in algebraic geometry. The hope is that mixing these

two areas together will benefit both. In Approximation Theory (AT) the limits of

Lagrange projectors correspond to components of the Hilbert scheme of points in

Algebraic Geometry (AG). Likewise, error formulas in (AT) may correspond to ideal

representations in (AG), and so on.

Riccomagno, Wynn

An Introduction to Regression and Errors in Variables from an Algebraic Viewpoint

There is a need to make a closer connection between classical response surface

methods and their experimental design aspects, including optimal design, and alge-

braic statistics, based on computational algebraic geometry of ideals of points. This

is a programme which was initiated by Pistone and Wynn (Biometrika, 1996) and is

expanding rapidly. Particular attention is paid to the problem of errors in variables

which can be taken as a statistical version of the ApCoA research programme.

Stetter

ApCoA = Embedding Commutative Algebra into Analysis: (my view of computa-

tional algebra over C )

This paper deals with the philosophical problem of understanding what ApCoA

should mean and, most importantly, what it should do. The main position is that

ApCoA comprises consideration of problems of Commutative Algebra over the

complex or real numbers, admission of some data of limited accuracy, and use of

floating-point arithmetic for the computation of numerical results. In the presence of

empirical data, i.e. with nearly all computational problems arising from real world

applications, the analytic viewpoint is indispensable. The spread of the data may

include singular or degenerate situations which would be overlooked if the neigh-

bourhood of a specified problem were neglected.

Kaltofen

Exact Certification in Global Polynomial Optimization Via Rationalizing Sums-Of-

Squares

Errors in the coefficients due to floating point round-off or through physical mea-

surement can render exact symbolic algorithms unusable. Hybrid symbolic-numeric

algorithms compute minimal deformations of those coefficients that yield non-trivial

results, e.g. polynomial factorizations or sparse interpolants. The question is: are the

computed approximations the globally nearest to the input? This paper presents a

new alternative to numerical optimization, namely the exact validation via symbolic

methods of the global minimality of our deformations.
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Introduction

Why did the chicken cross the road?

To boldly go where no chicken has gone before.

(James Tiberius Kirk)

A Bridge Between Two Worlds. Oil fields and Hilbert schemes are connected

to very different types of ingredients for algorithmic and algebraic manipulation:

continuous and discrete data. This apparent dichotomy occurs already in a single

polynomial over the real number field. It consists of a discrete part, the support, and

a continuous part, the set of its coefficients. The support is well understood and the

source of a large amount of literature in classical algebra. On the other hand, if the

coefficients are not exact real numbers but approximate data, the very notion of a

polynomial and all algebraic structures classically derived from it (such as ideals,

free resolutions, Hilbert functions, etc.) tend to acquire a blurred meaning.

An easy example is the following. Consider three distinct non-aligned points in

the affine plane over the reals. First of all, if the coordinates are not exact, it is not

even clear what we mean by “non-aligned”; a better description might be “far from

aligned”. The vanishing ideal of the three points is generated by three quadratic

polynomials. However, if we change some of the coefficients of these polynomials

by a small amount, almost surely we get the unit ideal, since the first two conics still

intersect in four points, but the third will almost certainly miss all of them.

How can we cope with this situation? And why should we? The first, easy an-

swer is that approximate coefficients are virtually inevitable when we deal with real

world problems. In this paper we concentrate on a specific problem where vectors

with approximate components encode measurements of physical quantities taken in

an oil field. Based on actual industrial problems in the field of oil production, we

want to popularize the idea that good models of many physical phenomena can be

constructed using a bottom-up process. The heart of this method is to derive mathe-

matical models by interpolating measured values on a finite set of points. This task

can be solved if we know the vanishing ideal of the point set and a suitable vector

space basis of its coordinate ring.
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This leads us to the next question. Given a zero-dimensional ideal I in a polyno-

mial ring over the reals, if we assume that the coefficients of the generating polyno-

mials are inexact, is it still an ideal? What is the best way of describing this situation?

The fact that Gröbner bases are not suitable for computations with inexact data has

long been well-known to numerical analysts (see [30]). This is due to the rigid struc-

ture imposed by term orderings. Other objects, called border bases, behave better.

They have emerged as good candidates to complement, and in many cases substitute

for, Gröbner bases (see [17], [21], [22], [26], [29]). But possibly the most important

breakthrough is the recent discovery of a link between border bases and Hilbert

schemes. We believe that it may provide a solid mathematical foundation for this

new emerging field which tries to combine approximate methods from numerical

analysis with exact methods from commutative algebra and algebraic geometry.

You got to be careful if you don’t know where you’re going

because you might not get there.

(Yogi Berra)

Our Itinerary. In the first part of the introduction we have already suggested the

existence of an unexpected bridge between oil fields and Hilbert schemes. Let us

now be more specific about the content of the paper and indicate how it tries to build

that bridge. Section 1 provides an introduction to one of the main problems arising

in oil fields, namely the control of the production. Since we assume that our typical

reader is not an expert geologist, we provide some background about the physical

nature of an oil reservoir, illustrate the main production problem, and describe a

new mathematical approach to solve it. We call it “new”, since in our opinion it is

very different from the standard view on how to use mathematical models in such a

context.

Border bases, the main technical tool we use later, are described in Section 2.

This material is mainly taken from [21], Section 6.4 and [17]. We describe the defi-

nition and the main properties of border bases and compare them to Gröbner bases

using suitable examples. Several important results about border bases are described,

in particular their characterization via the commutativity of the formal multiplica-

tion matrices due to B. Mourrain (see [26]). A brief excursion is taken into the realm

of syzygies, their relation to the border web, and their importance in another funda-

mental characterization of border bases based on the work of H. Stetter (see [30]).

A useful aspect of border basis theory is that we try to specify a “nice” vector

space basis of the quotient ring R[x1, . . . ,xn]/I . This sort of basis plays a funda-

mental role in the problem of solving polynomial systems. Notwithstanding the fact

that solving polynomial systems is not a main topic in our presentation, we decided

to use Section 3 to give a description of a technique which comes from numerical

analysis and uses linear algebra methods, in particular eigenvalues and eigenvectors

(see [4], [5], and [9]). The importance of a special kind of matrices, called non-

derogatory matrices, is illustrated by Example 1.3.9 and also used in [19] in the

context of border basis theory.

Sections 4 and 5 are the computational heart of the paper. They describe two

somehow complementary algorithmic approaches to the problem of computing the
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“approximate vanishing ideal” of a finite set of approximate (empirical) points and a

basis of the corresponding quotient ring. In particular, the first part of Section 4 deals

with the AVI algorithm and is based on the presentation in [14]. The AVI algorithm

makes extensive use of the singular value decomposition (SVD) described in Sub-

section 4.A and of the stable reduced row echelon form explained in Subsection 4.B.

Its main outputs are an order ideal of monomials O and an approximate O -border

basis, a concept introduced in Subsection 4.C. The AVI algorithm is then applied

in Subsection 4.D to the concrete construction of polynomial models describing the

production of a two-zone oil well.

Section 5 deals with the SOI algorithm which treats the following problem: given

a finite set of points X whose coordinates are given with limited precision, find, if

there exists one, an order ideal O such that the residue classes of its elements form

a stable basis of the quotient ring P/I (X) where P = R[x1, . . . ,xn] and I (X) is

the vanishing ideal of X . Here stable means that the residue classes of the elements

in O form a basis of the quotient ring for every small perturbation of the set X .

This section summarizes the results of [2]. In Subsection 5.B we describe several

easy, but illustrative examples and compare the behaviour of the SOI and the AVI

algorithm in these cases. The topic studied in Sections 4 and 5 is an active area of

research, and several further approaches have been suggested (see for instance [10]

and [25]).

Having done all the dirty work (oil fields are not places to be dressed formally),

it is time to leave the sedimentary rocks and to look at the problems concerning

approximate data from a more general perspective. Polynomials with empirical co-

efficients can be viewed as families of polynomials. So, the next question is whether

we can describe families of polynomial ideals algebraically. The answer is yes! The

possibility of parametrizing families of schemes by one big scheme is a remarkable

feature of algebraic geometry. Hilbert schemes are the most widely known instance

of this phenomenon, and consequently they have been studied thoroughly. More-

over, the Hilbert scheme of all zero-dimensional ideals in P of colength s can be

covered by affine open subschemes which parametrize all subschemes Spec(P/I)
of the affine space An

K with the property that P/I has a fixed vector space basis. It

is interesting to note that the construction of such subschemes is performed using

border bases (see for instance [15], [16], and [24]). Also Gröbner bases can be used,

since they provide tools for constructing suitable stratifications of Hilbert schemes.

Section 6 is devoted to the explanation of these ideas. Its main sources are the

two papers [22] and [28]. In Subsection 6.A we start with an informal explanation of

two examples (see Examples 1.6.1 and 1.6.2) which are very easy but nevertheless

suitable to illustrate the topic. Then we move to Subsection 6.B where we introduce

border basis schemes and their associated border basis families. We show the diffi-

culties of generalizing one of the fundamental tools of Gröbner basis theory to the

border basis setting, namely the flat deformation to the leading term ideal. Indeed,

the problem is only partially solved and still open in general. The final part of the

subsection contains Example 1.6.14 where explicit defining equations are given for

one particular border basis scheme, and the connection to the approximate border

bases of Section 4 is made.
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The final Subsection 6.C is devoted to Gröbner basis schemes and summarizes

the presentation in [28]. It is shown that Gröbner basis schemes and their associ-

ated universal families can be viewed as weighted projective schemes (see Theo-

rem 1.6.19), a fact that constitutes a remarkable difference between Gröbner and

border basis schemes. A comparison between the two types of schemes is given

by Theorem 1.6.20 and Corollary 1.6.21, and their equality is examined in Propo-

sition 1.6.24. Throughout the section we highlight the connection between border

basis schemes, Gröbner basis schemes, and Hilbert schemes.

At that point the journey from oil fields to Hilbert schemes is over. To get you

started with this itinerary, let us point out that, unless specifically stated other-

wise, our notation follows the two books [20] and [21]. The algorithms we discuss

have been implemented in the computer algebra system CoCoA(see [8]) and in the

ApCoCoA library (see [3]).

1.1 A Problem Arising in Industrial Mathematics

Are oil fields commutative?

Are they infinite?

What is their characteristic?

Are they stable?

What are their bases?

(from “The Book of Mathematical Geology”)

1.1.A. Oil Fields, Gas Fields and Drilling Wells. Research in relation to oil reser-

voirs faces many times the same kind of difficulty: the true physical state of an

intact, working reservoir cannot be observed. Neither in an experiment of thought,

for instance a simulation, nor in a physical experiment using a piece of source rock

in a laboratory, the reservoir circumstances can be imitated exactly. This means that

the physical laws, i.e. the relations between the physical quantities, are not known

under actual reservoir circumstances.

To shed some additional light upon this problem, let us have a brief look at oil

field formation and exploitation. The uppermost crust of the earth in oil and gas-

containing areas is composed of sedimentary rock layers. Since the densities of oil

and gas are smaller than the density of water, buoyancy forces them to flow upward

through small pores in the reservoir rock. When they encounter a trap, e.g. a dome

or an anticline, they are stopped and concentrated according to their density: the gas

is on top and forms the free gas cap, the oil goes in the middle, and the (salt) water

is at the bottom. To complete the trap, a caprock, that is a seal which does not allow

fluids to flow through it, must overlie the reservoir rock.

Early drillings had some success because many subsurface traps were leaking.

Only by the early 1900s it became known that traps could be located by mapping

the rock layers and drilling an exploration well to find a new reservoir. If commercial

amounts of oil and gas turn out to be present, a long piece of steel pipe (called the
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production tubing) is lowered into the bore hole and connected to the production

facilities.

In a gas well, gas flows to the surface by itself. There exist some oil wells, early

in the development of an oil field, in which the oil has enough pressure to flow up the

surface. Most oil wells, however, do not have enough pressure and a method called

artificial lift may then be used. This means that gas is injected into the production

tubing of the well. The injected gas mixes with the oil and makes it lighter, thereby

reducing the back pressure of the reservoir. On the surface the fluids are transported

through long pieces of tubing to a large vessel called separator where the three

physical phases – oil, water and gas – are separated.

During the exploitation of a reservoir, the pressure of the fluid still in the reser-

voir drops. This decrease of the reservoir pressure over time is depicted by the de-

cline curve. The shape of the decline curve and the total volume of fluid that can

be produced from a reservoir (which is called the ultimate recovery) depend on the

reservoir drive, the natural energy that pushes the oil or the gas through the sub-

surface and into the inflow region of the well. The ultimate recovery of gas from a

gas reservoir is often about 80% of the gas in the reservoir. Oil reservoirs are far

more variable and less efficient: on average, the ultimate recovery is only 30%. This

leaves 70% of the oil remaining in the pressure depleted reservoir which cannot be

produced anymore.

Thus, on the most abstract level, the problem we want to address is how to in-

crease the ultimate recovery of an oil reservoir.

1.1.B. Production from Multi-Zone Wells. A well may produce from different

parts, called pockets or zones, of an oil reservoir. The total production of such a well

consists of contributions from the different zones. The separate contributions can be

controlled by valves, called the down-hole valves, which determine the production

volume flowing into the well tubing at the locations of the different zones. For such a

multi-zone well, there may be interactions between the zones in the reservoir. Most

certainly, the different contributions will interact with each other when they meet

in the common production tubing of the multi-zone well. This situation is called

commingled production.

In this paper we consider a multi-zone well consisting of two producing and

interacting zones. Like in a single oil well, the common production flows to the

bulk separator where the different phases are separated and the production rates of

the separated phases are measured. Besides the phase productions, measurements

like pressures, temperatures and injected “lift-gas” are collected; down-hole valves

positions are also recorded. A typical set of production variables for a such multi-

zone well is:

1. the opening of the valve through which the oil from the first zone is entering the

multi-zone well; the opening of the valve is measured in percentages: 0% means

that the valve is closed; 100% means that the valve is completely open;

2. the opening of the valve through which the oil from the second zone is entering

the multi-zone well;
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3. the pressure difference over the down-hole valve of the second zone which is a

measure for the inflow from the reservoir into the well at the valve position; if

the valve is closed we assume this value to be zero;

4. the pressure difference over the down-hole valve of the first zone when the valve

in that zone is open; if the valve is closed we assume this value to be zero;

5. the volume of gas produced simultaneously with the oil;

6. the pressure difference between the inflow locations in the production tubing;

7. the pressure difference which drives the oil through the transportation tubing.

One might be tempted to think that the total oil production of a multi-zone well

is the sum of the productions of each zone when producing separately. This is in any

case the current state of the art, where the total production is regressed against the

separate productions, that is the total production is written as a linear combination

of the separate productions. The coefficients in this linear sum are called reconcil-

iation factors. The oil produced by one of the zones may push back the oil which

tries to flow into the well at the other zone. Likewise, the gas which is produced si-

multaneously with the oil may have stimulating or inhibiting effects on the inflow of

the oil with respect to the situation of single zone productions. With reference to the

remarks above, this behavior does not sound very linear. Indeed, in Section 4.D we

will use our algebraic approach in a two-zone well example to demonstrate that the

total production is not a linear combination of the separate productions. We believe

that the reason of the (usually) low ultimate recovery of a multi-zone well is due to

the fact that the interactions among the different producing zones are unknown.

This leads us to a first concretization of the problem we want to study: find a

model for the total production of an oil well which takes the interactions into account

and describes the behavior correctly on longer time scales.

1.1.C. Algebraization of the Production Problem. Before plunging into the cre-

ation of an algebraic setting for the described production problem, let us spend a few

words on why we believe that approximate computational algebra is an appropriate

method to deal with it.

The available data correspond to a finite set of points X in Rn . Their coordinates

are noisy measurements of physical quantities associated with the well: pressures,

oil and gas production, valve positions, etc. These points represent the behavior of

the well under various production conditions. The combination of the contribution

of the individual zones to the total production is a sum which has to be corrected by

taking into account the effect of the interactions. As in many other situations (for

instance, in statistics), the interactions are related to products of the collected data

series. Many of the known physical laws and model equations are of a polynomial

nature. And even if they are not, some elementary insights into the system (e.g. that

the result depends exponentially on a certain data series) allow us to prepare the data

series appropriately (e.g. by computing their logarithms). Consequently, the starting

point for us is the polynomial ring P = R[x1, . . . ,xn] .
In the following we will deal with the case of a two-zone well. The production

situation is depicted schematically in Figure 1.1. The notation ΔP refers to pressure

differences.
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Fig. 1.1 Schematic representation of a two-zone well.

The valves indicated in this figure are used to influence the inflow of the fluids

at the two locations into the production tubing of the well. If a valve is closed, there

is no inflow from the reservoir at the location of the valve. If the valve is open, the

inflow depends on the valve opening and the interactions with the fluids which enter

the well through the other inflow opening. In particular, a valve in open position

does not imply that there is inflow from the reservoir into the well at its location.

Next we try to formulate the problems associated with this production system

more explicitly. Notice that the reservoir is a very special physical system in that it

is not possible to check “how it works” using a computer simulation experiment or

a physical model laboratory experiment. Traditional modelling techniques assume

that equations which describe the flow of the fluids through the reservoir are avail-

able. Their limited success is in our view due to the fact that there is no proper rep-

resentation of the interactions occurring in the production situation. Without these,

actions taken to influence the production may have devastating consequences in that

the “wrong” effects are stimulated. It is fair to state that the existing low ultimate

recovery rates are to a large extent caused by the fact that the interactions in produc-

tion units have not been acknowledged properly.

As a starting point, let us formulate the production problem in intuitive rather

than in precise mathematical terms.
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Problem 1. Assume that no a priori model is available to describe the production

of the two-zone well of Figure 1.1 in terms of measurable physical quantities which

determine the production. Find an algebraic model of the production in terms of the

determining, measurable physical quantities which specifically models the interac-

tions occurring in this production unit.

Now let us phrase this problem using the polynomial ring P = R[x1, . . . ,xn] . The

first step is to associate the indeterminates xi with physical quantities in the produc-

tion problem in the sense that when the indeterminate xi is evaluated at the points

of X , the evaluations are the measurements of the physical quantity associated to xi .

In the sequel we use n = 5 and the following associations, where the physical quan-

tities are the ones referenced in Figure 1.1.

x1 : ΔPinflow1

x2 : ΔPinflow2

x3 : Gas production

x4 : ΔPtub

x5 : ΔPtransport

Table 1.1 Physical interpretation of the indeterminates.

Note that we have not listed an indeterminate associated to the oil production.

The explanation for this is that the physical quantities listed in the above table may

all be interpreted as driving forces for the oil production. For the pressure differences

ΔP this is clear. But it holds also for the gas production. When a large amount of

gas is produced in the deeper parts of the reservoir, it disperses in the fluid mix-

ture, makes it lighter, and in this way stimulates oil production through this lifting

process. Thus the physical quantities listed in the above table may all be viewed as

the causing quantities, or inputs, and the oil production is their effect, or output. So,

basically we make the following crucial assumption.

Assumption. There exists a causal relationship between the production and the

driving forces. Using suitable inputs, this causal relationship is of polynomial na-

ture.

Denoting the production by f , the algebraic translation of the causal relationship

assumption is f ∈ R[x1, . . . ,x5] where the indeterminates xi are labeled as in the

above table. That is, the production is not associated with an indeterminate, but

with a polynomial, and the production measurements are the evaluations of this

polynomial over the set X . Hence the statement of Problem 1 can be reformulated

as follows.

Problem 2. Find the polynomial f ∈ R[x1, . . . ,x5] , using only the evaluations X of

the quantities xi and the evaluations of f !



10 Kreuzer, Poulisse, Robbiano

The information registered in the set X refers to the situation where at most

one of the valves is closed. The only possible inflows from the reservoir into the

production tubing of the two-zone well are at the location of Zone 1, or of Zone 2,

or both. Moreover, in all three situations data have been collected at different valve

openings. Furthermore, in order for the data in X to deserve the qualification driving

forces, some pre-processing has been applied: with reference to Figure 1.1, if valve1

is closed, it may very well be that the pressure difference ΔPinflow1
is not zero, but it

does not have the meaning of a driving force over the valve opening because there

is no flow over the valve. Hence in the data set X , we set ΔPinflow1
to zero for this

situation. Of course, we do the same for valve2 with respect to ΔPinflow2
. Finally,

if the valve associated with the deepest zone valve1 is closed, there is no transport

of fluids in the lowest part of the production tubing of the well. That is, for ΔPtub

really to have the significance of a driving force, it is set to zero if valve1 is closed.

Notice also that all data are based on measurements, i.e. they may contain mea-

surement errors. Consequently, we can only expect that the desired polynomial f

vanishes approximately at the points of X . In Section 4 we will return to this in-

stance of the production problem and solve it with the methods we are going to

present.

1.2 Border Bases

Ideally, inside the border

there is order.

(Three anonymous authors)

1.2.A. Motivation and Definition. The problems considered in the previous sec-

tion lead us to study zero-dimensional ideals in P = K[x1, . . . ,xn] where K is a field.

The two most common ways to describe such an ideal I are by either providing a

special system of generators (for instance, a Gröbner basis) of I or by finding a

vector space basis O of P/I and the matrices of the multiplications by the inde-

terminates with respect to O . One possibility to follow the second approach is to

use O = Tn \LTσ (I) , the complement of a leading term ideal of I . By Macaulay’s

Basis Theorem, such a set O is a K -basis of P/I . Are there other suitable sets O ?

A natural choice is to look for sets of terms. We need to fix how a term b j in the

border ∂O = (x1O∪·· ·∪xnO)\O of O is rewritten as a linear combination of the

terms in O . Thus, for every b j ∈ ∂O , a polynomial of the form

g j = b j−
µ

∑
i=1

ci jti

with ci j ∈ K and ti ∈O should be contained in I . Moreover, we would not like that

xkg j ∈ I . Hence we want xkb j /∈O . Therefore the set Tn \O should be a monoideal.

Consequently, O should be an order ideal, that is it should be closed under forming

divisors. Let us formulate precise definitions.
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Definition 1.2.1. Let O be a finite set of terms in Tn .

a) The set O is called an order ideal if t ∈O and t ′ | t implies t ′ ∈O .

b) Let O be an order ideal. The set ∂O = (x1O ∪ ·· · ∪ xnO) \O is called the

border of O .

c) Let O = {t1, . . . ,tµ} be an order ideal and ∂O = {b1, . . . ,bν} its border. A set

of polynomials {g1, . . . ,gν} ⊂ I of the form

g j = b j−
µ

∑
i=1

ci jti

with ci j ∈ K and ti ∈ O is called an O -border prebasis of I .

d) An O -border prebasis of I is called an O -border basis of I if the residue

classes of the terms in O are a K -vector space basis of P/I .

The following example will be used frequently throughout this paper.

Example 1.2.2. In the ring P = R[x,y] , consider the ideal I = ( f1, f2) where

f1 = 1
4

x2 + y2−1

f2 = x2 + 1
4

y2−1

The zero set of I in A2(R) consists of the four points X = {(±
√

0.8,±
√

0.8)} .

This setting is illustrated in Figure 1.2.
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Fig. 1.2 Two ellipses intersecting in four points.

We use σ = DegRevLex and compute LTσ (I) = (x2, y2) . Thus the order ideal

O = {1, x, y, xy} represents a basis of P/I . Its border is ∂O = {x2, x2y, xy2, y2} .

The following figure illustrates the order ideal O and its border.

An O -border basis of I is given by G = {g1,g2,g3,g4} where
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Fig. 1.3 An order ideal and its border.

g1 = x2−0.8

g2 = x2y−0.8y

g3 = xy2−0.8x

g4 = y2−0.8

Let us see what happens if we disturb this example slightly.

Example 1.2.3. Again we use P = R[x,y] , but now we consider Ĩ = ( f̃1, f̃2) where

f̃1 = 0.25x2 + y2 +0.01xy−1

f̃2 = x2 +0.25y2 +0.01xy−1

Its zero set consists of four perturbed points X̃ close to those in X , as illustrated in

Figure 1.4.
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Fig. 1.4 Two slightly moved ellipses and their points of intersection.

The ideal Ĩ = ( f̃1, f̃2) has the reduced σ -Gröbner basis



1 From Oil Fields to Hilbert Schemes 13

{x2− y2, xy+125y2−100, y3− 25
3906

x+ 3125
3906

y}

Moreover, we have LTσ (Ĩ) = (x2, xy, y3) and T2 \LTσ{Ĩ}= {1, x, y, y2} .

A small change in the coefficients of f1 and f2 has led to a big change in the

Gröbner basis of ( f̃1, f̃2) and in the associated vector space basis of R[x,y]/( f̃1, f̃2) ,

although the zeros of the ideal have not changed much. Numerical analysts call this

kind of unstable behavior a representation singularity.

However, also the ideal Ĩ has a a border basis with respect to O = {1,x,y,xy} .

Recall that the border of O is ∂O = {x2,x2y,xy2,y2} .

The O -border basis of Ĩ is G̃ = {g̃1, g̃2, g̃3, g̃4} where

g̃1 = x2 +0.008xy−0.8

g̃2 = x2y+ 25
3906

x− 3125
3906

y

g̃3 = xy2− 3125
3906

x+ 25
3906

y

g̃4 = y2 +0.008xy−0.8}

When we vary the coefficients of xy in the two generators from zero to 0.01, we

can see that one border bases changes continuously into the other. Thus the border

basis behaves numerically stable under small perturbations of the coefficient of xy .

1.2.B. Characterizations of border bases. In the sequel, we use the following

notation: let O = {t1, . . . ,tµ} be an order ideal in Tn , let ∂O = {b1, . . . ,bν} be the

border of O , let G = {g1, . . . ,gν} be an O -border prebasis, where g j = b j−
µ

∑
i=1

ci jti

with ci j ∈ K , and let I = (g1, . . . ,gν) be the ideal generated by G .

The following remark collects some elementary properties of border bases.

Remark 1.2.4. Let J ⊆ P be a zero-dimensional ideal.

a) The ideal J need not have an O -border basis, even if its colength is µ . But if

it does, its O -border basis is uniquely determined.

b) If O is of the form Tn \LTσ (J) for some term ordering σ , then J has an

O -border basis. It contains the reduced σ -Gröbner basis of J .

c) There exists a Division Algorithm for border prebases (see [21], 6.4.11).

The following characterizations of border bases can be shown in analogy to the

corresponding results for Gröbner bases (see [21], 6.4.23 and 6.4.28). For a term

t ∈ Tn , its O -index indO(t) is the smallest natural number k such that t = t1t2
with t1 ∈O and t2 ∈ Tn

k .

Proposition 1.2.5. In the above setting, the set G is an O -border basis of I if and

only if one of the following equivalent conditions is satisfied.

a) For every f ∈ I \{0} , there are f1, . . . , fν ∈ P such that f = f1g1 + · · ·+ fνgν
and deg( fi)≤ indO( f )−1 whenever figi �= 0 .

b) For every f ∈ I \{0} , there are f1, . . . , fν ∈ P such that f = f1g1 + · · ·+ fνgν
and max{deg( fi) | i ∈ {1, . . . ,ν}, figi �= 0}= indO( f )−1 .
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Proposition 1.2.6. In the above setting, the set G is an O -border basis of I if and

only if the rewrite relation
G−→ associated to G is confluent.

As we mentioned above, the vector space basis O of P/I can be used to describe

the K -algebra structure of P/I via the multiplication matrices of the multiplication

maps by the indeterminates. In addition, these multiplication maps can be used to

characterize border bases, as the next theorem shows.

Definition 1.2.7. For r ∈ {1, . . . ,n} , we define the r -th formal multiplication ma-

trix Ar as follows:

Multiply ti ∈ O by xr . If xrti = b j is in the border of O , rewrite it using the

prebasis polynomial g j = b j−∑µk=1 ck jtk and put (c1 j, . . . ,cµ j) into the i -th column

of Ar . But if xrti = t j then put the j -th unit vector into the i -th column of Ar .

Clearly, if G is a border basis and A1, . . . ,An are the actual multiplication ma-

trices, they commute because P/I is a commutative ring. Surprisingly, the converse

holds, too.

Theorem 1.2.8. (Mourrain [26])

The set G is the O -border basis of I if and only if the formal multiplication matrices

commute, i.e. iff

Ai A j = A j Ai for 1≤ i < j ≤ n.

For a detailed proof, see [21], 6.4.30. Let us check this result in a concrete case.

Example 1.2.9. In Example 1.2.2 the multiplication matrices are given by

Ax =

⎛
⎜⎜⎝

0 0.8 0 0

1 0 0 0

0 0 0 0.8
0 0 1 0

⎞
⎟⎟⎠ and Ay =

⎛
⎜⎜⎝

0 0 0.8 0

0 0 0 0.8
1 0 0 0

0 1 0 0

⎞
⎟⎟⎠

To check this, we let t1 = 1, t2 = x , t3 = y , and t4 = xy . Then we note that for

instance xt1 = t2 means that the first column of Ax is (0,1,0,0) . If we compute

xt2 = x2 , we have to use the coefficients of the corresponding border prebasis poly-

nomial g1 and put (0.8,0,0,0) into the second column of A1 , etc.

1.2.C. Neighbours and their syzygies. Our next goal is to generalize the Buch-

berger Criterion for Gröbner bases (see [20], 2.5.3) to the border basis setting. The

Buchberger criterion is based on the notion of lifting syzygies. Given an order ideal

O = {t1, . . . ,tµ} and its border {b1, . . . ,bν} , it is well-known that the syzygy mod-

ule

SyzP(b1, . . . ,bν) = {( f1, . . . , fν ∈ Pν | f1b1 + · · ·+ fνbν = 0}
is generated by the fundamental syzygies

σi j = (lcm(bi,b j)/bi) ei− (lcm(bi,b j)/b j) e j
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with 1≤ i < j ≤ ν . However, this system of generators is not minimal and a much

smaller subset suffices to generate the same module. The following terminology will

be useful to describe such as subset.

Definition 1.2.10. Let bi,b j ∈ ∂O be two distinct border terms.

a) The border terms bi and b j are called next-door neighbours if bi = xk b j for

some k ∈ {1, . . . ,n} .

b) The border terms bi and b j are called across-the-street neighbours if there

are k, ℓ ∈ {1, . . . ,n} such that xk bi = xℓ b j .

c) The border terms bi and b j are called neighbours if they are next-door neigh-

bours or across-the-street neighbours.

d) The graph whose vertices are the border terms and whose edges are given by

the neighbour relation is called the border web of O .

Example 1.2.11. For instance, in Example 1.2.2 the border is ∂O = {b1,b2,b3,b4}
with b1 = x2 , b2 = x2y , b3 = xy2 , and b4 = y2 . Here we have two next-door neigh-

bour pairs (b2,b1) , (b3,b4) and one across-the-street neighbour pair (b2,b3) .
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Fig. 1.5 A simple border web.

Proposition 1.2.12. The border web is connected.

For a proof, see [17], Prop. 19. Based on the concept of neighbours, we now

restrict fundamental syzygies to neighbour pairs.

Definition 1.2.13. Let O be an order ideal with border ∂O = {b1, . . . ,bν} .

a) For next-door neighbours bi,b j , i.e. for bi = xkb j , the fundamental syzygy σi j

has the form τi j = ei− xke j and is called a next-door neighbour syzygy.

b) For across-the-street neighbours bi,b j , i.e. for xkbi = xℓb j , the fundamental

syzygy σi j has the form υi j = xkei− xℓe j and is called an across-the-street

neighbour syzygy.

c) The set of all neighbour syzygies is the set of all next-door or across-the street

neighbour syzygies.
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In [17], Prop. 21, the following result is shown.

Proposition 1.2.14. The set of neighbour syzygies generates the module of border

syzygies SyzP(b1, . . . ,bν) .

Example 1.2.15. For instance, let us compute the border syzygies for the order ideal

O = {1, x, y, xy} . We have ∂O = {b1,b2,b3,b4} with b1 = x2 , b2 = x2y , b3 =
xy2 , and b4 = y2 , and the neighbour pairs (b1,b2) , (b2,b3) , (b3,b4) . Therefore

the border syzygy module SyzP(b1,b2,b3,b4) is generated by the following three

neighbour syzygies:

e2− ye1 = (−y, 1, 0, 0)

ye2− xe3 = (0, y,−x, 0)

e4− xe3 = (0, 0,−x, 1)

In order to transfer the Buchberger Criterion from Gröbner to border bases, it

suffices to lift neighbour syzygies.

Definition 1.2.16. Let gi,g j ∈G be two distinct border prebasis polynomials. Then

the polynomial

Si j = (lcm(bi,b j)/bi) ·gi− (lcm(bi,b j)/b j) ·g j

is called the S-polynomial of gi and g j .

Remark 1.2.17. Let gi,g j ∈ G .

a) If (bi,b j) are next-door neighbours with b j = xk bi then the S-polynomial Si j

is of the form Si j = g j− xk gi .

b) If (bi,b j) are across-the-street neighbours with xk bi = xℓ b j then Si j is of the

form Si j = xk gi− xℓ b j .

In both cases we see that the support of Si j is contained in O ∪∂O . Hence there

exists constants ai ∈ K such that the support of

NRO,G(Si j) = Si j−
µ

∑
m=1

am gm ∈ I

is contained in O . If G is a border basis, this implies NRO,G(Si j) = 0. We shall say

that the syzygy e j− xk ei−∑µm=1 amem resp. xk ei− xℓ e j−∑µm=1 amem is a lifting

of the neighbour syzygy e j− xk ei resp. xk ei− xℓ e j .

Theorem 1.2.18. (Stetter [30])

An O -border prebasis G is an O -border basis if and only if the neighbour syzygies

lift, i.e. if and only if we have

NRO,G(Si j) = 0

for all (i, j) such that (bi,b j) is a pair of neighbours.
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The proof of this theorem is pretty involved. Let us briefly describe the idea. The

vanishing conditions for the normal remainders of the S-polynomials entail certain

equalities which have to be satisfied by the coefficients ci j of the border prebasis

polynomials. Using a (rather nasty) case-by-case argument, one checks that these are

the same equalities that one gets from the conditions that the formal multiplication

matrices have to commute. A detailed version of this proof is contained in [21],

Section 6.4.

Example 1.2.19. Let us look at these conditions for O = {1, x, y, xy} . An O -border

prebasis G = {g1,g2,g3,g4} is of the form

g1 = x2− c11 ·1− c21 x− c31 y− c41 xy

g2 = x2y− c12 ·1− c22 x− c32 y− c42 xy

g3 = xy2− c13 ·1− c23 x− c33 y− c43 xy

g4 = y2− c14 ·1− c24 x− c34 y− c44 xy

The S-polynomials of its neighbour syzygies are

S21 = g2− yg1

=−c12− c22x+(c11− c32)y+(c21− c42)xy+ c31y2 + c41xy2

S23 = yg2− xg3

= c13x− c22y+(c33−c22)xy+ c23x2 + c43x2y− c42xy2− c32y2

S34 = g3− xg4

=−c13 +(c14− c23)x− c33y+(c34− c43)xy+ c24x2 + c44x2y

Their normal remainders with respect to G are

NRO,G(S21) = (−c12 + c31c14 + c41c13)+(−c22 + c31c24 + c41c23)x

+(c11− c32 + c31c34 + c41c33)y+(c21− c42 + c31c44 + c41c43)xy

NRO,G(S23) = (c11c23 + c12c43− c42c13− c32c14)+(c21c23 + c22c43

−c42c23− c32c24 + c13)x+(−c12 + c31c23 + c32c43− c42c33− c32c34)y

+(c33− c22 + c41c23− c32c44)xy

NRO,G(S34) = (−c13 + c11c24 + c12c44)+(c14−c23 + c21c24 + c23c44)x

+(−c33 + c31c24 + c32c44)y+(c34− c43 + c41c24 + c42c44)xy

Here G is a border basis if and only if these 12 coefficients are zero. In Exam-

ple 1.6.14 we shall examine the scheme defined by these vanishing conditions.



18 Kreuzer, Poulisse, Robbiano

1.3 The Eigenvalue Method for Solving Polynomial Systems

When working toward the solution of a problem,

it always helps if you know the answer.

(Rule of Accuracy)

As said in the introduction, this paper deals mainly with the problem of recon-

structing polynomial equations from data. The opposite problem of solving poly-

nomial systems is also well-known since it plays a key role in many applications.

Rather than trying to discuss this problem in its full generality, we will now have a

look at a nice method which deserves to be more widely known in the commutative

algebra community. While the so called Lex-method is amply described in the liter-

ature (see for instance [20], Section 3.7), we are going to describe an idea on how to

use classical methods in linear algebra to solve polynomial systems. The pioneering

work was done in [4] and [5], and a nice introduction can be found in [9].

In the following we let K be a field and P = K[x1, . . . ,xn] . Let the polynomial

system be defined by f1, . . . , fs ∈ P . Then we let I = ( f1, . . . , fs) and A = P/I .

We assume that the ideal I is zero-dimensional, so that A is a finite dimensional

K -vector space.

Definition 1.3.1. Given an element f in P , we define a K -linear map m f : A−→ A

by m f (g) = f g mod I and call it the multiplication map defined by f . We also

consider the induced K -linear map on the dual spaces m∗f : A∗ −→ A∗ defined by

m∗f (ϕ) = ϕ ◦m f .

If we know a vector space basis of A , we can represent a multiplication map by

its matrix with respect to this basis. Let us have a look at a concrete case.

Example 1.3.2. Let P = R[x] , let f = x2 +1, and I be the principal ideal generated

by x3− x2 + x− 1 = (x− 1)(x2 + 1) . The residue classes of the terms in {1,x,x2}
form a vector space basis of P/I . Using the two relations x3 +x≡ x2 +1 mod I and

x4 +x2 ≡ x2 +1 mod I , we see that the matrix which represents m f with respect to

this basis is ⎛
⎝

1 1 1

0 0 0

1 1 1

⎞
⎠

The next theorem provides an important link between Z (I) , the set of zeros of I

over the algebraic closure K of K , and the eigenvalues of multiplication maps. Let

P = K[x1, . . . ,xn] and A = P/IP . An element λ ∈ K is called a K -eigenvalue of a

multiplication map m f : A −→ A if it is a zero of the characteristic polynomial

of m f , i.e. if the K -linear map ϕ f ,λ : A −→ A defined by ḡ �→ f̄ ḡ− λ ḡ is not

invertible.

Theorem 1.3.3. Let I be a zero-dimensional ideal in P, let f ∈ P, and let λ ∈ K ,

Then the following conditions are equivalent.

a) The element λ is a K -eigenvalue of m f .
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b) There exists a point p ∈Z (I) such that λ = f (p) .

In this equivalence, if p ∈ZK(I) , we have λ ∈ K .

Proof. Let us first prove a) =⇒ b) . If λ does not coincide with any of the values

of f at the points p ∈Z (I) , the ideal J = I P +( f −λ ) ⊆ P satisfies Z (J) = /0 .

Thus the Weak Nullstellensatz (see [20], Corollary 2.6.14) yields 1 ∈ J . Therefore

there exist g ∈ P and h ∈ I P such that 1 = g( f −λ )+ h . Consequently, we have

1 ≡ g( f −λ ) mod I P , so that ϕ f ,λ is invertible with inverse -mḡ . Therefore λ is

not a K -eigenvalue of m f .

Now let us prove the implication b) =⇒ a) . If λ is not a K -eigenvalue of m f

then ϕ f ,λ is an invertible map. In particular, it is surjective, and thus there exists

g ∈ P such that g( f −λ )≡ 1 mod I P . Clearly, this implies that there cannot exist

a point p ∈Z (I) such that f (p)−λ = 0.

The additional claim follows from λ = f (p) . ⊓⊔

In the setting of Example 1.3.2, the eigenvalues of m f and the zeros of I are

related as follows.

Example 1.3.4. As in Example 1.3.2, we let I = (x3− x2 + x− 1) ⊆ P = R[x] and

f = x2 +1. Since m f is singular, the element λ1 = 0 is an eigenvalue. And indeed,

we have Z (I) = {1, i,−i} and f (i) = f (−i) = 0. For the other eigenvalue λ2 = 2,

we have f (1) = 2. Notice that here we have λ1 ∈ R , but the corresponding zeros

of I are not real numbers.

The above theorem can be used in several ways to compute the solutions of a

system of polynomial equations. One method is based on the following observation.

Corollary 1.3.5. Let i ∈ {1, . . . ,n} . The ith coordinates of the points of Z (I) are

the K -eigenvalues of the multiplication map mxi
.

Proof. This follows immediately from the theorem, since xi(p) is exactly the ith

coordinate of a point p ∈ K
n

. ⊓⊔

Hence we can determine Z (I) in the following way. Fix a tuple of polynomials

E = (t1, . . . ,tµ) whose residue classes form a K -basis of A . For f ∈ P , we let

f E = ( f t1, . . . , f tµ) and describe the multiplication map m f : A−→A by the matrix

ME
f E whose the jth column (a1 j, . . . ,aµ j)

tr is given by

f t j ≡ a1 j t1 + · · ·+aµ j tµ mod I

A more compact way of expressing this fact is the formula

f E ≡ E ·ME
f E mod I (∗)

For the tuple E , we usually choose an order ideal of terms (see Definition 1.2.1). In

particular, we shall assume that we have t1 = 1.
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If the ideal I contains a linear polynomial, we can reduce the problem of com-

puting Z (I) to a problem for an ideal in a polynomial ring having fewer inde-

terminates. Thus we shall now assume that I contains no linear polynomial. Con-

sequently, we suppose that the indeterminates are in E , specifically that we have

t2 = x1 , . . . , tn+1 = xn .

One method of finding Z (I) is to compute the K -eigenvalues λi1, . . . ,λiµ

of ME
xiE

for i = 1, . . . ,n and then to check for all points (λ1 j1 , . . . ,λn jn) such that

j1, . . . , jn ∈ {1, . . . ,µ} whether they are zeros of I . Clearly, this approach has sev-

eral disadvantages:

1. Usually, the K -eigenvalues of the multiplication matrices ME
xiE

can only be de-

termined approximately.

2. The set of candidate points is a grid which is typically much larger than the set

Z (I) .

A better approach uses the next theorem. For a K -linear map ϕ : A −→ A , we

let ϕ̄ = ϕ⊗K K : A−→ A . Given a K -eigenvalue λ ∈ K of ϕ , the K -vector space

ker(ϕ̄ −λ idA) is called the corresponding K -eigenspace and its non-zero vectors

are called the corresponding K -eigenvectors. For the matrices representing ϕ , we

use a similar terminology.

Theorem 1.3.6. In the above setting, let f ∈P, let p∈Z (I) , and let E = (t1, . . . ,tµ)
be a tuple of polynomials whose residue classes form a K -basis of A. Then the vec-

tor E(p)tr = (t1(p), . . . ,tµ(p))tr is a K -eigenvector of (ME
f E)tr corresponding to the

K -eigenvalue f (p) .

Proof. When we evaluate both sides of the above formula (∗) at p , we get the

equality f (p)E(p) = E(p)ME
f E . Transposing both sides yields

f (p)(E(p))tr = (ME
f E)tr E(p)tr

and this is precisely the claim. ⊓⊔

Note that the matrix (ME
f E)tr represents the linear map m∗f (see Definition 1.3.1).

To make good use of this theorem, we need the following notion.

Definition 1.3.7. A matrix M ∈Matµ(K) is called K -non-derogatory if it has the

property that all its K -eigenspaces are 1-dimensional.

It is a well-known result in Linear Algebra that this condition is equivalent to

requiring that the Jordan canonical form of M over K has one Jordan block per

eigenvalue, or to the condition that the minimal polynomial and the characteristic

polynomial of M agree. Using the preceding theorem and a non-derogatory multi-

plication matrix, we can solve a zero-dimensional polynomial system as follows.

Corollary 1.3.8. Let E = (t1, . . . ,tµ) be a tuple of polynomials whose residue

classes form a K -basis of A, let 1,x1, . . . ,xn be the first n + 1-entries of E , and

let f ∈ P be such that the matrix (ME
f E)tr is K -non-derogatory. Let V1, . . . ,Vr be
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the K -eigenspaces of this matrix. For j = 1, . . . ,r , choose a basis vector v j of Vj

of the form v j = (1,a2 j, . . . ,aµ j) with ai j ∈ K . Then Z (I) consists of the points

p j = (a2 j, . . . ,an+1 j) such that j ∈ {1, . . . ,r} .

Proof. Let j∈{1, . . . ,r} . By Theorem 1.3.6, the vector E(p j)= (t1(p j), . . . ,tµ(p j))
is a K -eigenvector of (ME

f E)tr corresponding to the K -eigenvalue f (p j) . Hence it

is a non-zero vector in Vj . Since Vj is 1-dimensional and t1(p j) = 1 equals the

first component of v j , we have the equality E(p j) = v j . Now the observation that

E(p j) = (1,x1(p j), . . . ,xn(p j), . . .) finishes the proof. ⊓⊔

The technique given in this corollary addresses the second problem stated above:

no exponentially large set of candidate points has to be examined. However, we

note that the first problem still persists. For instance, if K = Q , instead of the

Q -eigenvalues of (ME
f E)tr we can usually only compute approximate eigenvalues.

Hence the corresponding Q-eigenspaces are not computable as true kernels of lin-

ear maps. However, in the next section we will introduce approximate kernels of

linear maps which take care of this task.

Let us end this section with an example which illustrates the methods described

above.

Example 1.3.9. Let I be the ideal in P = R[x,y] generated by the set of polynomials

{x2 + 4/3xy + 1/3y2− 7/3x− 5/3y + 4/3, y3 + 10/3xy + 7/3y2− 4/3x− 20/3y +
4/3, xy2−7/3xy−7/3y2−2/3x+11/3y+2/3} . It is easy to check that this set is

a Gröbner basis of I with respect to σ = DegRevLex . Hence E = {1,x,y,xy,y2} is

an order ideal of terms whose residue classes form a K -basis of P/I . By computing

the normal forms NFσ ,I(x
2) , NFσ ,I(x

2y) , NFσ ,I(xy2, I) and NFσ ,I(y
3) , we get the

multiplication matrices

ME
xE =

⎛
⎜⎜⎜⎜⎝

0−4/3 0 4/3 −2/3

1 7/3 0−4/3 2/3

0 5/3 0 4/3−11/3

0−4/3 1 1/3 7/3

0−1/3 0−2/3 7/3

⎞
⎟⎟⎟⎟⎠

and ME
yE =

⎛
⎜⎜⎜⎜⎝

0 0 0 −2/3 −4/3

0 0 0 2/3 4/3

1 0 0−11/3 20/3

0 1 0 7/3−10/3

0 0 1 7/3 −7/3

⎞
⎟⎟⎟⎟⎠

First, let us follow the method of Corollary 1.3.5. The characteristic polynomial

of ME
xE is (x+1)(x−1)2(x−2)2 and the characteristic polynomial of ME

yE is given

by x(x−1)(x + 1)(x−2)(x + 2) . If we check the 15 candidate points, we find that

five of them, namely (1,0) , (1,1) , (2,−1) , (−1,2) , and (2,−2) form the set of

zeros of I .

Now we apply the method of Corollary 1.3.8. The characteristic polynomial of

(ME
xE)tr is the same as that of ME

xE . It is easy to check (for instance, using CoCoA)

that the dimension of the eigenspace corresponding to the eigenvalue 1 is 2. There-

fore the matrix (ME
xE)tr is derogatory and cannot be used for the proposed method.

On the other hand, the characteristic polynomial of the matrix (ME
yE)tr is given

by x(x− 1)(x + 1)(x− 2)(x + 2) . Consequently, this matrix is non-derogatory. We

compute basis vectors for its eigenspaces and norm them to have first component 1.
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The result is v1 = (1,1,0,0,0) , v2 = (1,1,1,1,1) , v3 = (1,2,−1,−2,1) , v4 =
(1,−1,2,−2,4) , and v5 = (1,2,−2,−4,4) . We get Z (I) = {(1,0), (1,1), (2,−1),
(−1,2), (2,−2)} , as before.

1.4 Approximate Vanishing Ideals

Two is not equal to three;

not even for large values of two.

(Grabel’s Law)

It is time to enter the real world. When dealing with industrial applications, we

do not always have exact data available. Thus our computations have to be based on

measured values with intrinsic errors. How can we perform symbolic computation

in this world? Let us start to discuss this question in a first relevant case. Then,

based on our answer, we shall present an actual industrial example. We want to deal

with the following situation. Let X = {p1, . . . , ps} be a set of s points in Rn . These

points are meant to represent measured values. In the computer, they will be stored

as tuples of floating point numbers.

If X was an exact set of points, we could compute its vanishing ideal

I(X) = { f ∈ R[x1, . . . ,xn] | f (p1) = · · ·= f (ps) = 0}

However, in the presented setting, it is well-known that this leads to a numerically

unstable and virtually meaningless result. Instead, we are looking for a reasonable

definition of an approximate vanishing ideal of X . To this end, we have to over-

come a number of impediments. First of all, we need a threshold number ε ∈R+ .

We say that a polynomial f ∈ R[x1, . . . ,xn] vanishes ε -approximately at X if

| f (pi)|< ε for i = 1, . . . ,s . This definition entails several problems.

1. The polynomials which vanish ε -approximately at X do not form an ideal!

2. All polynomials with very small coefficients vanish ε -approximately at X !

To address the second problem, we introduce a topology on the polynomial ring

P = R[x1, . . . ,xn] .

Definition 1.4.1. Let f = a1t1 + · · ·+ asts ∈ P , where a1, . . . ,as ∈ R \ {0} and

t1, . . . ,ts ∈ Tn . Then the number ‖ f‖ = ‖(a1, . . . ,as)‖ =
√

a2
1 + · · ·+a2

s is called

the (Euclidean) norm of f .

Clearly, this definition turns P into a normed vector space. A polynomial f ∈ P

with ‖ f‖= 1 will be called unitary. Now it is reasonable to consider the condition

that polynomials f ∈ P with ‖ f‖= 1 vanish ε -approximately at X , and we can try

the following definition.
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Definition 1.4.2. An ideal I ⊆ P is called an ε -approximate vanishing ideal of X

if there exists a system of generators { f1, . . . , fr} of I such that ‖ fi‖ = 1 and fi

vanishes ε -approximately at X for i = 1, . . . ,r .

In itself, this definition is certainly still too loose. For instance, it is clear that the

unit ideal is always an ε -approximate vanishing ideal. Nevertheless, we shall see

below that we arrive at a very usable definition if we impose additional structure

on the generators. Before we move to this topic, though, we need two additional

ingredients.

1.4.A. The Singular Value Decomposition (SVD). In approximate computation,

we frequently have to decide whether something is zero or not. The following theo-

rem and its corollary can be used to determine the vectors which are approximately

in the kernel of a linear map of R -vector spaces.

Theorem 1.4.3 (The Singular Value Decomposition).

Let A ∈Matm,n(R) .

1. There are orthogonal matrices U ∈Matm,m(R) and V ∈Matn,n(R) and a ma-

trix S ∈Matm,n(R) of the form S =

(
D 0

0 0

)
such that

A = U ·S ·V tr = U ·
(

D 0

0 0

)
·V tr

where D = diag(s1, . . . ,sr) is a diagonal matrix.

2. In this decomposition, it is possible to achieve s1 ≥ s2 ≥ ·· · ≥ sr > 0 . The num-

bers s1, . . . ,sr depend only on A and are called the singular values of A .

3. The number r is the rank of A .

4. The matrices U and V have the following interpretation:

first r columns of U ≡ ONB of the column space of A

last m− r columns of U ≡ ONB of the kernel of A tr

first r columns of V ≡ ONB of the row space of A

≡ ONB of the column space of A tr

last n− r columns of V ≡ ONB of the kernel of A

Here ONB is an abbreviation for “orthonormal basis”.

For a proof, see for instance [12], Sections 2.5.3 and 2.6.1. The SVD of a real

matrix allows us to define and compute its approximate kernel.

Corollary 1.4.4. Let A ∈Matm,n(R) , and let ε > 0 be given. Choose k∈ {1, . . . ,r}
such that sk > ε ≥ sk+1 , form the matrix S̃ by setting sk+1 = · · · = sr = 0 in S ,

and let Ã = U S̃ V tr .

1. We have min{‖A −B‖ : rank(B) ≤ k} = ‖A − Ã ‖ = sk+1 . (Here ‖· · ·‖ de-

notes the 2-operator norm of a matrix.)
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2. The vector subspace apker(A ,ε) = ker(Ã ) is the largest dimensional kernel of

a matrix whose Euclidean distance from A is at most ε . It will be called the

ε -approximate kernel of A .

3. The last n− k columns vk+1, . . . ,vn of V are an ONB of apker(A ,ε) . They

satisfy ‖A vi‖< ε .

Proof. See [12], Section 2.5.4 and the theorem. To prove the third claim, observe

that ‖A vi‖= ‖(A − Ã )vi‖ ≤ ‖A − Ã ‖< ε . ⊓⊔

1.4.B. The Stable Reduced Row Echelon Form. Our next task is to find the lead-

ing terms contained in a vector space of polynomials. Again we are of course in-

terested in leading terms of unitary polynomials for which the leading coefficient is

not smaller than a given threshold number.

Let V ⊂ P be a finite dimensional vector space of polynomials. Given a term

ordering σ and a basis B = { f1, . . . , fr} of V , We can identify V with a real matrix

as follows.

Definition 1.4.5. Let S = Supp( f1) ∪ ·· · ∪ Supp( fr) , and write S = {t1, . . . ,ts}
where the terms ti ∈ Tn are ordered such that t1 ≥σ t2 ≥σ · · · ≥σ ts . Clearly, the

support of every polynomial of V is contained in S . For i = 1, . . . ,r , we write

fi = ci1t1 + · · ·+ cists with ci j ∈ R . Then the matrix Mσ ,B = (ci j) ∈ Matr,s(R) is

called the Macaulay matrix of V with respect to σ and B .

In other words, the columns of Mσ ,B are indexed by the terms in S and the

rows correspond to the coefficients of the basis polynomials fi . If we use Gaus-

sian elimination to bring Mσ ,B into row echelon form, the first non-zero entries of

each row will indicate the leading term of the corresponding polynomial. Hence the

pivot columns will correspond precisely to the set LTσ (V ) of all leading terms of

polynomials in V .

To imitate this in the approximate world, we should perform the Gaussian elim-

ination in a numerically stable way. However, we cannot use complete pivoting,

since the order of the rows is fixed by the term ordering. The following adaptation

of the QR-decomposition uses partial pivoting and provides the “best” leading terms

available under the given circumstances.

Proposition 1.4.6 (Stabilized Reduced Row Echelon Form).

Let A∈Matm,n(R) and τ > 0 be given. Let a1, . . . ,an be the columns of A. Consider

the following instructions.

(1) Let λ1 = ‖a1‖ . If λ1 < τ , we let R = (0, . . . ,0) ∈Matm,1(R) . Otherwise, we let

Q = ((1/λ1)a1) ∈Matm,1(R) and R = (λ1,0, . . . ,0) ∈Matm,1(R) .

(2) For i = 2, . . . ,n, compute qi = ai −∑i−1
j=1〈ai,q j〉q j and λi = ‖qi‖ . If λi < τ ,

append a zero column to R. Otherwise, append the column (1/λi)qi to Q and

the column (λi〈a1,q1〉, . . . ,λi〈ai−1,qi−1〉,λi,0, . . . ,0) to R.

(3) Starting with the last row and working upwards, use the first non-zero entry of

each row of R to clean out the non-zero entries above it.
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(4) For i = 1, . . . ,m, compute the norm ρi of the i-th row of R. If ρi < τ , set this

row to zero. Otherwise, divide this row by ρi . Then return the matrix R.

This is an algorithm which computes a matrix R in reduced row echelon form.

The row space of R is contained in the row space of the matrix A which is obtained

from A by setting the columns whose norm is less than τ to zero. Here the pivot

elements of R are not 1, but its rows are unitary vectors.

Furthermore, if the rows of A are unitary and mutually orthogonal, the row vec-

tors of R differ by less than τm
√

n from unitary vectors in the row space of A.

The proof of this proposition in contained in [14], Section 3.

1.4.C. The AVI-Algorithm. Finally we are ready to combine all ingredients and

produce an algorithm which computes a “good” system of generators of an approx-

imate vanishing ideal of X . By “good” we mean the following.

Definition 1.4.7. Let O = {t1, . . . ,tµ} be an order ideal of terms in Tn , denote its

border by ∂O = {b1, . . . ,bν} , and let G = {g1, . . . ,gν} be an O -border prebasis

of the ideal I = (g1, . . . ,gν) in P . Recall that this means that g j is of the form

g j = b j−∑µi=1 ci jti with ci j ∈ R .

For every pair (i, j) such that bi,b j are neighbours in ∂O , we compute the

normal remainder S′i j = NRO,G(Si j) of the S-polynomial of gi and g j with respect

to G . We say that G is an ε -approximate border basis of the ideal I = (G) if we

have ‖S′i j‖< ε for all such pairs (i, j) .

Given a finite set of points X = {p1, . . . , ps} in Rn , the first thing one should do

in every approximate computation is to normalize the data, i.e. to transform X such

that X ⊂ [−1,1]n . Then the following algorithm computes an approximate border

basis of an approximate vanishing ideal of X .

Theorem 1.4.8 (The Approximate Vanishing Ideal Algorithm (AVI-Algorithm)).

Let X = {p1, . . . , ps} ⊂ [−1,1]n ⊂ Rn , let P = R[x1, . . . ,xn] , let evalX : P −→ Rs

be the associated evaluation map evalX( f ) = ( f (p1), . . . , f (ps)) , and let ε > τ > 0

be small positive numbers. Moreover, let σ be a degree compatible term ordering.

Consider the following sequence of instructions.

A1 Start with lists G = /0 , O = [1] , a matrix M = (1, . . . ,1)tr ∈ Mats,1(R) , and

d = 0 .

A2 Increase d by one and let L be the list of all terms of degree d in ∂O , ordered

decreasingly w.r.t. σ . If L = /0 , return the pair (G,O) and stop. Otherwise, let

L = (t1, . . . ,tℓ) .

A3 Let m be the number of columns of M . Form the matrix

A = (evalX(t1), . . . ,evalX(tℓ),M ) ∈Mats,ℓ+m(R).

Using its SVD, calculate a matrix B whose column vectors are an ONB of the

approximate kernel apker(A ,ε) .
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A4 Using Proposition 1.4.6, compute the stabilized reduced row echelon form of Btr

with respect to the given τ . The result is a matrix C = (ci j) ∈Matk,ℓ+m(R) such

that ci j = 0 for j < ν(i) . Here ν(i) denotes the column index of the pivot element

in the ith row of C .

A5 For all j ∈ {1, . . . , ℓ} such that there exists a i∈ {1, . . . ,k} with ν(i) = j (i.e. for

the column indices of the pivot elements), append the polynomial

ci jt j +
ℓ

∑
j′= j+1

ci j′t j′ +
ℓ+m

∑
j′=ℓ+1

ci j′u j′

to the list G, where u j′ is the ( j′− ℓ)th element of O .

A6 For all j = ℓ,ℓ− 1, . . . ,1 such that the jth column of C contains no pivot ele-

ment, append the term t j as a new first element to O and append the column

evalX(t j) as a new first column to M .

A7 Using the SVD of M , calculate a matrix B whose column vectors are an ONB

of apker(M ,ε) .

A8 Repeat steps A4 – A7 until B is empty. Then continue with step A2.

This is an algorithm which computes a pair (G,O) of sets G = {g1, . . . ,gν} and

O = {t1, . . . ,tµ} with the following properties:

a) The set G consists of unitary polynomials which generate a δ -approximate

vanishing ideal of X , where δ = ε
√
ν+ τν(µ+ν) .

b) The set O = {t1, . . . ,tµ} contains an order ideal of terms such that there is no

unitary polynomial in 〈O〉K which vanishes ε -approximately on X .

c) The set G̃ = {(1/LCσ (g))g | g ∈ G} is an O -border prebasis.

d) Let γ denote the smallest absolute value of the border term coefficient of one

of the polynomials gi . Then the set G̃ is an η -approximate border basis for

η = 2δ +2νδ 2/γε+2νδ
√

s/ε .

For a proof, see [14], Section 3. Let us add some remarks on the performance of

this algorithm.

1. The AVI-Algorithm follows in principle the method of the Buchberger-Möller

Algorithm for computing the exact vanishing ideal of X . However, we are not

processing one term at a time, but all terms of a given degree simultaneously,

in order to filter out “almost relations” among the evaluation vectors using the

SVD. Of course, if these sets of terms are too large, we can partition them into

smaller chunks to speed up the SVD calculation.

2. The stated bounds for δ and η are rather crude. Using a more refined analy-

sis, they could be improved significantly. In practical examples, the behavior of

the computed approximate border bases is much better than predicted by these

bounds.

3. By changing the construction of the list L in step A2 appropriately, the AVI-

Algorithm can be used to compute an “approximate Gröbner basis” of an ap-

proximate vanishing ideal of X . More precisely, the list L should be defined as

all terms in Tn
d which are not contained in 〈LTσ (G)〉 . Unfortunately, there is
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no guarantee that the computed polynomials are close to an actual Gröbner ba-

sis. The computation of the normal remainders of the S-polynomials requires a

number of reductions steps which can be very large. Therefore no bound for the

size of the evaluation vectors of these normal remainders can be given. In many

practical examples, however, the Gröbner basis version works fine.

4. The AVI-Algorithm can also be combined with a threshold control in order to

obtain a smoother evaluation behaviour of the computed border prebasis. Details

can be found in [14], Section 3.

What is an approximate O -border basis good for? In the next subsection we

shall see an actual industrial application. Moreover, given a further order ideal O ′

of the same cardinality, we can compute an approximate O ′ -border basis using the

technique of [18], Prop. 5. (In general, this will come at the expense of a partial

loss of the quality of approximation.) Finally, we can compute a “close-by” exact

O -border basis having coefficients in Q via the rational recovery technique in [19],

and this exact border basis can be used as input for “higher” algebraic operations

such as the computation of syzygy modules.

1.4.D. An Application of the AVI Algorithm. Let us now return to Problems 1

and 2 discussed in Section 1. Our idea is to construct the desired polynomial

f ∈ P = R[x1, . . . ,x5] using the AVI algorithm 1.4.8. Finding f means explaining

the production as a linear combination of linearly independent “data series” which,

in turn, depend on the evaluations of the indeterminates xi . This implies that linear

dependencies among those input combinations have to be removed first, i.e. that we

have to pass to a suitable quotient modulo certain relations among the indetermi-

nates. In the context of the AVI algorithm, where we are dealing with large uncer-

tainties in the set of points X , we need to consider approximate relations among the

variables.

In summary, we are specifically looking for a polynomial f ∈ P = R[x1, . . . ,x5]
of the form

f =
µ

∑
i=1

ci ti + g

where g∈ P is contained in an ε -approximate vanishing ideal of X , where we have

ci ∈R , and where O = {t1, . . . ,tµ} is an order ideal of monomials whose evaluation

vectors at the points of X are almost linearly independent. The evaluation vector

of f should represent the production data used for the modelling experiment.

Why do we expect that such a representation exists? Observe that the order

ideal O = {t1, . . . ,tµ} is the one calculated by the AVI algorithm. Its evaluation

vectors {evalX(t1), . . . ,evalX(tµ)} span approximately the vector space of all possi-

ble evaluation vectors of terms at X . Moreover, this agrees with the assumption that

we tried to motivate in Section 1. Our method to compute f is to take its evaluation

vector evalX( f ) , the measured production, and to project it to the linear span of the

evaluation vectors evalX(ti) .

The results of trying this method using actual industrial data are shown in the

following figure. The values of the physical quantities associated to x1, . . . ,x5 were

available at 7400 time stamps. The first 6000 data points were used for the modelling
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experiment, and the computed polynomial f was evaluated at the remaining 1400

data points in the validation phase. The physical interpretation of the indeterminates

is according to Table 1.1.
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Fig. 1.6 Result of an AVI application.

Figure 1.6 shows that our model f does an excellent job: the comparison of the

predicted values for the production with the measured values shows that the model

passes the validation test unambiguously. The spikes shown in the figure result from

instrumentation sensor failures.

Which choices and a priori information went into this computation? The term

ordering we used is DegRevLex . The significance of this choice will be discussed

below. For the threshold value ε , we used ε = 0.1. A suitable value for ε cannot

be inferred from inspecting the measured data. As a rule-of-thumb, we choose it

according to the size of the relative measurement errors, but we do not know a

mathematical argument to determine a judicious choice of this parameter. In more

intuitive terms, the value for ε is related to the level of detail we are looking at

the physical problem we are investigating. In loose terms, when choosing relatively

large values for ε , we are only following the large trends in the data, whereas when

choosing smaller values for ε , we are zooming in on the “local” variations in the

data.

Now we address one of the most remarkable features of the AVI algorithm,

namely that it extracts structural information from numerical, measured data. This

is unlike virtually any other method which is used in applications where a model

structure in whatever form has to be provided as input for the algorithm which is

used. Using the AVI algorithm, the model structure is output. Specifying a model

structure up front means that a prescription is imposed on the data how the physical

system under investigation works. But specifically in the case of an oil reservoir one
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cannot know how it works. To emphasize this crucial point we have summarized

this unique feature of the AVI algorithm in Figure 1.7.

DATA

a priori

AVI

knowledge

model structure

Fig. 1.7 Model construction using the AVI algorithm.

The motivation we have given in Section 1 for our problem statements indicates

that a good numerical approximation and prediction of production values is not

enough to deal completely with the production problem. In itself, the computed

model does not give information about the all-determining interactions occurring

in a production unit. For that we need to inspect the structure of the model for

the production in terms of the driving inputs. In other words, we have to study the

structure of the polynomial f . A first representation is

f = −1.97x2
3−0.18x1x4−0.30x2x4 +2.37x3x4−0.16x2

4−0.36x1x5

+0.40x2x5−3.03x3x5−1.19x4x5 +0.32x2
5 +0.34x1−0.09x2

+4.03x3 +0.94x4 +0.68x5−0.36

Already at first glance we notice the dominant presence of x5 . As given in Ta-

ble 1.1, this indeterminate is related to the transport of the fluids through the tub-

ing at the surface. This comes rather unexpected, indeed almost as an unpleasant

surprise. For we have stated repeatedly the importance of the sub-surface for this

production problem, and also that the notorious interactions are taking place in the

neighbourhood of the inflow from the reservoir into the production tubing of the

well. But now it seems an indeterminate related to the surface, far away from the

reservoir, is a key element in all this? Well, this is the answer we instructed the al-

gorithm to find! Recall that the chosen term ordering is DegRevLex . Hence x5 is

the indeterminate which is most unlikely to be a leading term of one of the polyno-

mials in the approximate border basis. In other words, it is the indeterminate which

is most likely to occur in many of the terms of O , and our method amounts to the

attempt to explain the data predominantly in terms of x5 .

Rather than continuing the attempt to reveal the significance of the above struc-

ture of f , we should therefore hasten to repair our “physical inconsistency”. To

do this, we have two options: we can either switch to a different term ordering or

we can change the physical interpretation of the indeterminates. To ease the com-

parison of the two models we get, we opt for the second method. The following

physical interpretation of the indeterminates acknowledges the “physical hierarchy”

of the system. We consider the polynomial ring R[y1, . . . ,y5] and let
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y1 : ΔPtransport

y2 : ΔPtub

y3 : Gas production

y4 : ΔPinflow2

y5 : ΔPinflow1

Table 1.2 New physical interpretation of the indeterminates.

For the role played by these indeterminates in the two-zone well we refer to

Figure 1.1. We repeat the calculation using the AVI algorithm with ε = 0.1 and

term ordering DegRevLex . The result is a polynomial g of the form

g = −5.35y3y2
5−0.73y4y2

5−0.21y3
5 +2.37y2y3−7.32y2

3−0.88y1y4−0.15y2y4

+0.34y3y4−0.55y2
4−2.20y1y5−0.35y2y5 +3.85y3y5 +0.67y4y5 +0.61y2

5

+0.62y1−0.26y2 +2.69y3 +0.98y4 +1.63y5−0.12

To judge the quality of this new model, we consider the differences of the eval-

uations of f and g at the points of X . We obtain the following Figure 1.8 which

shows that f − g vanishes approximately at X , apart from some spikes caused by

faults in the data due to instrumentation failures. Thus, from the numerical point of

view, the polynomial g is as good a model of the system as f .

1000 2000 3000 4000 5000 6000 7000 8000

−0.1

−0.05

0

0.05

0.1

Sample Number t ==>

D
i
f
f
e
r
e
n
c
e
 
i
n
 
e
v
a
l
u
a
t
i
o
n
s
 
o
f
 
p
r
o
d
u
c
t
i
o
n
 
e
s
t
i
m
a
t
o
r
s
 
=
=
>

Difference between AVI results using different orders for the indeterminates

 

 

Fig. 1.8 Differences of the evaluations of two models.

Notice that also in g , the “last” indeterminate y5 plays a dominant role. However,

this time there is no physical inconsistency associated with this fact. Quite to the
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contrary, the terms in the support of the model, and in particular the factors we put

in parenthesis, have physical interpretations revealing the flow mechanisms inside

the well. Although a detailed discussion of these interpretations would exceed the

scope of this paper, it should be mentioned here that our findings have been assessed

positively in discussions with production engineers and have been confirmed by

dedicated field experiments.

There is, however, one aspect in this vein which warrants to be mentioned here.

Recall the brief discussion in Section 1.B of the commonly accepted procedure to

express the total production as a linear combination of the separate productions. The

terms y4y5 and y4y2
5 in the above polynomial g indicate that g cannot be written

as a linear combination of the separate productions which correspond to y4 and y5 .

Clearly, the inappropriate decomposition of the total production resulting from the

traditional procedures may have substantial consequences for the production strat-

egy used in the exploitation of the reservoir.

To wrap up the discussion, we note that the information about the two-zone well

captured in the data set X has been coded in merely 20 functions, namely the terms

in O . Using suitable linear combinations of these terms, we can find excellent es-

timators of the oil production of the two-zone well under different production con-

ditions. It should be stressed that such a physical interpretation can usually not be

given for linear combinations of terms contained in the expression of g , nor to the

individual monomials for that matter; in particular, their evaluations over X may

be negative or exceed physically meaningful bounds. In this sense, the terms in O

should be considered as purely mathematical states of the system into which the pro-

duction of the well can be decomposed. The structure of this decomposition reveals

deep insights into the production system which are only available via the described

modelling procedure based on the AVI algorithm.

1.5 Stable Order Ideals

There is nothing so stable as change.

(Bob Dylan)

1.5.A. The SOI Algorithm. In this subsection we consider the following setting.

Let X⊂Rn be a finite set of points whose coordinates are known only with limited

precision, and let

I (X) = { f ∈ R[x1, . . . ,xn] | f (p) = 0 for all p ∈ X}

be its vanishing ideal. Our goal is to compare the different residue class rings

P/I (X̃) where P = R[x1, . . . ,xn] and X̃ is an admissible perturbation of X , i.e. a

set made up of points differing by less than the data uncertainty from the corre-

sponding points of X .
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Given two distinct admissible perturbations X̃1 and X̃2 of X , it can happen that

their affine coordinate rings P/I (X̃1) and P/I (X̃2) as well as their vanishing

ideals I (X̃1) and I (X̃2) have very different bases – this is a well known phe-

nomenon in Gröbner basis theory. When dealing with a set X of empirical points,

a notion of “numerically stable” basis of the quotient ring P/I (X) is necessary. A

basis O ⊆ Tn is stable if its residue classes form a vector space basis of P/I (X̃)

for any admissible perturbation X̃ of the empirical set X . Furthermore, a stable or-

der ideal O provides a common characterization of the ideals I (X) and I (X̃) by

means of their O -border bases.

One way of dealing with the negative effects of data uncertainty is to replace

elements of X which differ from each other by less than the data accuracy with a

single representative point. This “preprocessing”, using for instance the algorithms

described in [1], may reduce the computational complexity but also loose infor-

mation contained in the data. In general, it is not sufficient to eliminate the insta-

bilities of exact bases of P/I (X) . However, if we are given a finite set X of s

well-separated empirical points, we can use the Stable Order Ideal (SOI) Algorithm

presented in this subsection. It computes a stable order ideal O , and if O contains

enough elements to form a basis of P/I (X) , the corresponding stable border basis

is also computed.

The following definition formalizes some concepts defined “empirically” in [30].

Definition 1.5.1. Let p = (c1, . . . ,cn) be a point in Rn and ε = (ε1, . . . ,εn)∈ (R+)n .

a) The pair (p,ε) is called an empirical point in Rn . We shall denote it also

by pε . The point p is called the specific value and ε is called the tolerance

of pε .

b) A point p̃ = (c̃1, . . . , c̃n) ∈ Rn is called an admissible perturbation of p if

‖((c̃1− c1)/ε1, . . . ,(c̃n− cn)/εn)‖ ≤ 1

c) Let Xε = {pε1, . . . , pεs} be a set of empirical points which share the same

tolerance ε , and let X = {p1, . . . , ps} be its specific value. A set of points

X̃ = {p̃1, . . . , p̃s} is called an admissible perturbation of X if each point p̃i

is an admissible perturbation of pi .

d) Let a set Xε = {pε1, . . . , pεs} of empirical points be given with specific values

pi = (ci1, . . . ,cin) . We introduce ns error indeterminates

e = (e11, . . . ,es1,e12, . . . ,es2, . . . ,e1n, . . . ,esn)

Then the set X̃(e) = {p̂1, . . . , p̂s} where p̂k = (ck1 +ek1, . . . ,ckn +ekn) is called

the generic perturbation of X .

Obviously, an admissible perturbation of X is obtained from the generic per-

turbation by substituting values ẽi j for the error indeterminates such that we have

‖(ẽi1/ε1, . . . , ẽin/εn)‖ ≤ 1.

Next we define the notion of stability for order ideals.
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Definition 1.5.2. Let O be an order ideal of Tn . The set O is called stable w.r.t. Xε

if the evaluation matrix eval
X̃
(O) has full rank for each admissible perturbation X̃

of X . Furthermore, if O is also a basis of P/I (X) , it is called a stable quotient

basis of I (X) .

Given any finite set of points X , any quotient basis O for I (X) is stable

w.r.t. Xδ for a sufficiently small value of the tolerance δ . This is equivalent to

saying that O has a “region of stability” w.r.t. X and follows from the next theo-

rem.

Theorem 1.5.3. Let X be a finite set of points in Rn and O a quotient basis

for I (X) . Then there exists a tolerance δ = (δ1, . . . ,δn) , with δi > 0 , such that O

is stable w.r.t. Xδ .

Proof. Let evalX(O) be the evaluation matrix of O at the points of X . Its entries

depend continuously on the points in X . By hypothesis, the set O is a quotient basis

for I (X) . It follows that evalX(O) is invertible. Recalling that the determinant is a

polynomial function in the matrix entries and noting that the entries of evalX(O) are

polynomials in the points’ coordinates, we can conclude that there exists a tolerance

δ = (δ1, . . . ,δn) ∈ (R+)n such that det(eval
X̃
(O)) �= 0 for any perturbation X̃ of X

in Xδ . ⊓⊔

Nevertheless, since the tolerance ε of the empirical points in Xε is given a pri-

ori by the measurements, Theorem 1.5.3 does not provide a direct answer to the

problem of stability. If the given tolerance ε for the points in X allows us to leave

the “region of stability” of a chosen quotient basis O , then O will not be stable

w.r.t. Xε . Such a situation is shown in the following example.

Example 1.5.4. Let X = {(0,2), (1,2.1), (2,1.9)} ⊆ R2 be a set of specified val-

ues. The order ideal O = {1,y,y2} is a basis of P/I (X) . Given the generic pertur-

bation

X̃(e) = {(0+ e11,2+ e12), (1+ e21,2.1+ e22), (2+ e31,1.9+ e32)}

the evaluation matrix of O at X̃(e) is the Vandermonde matrix

eval
X̃(e)

(O) =

⎛
⎝

1 2+ e12 (2+ e12)
2

1 2.1+ e22 (2.1+ e22)
2

1 1.9+ e32 (1.9+ e32)
2

⎞
⎠

Since the matrix eval
X̃
(O) is invertible if and only if the values 2 + ẽ12 , 2.1 + ẽ22

and 1.9+ ẽ32 are pairwise distinct, we have that O is stable w.r.t. Xε if the tolerance

ε = (ε1,ε2) satisfies |ε2|< 0.1. Vice versa, if we consider X(δ1,δ2) , where δ2 > 0.1,

there exists the admissible perturbation X̃ = {(0,2), (1,2), (2,2)} whose evaluation

matrix eval
X̃
(O) is singular. So, the order ideal O is not stable w.r.t. X(δ1,δ2) since

its “region of stability” is too small w.r.t. the given tolerance δ .
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Intuitively, a border basis G of the vanishing ideal I (X) is considered to be

structurally stable if, for each admissible perturbation X̃ of X , it is possible to pro-

duce a border basis G̃ of I (X̃) only by means of a slight and continuous variation

of the coefficients of the polynomials of G . This situation arises when G and G̃ are

founded on the same stable quotient basis O , as shown in the following theorem

(for a proof see [1]).

Theorem 1.5.5. Let Xε be a set of s distinct empirical points and O = {t1, . . . ,ts} a

quotient basis for I (X) which is stable w.r.t. Xε . Then, for each admissible pertur-

bation X̃ of Xε , the vanishing ideal I (X̃) has an O -border basis G̃ . Furthermore,

if ∂O = {b1, . . . ,bν} is the border of O then G̃ consists of ν polynomials of the

form

g j = b j−
s

∑
i=1

αi jti for j ∈ {1, . . . ,ν}

where the coefficients ai j ∈ R satisfy the linear systems

eval
X̃
(b j) =

s

∑
i=1

αi j eval
X̃
(ti)

Note that the coefficients αi j of each polynomial g j ∈ G̃ are just the components

of the solution α j of the linear system eval
X̃
(O) α j = eval

X̃
(b j) . It follows that the

coefficients αi j are continuous functions of the coordinates of the points of X̃ . Since

the order ideal O is stable w.r.t. Xε , they undergo only continuous variations as X̃

changes. Now the definition of stable border bases follows naturally.

Definition 1.5.6. Let Xε be a finite set of distinct empirical points, and let O be

a quotient basis for the vanishing ideal I (X) . If O is stable w.r.t. Xε then the

O -border basis G of I (X) is said to be stable w.r.t. the set Xε .

Given X and a stable quotient basis O , it is possible to obtain a stable O -

border basis of I (X) by simple linear algebra computations. The SOI Algorithm

addresses the problem of finding a stable quotient basis as follows. As in the

Buchberger-Möller algorithm [6], the order ideal O is built stepwise: initially O

comprises just the term 1; then at each iteration, a new term t is considered. If the

evaluation matrix eval
X̃
(O ∪{t}) has full rank for all admissible perturbations X̃

then t is added to O ; otherwise t is added to the corner set of the order ideal.

The rank condition is equivalent to checking whether ρ(X̃) , the component of the

evaluation vector eval
X̃
(t) orthogonal to the column space of the matrix eval

X̃
(O) ,

vanishes for any admissible X̃ . In the following theorem this check is greatly sim-

plified by restricting it to first order error terms, as our interest is essentially focused

on small perturbations X̃ of X . In practice, the SOI algorithm solves an underde-

termined system to test whether the first order approximation of ρ(X̃) vanishes for

some admissible set X̃ .
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Theorem 1.5.7. (The Stable Order Ideal Algorithm (SOI))

Let Xε = {pε1, . . . , pεs} be a finite set of well-separated empirical points having a

common tolerance ε = (ε1, . . . ,εn) . Let σ be a term ordering on Tn and γ ≥ 0 .

Consider the following sequence of instructions.

S1 Start with the lists O = [1] , L = [x1, . . . ,xn] , the empty list C = [ ] , the matrix

M0 ∈ Mats×1(R) with all entries equal to 1 , and M1 ∈ Mats×1(R) with all

entries equal to 0 .

S2 If L = [ ] return the set O and stop. Otherwise, let t = minσ (L) and delete it

from L.

S3 Let v0 and v1 be the homogeneous components of degrees 0 and 1 of the

evaluation vector v = eval
X̃(e)

(t) . Compute the vectors

ρ0 = v0−M0α0

ρ1 = v1−M0α1−M1α0

where

α0 = (Mtr
0 M0)

−1Mtr
0 v0

α1 = (Mtr
0 M0)

−1(Mtr
0 v1 +Mtr

1 v0−Mtr
0 M1α0−Mtr

1 M0α0).

S4 Let Ct ∈Mats,sn(R) be such that ρ1 = Cte . Let k be the maximum integer such

that the matrix Ĉt , formed by selecting the first k rows of Ct , has minimum

singular value σ̂k greater than ‖ε‖ . Let ρ̂0 be the vector comprising the first k

elements of ρ0 , and let Ĉ
†
t be the pseudo-inverse of Ĉt . Compute δ̂ =−Ĉ

†
t ρ̂0 ,

which is the minimal 2-norm solution of the underdetermined system Ĉt δ̂ =
−ρ̂0 .

S5 If ‖δ̂‖> (1+ γ)
√

s‖ε‖ , then adjoin the vector v0 as a new column of M0 and

the vector v1 as a new column of M1 . Append the power product t to O , and

add to L those elements of {x1t, . . . ,xnt} which are not multiples of an element

of L or C . Continue with step S2.

S6 Otherwise append t to the list C , and remove from L all multiples of t . Con-

tinue with step S2.

This is an algorithm which returns an order ideal O ⊂Tn . If for every admissible

perturbation X̃ the value γ satisfies ‖ρ2+(X̃)‖ ≤ γ√s‖ε‖2 , where ρ2+(X̃) is the

evaluation at X̃ of the component of ρ(X̃(e)) of degree greater than 1 , then O is an

order ideal which is stable w.r.t. the empirical set Xε . In particular, when #O = s ,

the ideal I (X) has a corresponding stable border basis w.r.t. Xε .

To implement the SOI Algorithm a value of γ has to be chosen even if an es-

timate of ‖ρ2+(X̃)‖ is unknown. Since we consider small perturbations X̃ of the

set X , in most cases ρ0 +ρ1(X̃) is a good linear approximation of ρ(X̃) . For this

reason ‖ρ2+(X̃)‖ is small and a value of γ ≪ 1 can be chosen to obtain a set O

which is stable w.r.t. Xε . On the other hand, if ρ is not well approximated by its
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homogeneous components of degrees 0 and 1 the strategy of the SOI algorithm

loses its meaning, since it is based on a first order analysis.

1.5.B. Comparison of the SOI and AVI Algorithms. Now we present some nu-

merical examples to show the effectiveness of the SOI and AVI algorithms. The first

two examples show how the algorithms detect simple geometrical configurations

almost satisfied by the given set X .

Example 1.5.8. (Four Almost Aligned Points)

Let Xε be a set of empirical points with the specified values

X = {(0, 0.01), (0.34, 0.32), (0.65, 0.68), (0.99, 1)} ⊆ R2

and the tolerance ε = (0.03,0.03) .

a) The SOI algorithm computes the quotient basis O = {1,y,y2,y3} which is

stable w.r.t. Xε . Hence we can compute the stable border basis G founded

on it and get

G =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

x − 0.654y3 +1.013y2−1.362y+0.014

xy − 0.303y3−0.552y2−0.137y+0.001

xy2 − 1.16y3 +0.238y2−0.068y+0.001

xy3 − 2.094y3 +1.368y2−0.266y+0.002

y4 − 2.01y3−1.238y2−0.23y+0.002

The algorithm also yields the almost vanishing polynomial f = x− 0.984y .

This polynomial highlights the fact that X contains “almost aligned” points.

Since the quotient basis O is stable w.r.t. Xε , we can conclude that there ex-

ists a small perturbation X̃ of X containing aligned points and for which the

associated evaluation matrix eval
X̃
(O) is invertible. Notice that this fact is not

easily discernible from the computed border basis.

A further interesting polynomial is obtained by taking the difference of f and

the first border basis polynomial. The resulting polynomial h = 0.654y3 −
1.013y2 + 0.378y− 0.014 has small values at the points of X . This is not a

contradiction to the “almost linear independence” of O in the sense of [2],

since there is no admissible perturbation of X for which h vanishes. The cor-

rect interpretation is that there is an almost O -border prebasis close to the

computed O -border basis which is not an approximate O -border basis.

b) A completely different result is obtained by applying the Buchberger-Möller

algorithm to the set X . We use the same term ordering σ and obtain the fol-

lowing σ -Gröbner basis H of I (X) :

x2 − 5525/5324y2−30456/33275x+103649/106480y−6409/665500

xy − 1358/1331y2−15391/33275x+32811/66550y−8033/1663750

y3 − 205967/133100y2−1271124/831875x+1384811/665500y

− 429556/20796875
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The associated quotient basis is Oσ (I (X)) = T2\LTσ{I (X)}= {1,y,x,y2} .

We observe that Oσ (I (X)) is not stable because the matrix eval
X̃
(Oσ (I (X)))

is singular for some admissible perturbations of X . In particular, the informa-

tion that the points of X are “almost aligned” is not at all evident from H .

c) Finally, we apply the AVI algorithm to X . If we use ε = 0.05, we obtain the

quotient basis O = {1,y,y2} and as the approximate O -border basis

x − 0.984y

xy − 1.013y2 +0.03y−0.004

xy2 − 1.568y2 +0.614y−0.026

y3 − 1.556y2 +0.588y−0.023

Notice that the first and last polynomial generate the vanishing ideal of the

set of three points X′ = {(0.044,0.044), (0.522,0.529), (0.967,0.982)} . Thus

the “almost alignment” of X was correctly detected, and the algorithm found

a cubic curve passing close to all four points.

If instead we apply the AVI algorithm with ε = 0.03, which is approximately

the size of the data inaccuracies inherent in X , we get O = {1,y,y2,y3} and

the approximate border basis

x − 0.984y

xy − −1.013y2 +0.03y−0.004

xy2 − 1.16y3 +0.237y2−0.068y

xy3 − 2.094y3 +1.367y2−0.265y+0.002

y4 − 2.01y3 +1.237y2−0.229y+0.002

Here the ideal generated by the first and last polynomial corresponds to four

perfectly aligned points very close to the points of X .

In the following example we show the behavior of the SOI and AVI algorithms

when applied to two sets of points with similar geometrical configuration but with

different cardinality.

Example 1.5.9. (Points Close to a Circle)

Let X8 and X16 be sets of points created by perturbing slightly the coordinates of 8

and 16 points lying on the unit circle x2 + y2−1 = 0.

a) First we apply the SOI algorithm with tolerance ε = (0.01,0.01) . The fol-

lowing table summarizes the results. The first two columns contain the name

of the processed set and the value of its cardinality. The column labeled with

“Corners” refers to the set of corners of the stable order ideal computed by the

algorithm.

Note that the sets of corners of the stable quotient bases computed by the SOI

algorithm always contain the power product x2 . This means that there is a nu-

merical linear dependence among the empirical vectors associated to the power

products {1,y,x,y2,xy,x2} and that some useful information on the geometri-

cal configuration of the points could be found.
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Input #Xi #O (SOI) Corners (SOI) #O (AVI) Corners (AVI)

X8 8 8 {x2,xy3,y5} 8 {x2,xy3,y5}
X16 16 16 {x2,xy7,y9} 11 {x2,xy5,y6}

Table 1.3 SOI and AVI on sets of points close to a circle

If we enlarge the tolerances, however, already for ε = (0.04, 0.04) the SOI

algorithm finds no stable border basis for X16 anymore.

b) Now we apply the AVI algorithm. Since the points are near the unit circle, no

normalization is necessary. We use for instance ε = 0.06.

For X8 , we obtain the same order ideal O = {1,x,y,xy,y2,xy2,y3,y4} as the

SOI algorithm, and an approximate O -border basis containing {0.57x2 +
0.57y2 − 0.57, 0.89xy3 + 0.01y3 − 0.44xy− 0.01y, 0.53y5 − 0.79y3 + 0.26y} .

This shows that the circle close to the points has been detected.

Using X16 , we find the order ideal O = {1,x,y,xy,y2,xy2,y3,xy3,y4} and an

approximate border basis which contains 0.57x2 + 0.58y2− 0.57. Again the

close-by unit circle has been detected, but there are also three sextics passing

close to the original 16 points. Unlike with the SOI algorithm, we find an ap-

proximate vanishing ideal of a smaller number (namely 11 instead of 16) of

points here.

Our next example shows that the term ordering σ used in the SOI Algorithm

is only an implementation detail. In general, any strategy that chooses the power

product t such that O ∪{t} is always an order ideal can be applied. The example

illustrates the case where σ can lead to an O -border basis which does not contain

the τ -Gröbner basis of I (X) for any term ordering τ . Similarly, the AVI algorithm

can be modified in such a way that the same property holds.

Example 1.5.10. (A Quotient Basis Not of Gröbner Type)

Let Xε be a set of distinct empirical points having

X = {(1,1), (0.82,−1), (−0.82,0.82), (−1,−0.82)}

as the set of specified values and ε = (0.1,0.1) as the tolerance.

a) Applying the SOI algorithm to Xε , we get the quotient basis O = {1,x,y,xy}
which is stable with respect to Xε . Let τ be any term ordering on Tn and

Oτ(I (X)) = Tn\LTτ{I (X)} the quotient basis associated to τ . We note that

we have O �= Oτ(I (X)) here. In fact, according to τ , either x2 <τ xy or

y2 <τ xy . Furthermore, at least one of the two evaluation vectors evalX(x2) ,

evalX(y2) is linearly independent of {evalX(1), evalX(x), evalX(y)} so that

one of x2 or y2 must belong to Oτ(I (X)) . We conclude that the O -border

basis of I (X) does not contain any Gröbner basis of I (X) .

b) Next we start from the set X and use the AVI algorithm with ε = 0.1
and ε ′ = 0.01. The result is the order ideal O = {1,x,y,xy} and the (uni-
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tary) approximate border basis G = {0.76x2−0.15xy−0.62, 0.76y2−0.13x−
0.63, 0.76x2y−0.12x−0.62y, 0.76xy2−0.63x−0.11} .

Our final example illustrates that the order ideal O can have cardinality less

than s = #X both for the SOI and the AVI algorithm, but for different reasons. In

the case of the SOI algorithm this happens when the tolerance on the points is, in

some sense, too large. With a fixed set of specified values, the SOI algorithm may

produce different results for different values of ε , some of which do not span all

of P/I (X) . For the AVI algorithm, the computed order ideal may satisfy #O < s

even for small ε . The reason is that the algorithm may detect many low degree

polynomials vanishing ε -approximately at the given point, and those polynomials

may generate a zero-dimensional ideal of lower codimension.

Example 1.5.11. (Five Points Close to Two Conics and a Cubic)

Let X = {(0,1), (0.2,0.4), (0.28,0.28), (0.4,0.2), (1,0)} ⊂ R2 .

a) First we apply the SOI algorithm to the set of well-separated empirical points

Xε with specified values X and tolerance ε = (0.02,0.02) . We find the stable

order ideal O = {1,y,x,y2} . However, this is not a quotient basis, so we cannot

obtain the corresponding stable border basis. This is due to the fact that the

points of X lie close to the hyperbola xy+0.17x+0.14y−0.17 = 0, the ellipse

(x− 0.95)2 + 0.87(y− 1)2 − 0.9 = 0 and the cubic defined by the equation

y3− 1.8y2 + 0.23x− 1.03y− 0.23 = 0. So, if the tolerance ε is too big, they

“almost satisfy” all of them.

Observe how the problem does not arise if we use a smaller tolerance, e.g. δ =
(0.01,0.01) . Applying SOI to Xδ , we obtain the stable quotient basis O ′ =
{1,y,x,xy,y2} and its corresponding border basis

G′ =

⎧
⎪⎪⎨
⎪⎪⎩

x2 + 3.83xy+ y2−1.23x−1.23y+0.23

y3 − 0.07xy−1.8y2 +0.22x+1.02y−0.22

xy2 − 0.07xy+0.2y2−0.05x−0.25y+0.05

x2y − 0.84xy−0.2y2 +0.19y

b) Next we use the AVI algorithm. Choosing ε = 0.06, we get O = {1,x,y} and

the (unitary) approximate border basis

G =

⎧
⎨
⎩

0.52x2 − 0.77x−0.25y+0.25

0.94xy + 0.18x+0.18y−0.18

0.51y2 − 0.26x−0.77y+0.26

The same result is produced for any 0.06 ≤ ε ≤ 0.25. The set G approxi-

mates a system of generators of the vanishing ideal I (X̃) of the point set

X̃ = {(0,0.98), (0.28,0.29), (0.98,0)} . Notice that X̃ is approximately con-

tained in all three conics.

A smaller choice of ε , for instance ε = 0.01, leads to O ′ = {1,x,y,y2} and
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G′ =

⎧
⎪⎪⎨
⎪⎪⎩

0.3x2 + 0.3y2−0.6x−0.6y+0.3
0.94xy + 0.18x+0.18y−0.18

0.95xy2 + 0.19y2−0.03x−0.22y+0.03

0.42y3 − 0.77y2 +0.1x+0.44y−0.1

The set G′ approximates a system of generators of I (X̃′) for X̃′ = {(0,0.99),
(0.21,0.37), (0.37,0.21), (0.99,0)} . Thus even this small choice of ε leads to

a decrease in the codimension of the corresponding I (X) .

1.6 Border Basis and Gröbner Basis Schemes

Without geometry,

life is pointless.

(Sam Wormley)

Let O = {t1, . . . ,tµ} be an order ideal in Tn . In this section we define a moduli

space, called the border basis scheme, for all zero-dimensional ideals which have an

O -border basis. Then we define another space, called the Gröbner basis scheme, and

explore their main properties, their connection to problems concerning approximate

data, and their connection to Hilbert schemes of zero-dimensional schemes.

1.6.A. Two Basic Examples. Before starting with the technical details, we intro-

duce two basic examples which will help us to understand the general theory.

Example 1.6.1. (Three Non-Collinear Points)

In this example we want to represent all zero-dimensional subschemes of A2
K which

share the property that the residue classes of the elements in O = {1,x,y} form a

K -vector space basis of their coordinate ring. Another way of saying this is that

we want to represent all ideals I in P = K[x,y] such that the residue classes of the

elements in O form a K -basis of P/I .
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In this picture the elements of O = {1,x,y} are represented by bullets. Knowing

that their residue classes form a K -vector space basis of P/I implies, in particular,

that the elements represented by circles, i.e. x2 , xy , y2 can be expressed modulo I

as linear combinations of the elements in O . In other words, the ideal I has to

contain three polynomials of the form g1 = x2− c11− c21x− c31y , g2 = xy− c12−
c22x− c32y , and g3 = y2− c13− c23x− c33y for suitable values of the coefficients

ci j ∈ K .
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But, of course, this is not the end of the discussion. For instance, the unit ideal

contains such polynomials, but {1,x,y} is not a basis modulo it. To achieve this

property, we observe that {1,x,y} is an order ideal of monomials and that the com-

plementary monomial ideal is generated by {x2,xy,y2} . If σ is a degree-compatible

term ordering, for instance σ = DegRevLex , we have LTσ (g1) = x2 , LTσ (g2) = xy ,

and LTσ (g3) = y2 , independent of the values of the coefficients ci j .

Macaulay’s Basis Theorem (see [20], Theorem 1.5.7) implies that we have

dimK(P/I) = dimK(P/LTσ (I)) , and we want that this number is three. On the other

hand, we have dimK(P/(x2,xy,y2)) = 3. Hence we want that LTσ (I) = (x2,xy,y2) .

In other words, we want to impose that {g1,g2,g3} is a σ -Gröbner basis of I . Due

to the particular shape of the equations involved, this requirement is equivalent to

imposing that {g1,g2,g3} is the reduced σ -Gröbner basis of I .

How do we do that? There are two non-trivial fundamental syzygies of the tu-

ple of terms (x2,xy,y2) , namely (−y,x,0) and (0,−y,x) . First we consider the

S-polynomial −yg1 + xg2 = c11y + c21xy + c31y2 − c12x− c22x2 − c32xy . Using

g1,g2,g3 , it can be rewritten as

(c21c12 + c31c13− c22c11− c32c12)+(−c12 + c31c23− c32c22)x

+(c11 + c21c32 + c31c33− c22c31− c2
32)y

Second, we consider the S-polynomial −yg2 +xg3 = c12y+c22xy+c32y2−c13x−
c23x2− c33xy . Using g1,g2,g3 , it can be rewritten as

(c22c12 + c32c13− c23c11− c33c12)+(−c13 + c2
22 + c32c23− c23c21− c33c22)x

+(c12 + c22c32− c23c31)y

Imposing that {g1,g2,g3} is the reduced σ -Gröbner basis of I is therefore equiva-

lent to imposing that the following expressions are all zero:

F1 = c21c12 + c31c13− c22c11− c32c12

F2 = −c12 + c31c23− c32c22

F3 = c11 + c21c32 + c31c33− c22c31− c2
32

F4 = c22c12 + c32c13− c23c11− c33c12

F5 = −c13 + c2
22 + c32c23− c23c21− c33c22

F6 = c12 + c22c32− c23c31

Let J be the ideal of K[c11, . . . ,c33] generated by {F1,F2,F3,F4,F5,F6} . We

note the equality F6 = −F2 = c12 + c22c32 − c23c31 and check with CoCoA that

J = (F2,F3,F5) . By mapping c11 to −c21c32−c31c33 +c22c31 +c2
32 , c12 to c31c23−

c32c22 , and c13 to c2
22 + c32c23− c23c21− c33c22 , we define an isomorphism

K[c11, . . . ,c33]/J
∼−→ K[c21,c31,c22,c32,c23,c33]
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The conclusion is that all zero-dimensional subschemes of A2
K which have the prop-

erty that the residue classes of the elements in {1,x,y} form a K -vector space basis

of their coordinate ring are parametrized by an affine space A6
K . Their vanishing

ideals are generated by polynomials {g1,g2,g3} where

g1 = x2− (−c21c32− c31c33 + c22c31 + c2
32)− c21x− c31y

g2 = xy− (c31c23− c32c22)− c22x− c32y

g3 = y2− (c2
22 + c32c23− c23c21− c33c22)− c23x− c33y

and the parameters which show up in these three polynomials can vary freely. Notice

that this family contains only one monomial ideal, namely (x2,xy,y2) .

To summarize this discussion, we note that we found the parametrizing scheme

A6
K by imposing that certain fundamental syzygies lift properly. This process is far

from canonical. Nevertheless, it can be shown that the output is independent of the

choices made (see [28], Proposition 3.5).

Furthermore, we observe that the dimension of the parameter space is six. How

can we explain this number? We could argue as follows. Among the ideals repre-

sented by the family, there are the vanishing ideals of three non-collinear points.

(For three collinear points, the set {1,x,y} would not be linearly independent mod-

ulo their vanishing ideal.) Clearly, to represent three points in the affine plane one

needs six independent coordinates. But we have to be careful: this argument does

not work in general! Indeed, we cannot exclude a priori the existence of a compo-

nent of the parameter space of higher dimension. In other words, we do not know

a priori whether degenerate schemes which have {1,x,y} as a basis of their co-

ordinate ring can be represented as limits of sets of three distinct points. It turns

out that this is true in our example, but not for more complicated order ideals O .

A similar counter-intuitive situation arises in automatic theorem proving (see for

instance [21], Section 6.7).

The next interesting case is the order ideal O = {1,x,y,xy} in T2 .

Example 1.6.2. (Four Points)

As in the example before, we would like to parametrize all zero-dimensional sub-

schemes of A2
K such that the residue classes of the elements in O = {1,x,y,xy}

form a K -vector space basis of their coordinate ring.
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Let us try to argue as in the preceding example. The complement of the set O

is the monomial ideal generated by {x2,y2} . Thus we want LTσ (I) = (x2, y2) .

However, at this point we encounter a serious problem: no matter which term or-

dering we choose, it is not possible that both x2 and y2 are bigger than xy . The

best we can do is to pick a degree-compatible term ordering, say σ = DegRevLex ,
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and use two polynomials of the form g1 = x2 − c11 − c21x− c31y− c41xy and

g2 = y2−c12−c22x−c32y . Then, for every choice of the parameters ci j ∈K , the set

{g1,g2} is the reduced σ -Gröbner basis of an ideal I such that the residue classes

of the elements in {1,x,y,xy} form a K -vector space basis of P/I .

Here we have seven free parameters. But four points in the affine plane need

eight parameters to describe them completely. This shows that our Gröbner basis

approach is not sufficient. A better way to proceed is to consider the border of the

given order ideal. Its elements are marked by circles in the above picture. We rep-

resent every element in the border as a generic linear combination of {1,x,y,xy}
and impose that the given generic border prebasis is a border basis. In this way

we obtain a set of equations which define an 8-dimensional moduli scheme (see

Example 1.6.14).

1.6.B. Border Basis Schemes. The above examples indicate that border bases are

well suited for describing families of affine subschemes of An whose coordinate

rings have a given K -basis. In fact, they do the job better than Gröbner bases. It is

time to provide the precise definitions and technical details necessary for the theo-

retical foundation of these observations.

Definition 1.6.3. Let O = {t1, . . . ,tµ} be an order ideal, let ∂O = {b1, . . . ,bν} , and

let {ci j | 1≤ i≤ µ , 1≤ j ≤ ν} be a set of new indeterminates.

a) The generic O -border prebasis is the set of polynomials G = {g1, . . . ,gν}
in K[x1, . . . ,xn,c11, . . . ,cµν ] given by

g j = b j−
µ

∑
i=1

ci jti for j = 1, . . . ,ν

b) For k = 1, . . . ,n , let Ak ∈Matµ(K[ci j]) be the kth formal multiplication ma-

trix associated to G (cf. [21], Def. 6.4.29). It is also called the kth generic

multiplication matrix with respect to O .

c) The affine scheme BO ⊆ Aµν defined by the ideal I(BO) which is generated

by the entries of the matrices AkAℓ−AℓAk with 1 ≤ k < ℓ ≤ n is called the

O -border basis scheme.

d) The coordinate ring K[c11, . . . ,cµν ]/I(BO) of the scheme BO will be denoted

by BO .

We observe that, by definition, the ideal I(BO) is generated by polynomials of

degree two. By [21], Thm. 6.4.30, a point (αi j) ∈ Kµν yields a border basis σ(G)
when we apply the substitution σ(ci j) = αi j to G if and only if σ(Ak)σ(Aℓ) =
σ(Aℓ)σ(Ak) for 1≤ k < ℓ≤ n . Therefore the K -rational points of BO are in 1–1

correspondence with the O -border bases of zero-dimensional ideals in P , and thus

with all zero-dimensional ideals having an O -border basis.

In the following remark, we collect some basic properties of border basis schemes.

Remark 1.6.4. Let O be an order ideal in Tn , and let BO be the O -border basis

scheme.
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a) There is an irreducible component of BO of dimension nµ which is the closure

of the set of radical ideals having an O -border basis.

b) There is an example by Iarrobino (see [23] and [22], Example 5.6) which ex-

hibits a border basis scheme having an irreducible component whose dimen-

sion is higher than nµ .

c) For every term ordering σ , there is a subset of BO which parametrizes all

ideals I such that O = Oσ (I) . These subsets have turned out to be useful for

studying the Hilbert scheme parametrizing subschemes of An of length µ (see

for instance [7] and [27]).

d) In the case n = 2 more precise information about BO is available: for in-

stance, it is known that BO is reduced, irreducible and smooth of dimension

2µ (see [13], [15] and [24], Ch. 18).

Our next remark clarifies the relation between border basis schemes and Hilbert

schemes.

Remark 1.6.5. For an order ideal O in Tn , the border basis scheme BO can be

embedded as an open affine subscheme of the Hilbert scheme parametrizing sub-

schemes of An of length µ (see [24], Section 18.4). This can be seen as follows.

Let IO be the monomial ideal generated by the complement of O . The Hilbert

polynomial of P/IO is the constant polynomial µ . Among all schemes having this

Hilbert polynomial there are the schemes for which O yields a basis of their coor-

dinate ring. This condition defines a Zariski open subset.

As usual, a moduli space such as the border basis scheme comes together with a

universal flat family. In the present setting it is defined as follows.

Definition 1.6.6. Let G = {g1, . . . ,gν} ⊂ K[x1, . . . ,xn,c11, . . . ,cµν ] with g j = b j−
∑
µ
i=1 ci jti for j = 1, . . . ,ν be the generic O -border prebasis. We will denote the

ring K[x1, . . . ,xn,c11, . . . ,cµν ]/(I(BO)+ (g1, . . . ,gν)) by UO . Then the natural ho-

momorphism of K -algebras

Φ : BO −→ UO
∼= BO [x1, . . . ,xn]/(g1, . . . ,gν)

is called the universal O -border basis family.

What are the fibers of this family? It is easy to understand that they are the quo-

tient rings P/I for which I is a zero-dimensional ideal which has an O -border basis.

The special fiber, i.e. the fiber corresponding to (0, . . . ,0) , is the ring P/(∂O) . It

is the only fiber in the family which is defined by a monomial ideal. A remarkable

result is the following.

Theorem 1.6.7. (The Universal Border Basis Family)

Let Φ : BO −→UO be the universal O -border basis family. Then the residue classes

of the elements of O are a BO -module basis of UO . In particular, the map Φ is a

flat homomorphism.

Proof. See [11] or [16]. For an elementary proof see [22], Theorem 3.4. ⊓⊔
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Let us have a look at the first consequences of this fundamental result. A ra-

tional curve on the O -border basis scheme corresponds to a surjective K -algebra

homomorphism Ψ : BO −→K[z] of the corresponding affine coordinate rings. If we

restrict the universal family of O -border bases to this rational curve, we obtain the

following flat deformation of border bases.

Corollary 1.6.8. Let z be a new indeterminate, and let Ψ : BO −→K[z] be a surjec-

tive homomorphism of K -algebras. By applying the base change Ψ to the universal

family Φ , we get a homomorphism of K[z]-algebras

ΦK[z] =Φ⊗BO
K[z] : K[z]−→UO ⊗BO

K[z]

Then the residue classes of the elements of O form a K[z]-module basis of the

right-hand side. In particular, the map ΦK[z] defines a flat family.

As explained in [22], this corollary can be used to construct flat deformations

over K[z] of border bases. Suppose the maximal ideal Ψ−1(z− 1) corresponds to

a given O -border basis and the maximal ideal Ψ−1(z) is the ideal (c11, . . . ,cµν)
which corresponds to the border term ideal (b1, . . . ,bν) . In other words, sup-

pose that there exists a rational curve which connects the given point to the point

(0, . . . ,0) . Then the map ΦK[z] defines a flat family over K[z] whose generic fiber

P/I is defined by the ideal I generated by the given O -border basis and whose

special fiber P/(b1, . . . ,bν) is defined by the border term ideal.

In the next part of this subsection we try to construct explicit flat deformations

to the border term ideal. The idea is to imitate the method used in Gröbner basis

theory, namely the technique of homogenization. The first step is to deform to a

suitable degree form ideal.

Lemma 1.6.9. Let P be graded by a matrix W ∈ Matm,n(Z) , let O be an order

ideal in Tn , and let I ⊂ P be a homogeneous ideal which has an O -border basis.

Then this O -border basis of I consists of homogeneous polynomials.

Proof. See [22], Lemma 2.3. ⊓⊔
As for the idea to deform a border basis of I to a homogeneous border basis of

the degree form ideal DFW (I) , we have the following result.

Theorem 1.6.10. (Deformation to the Degree Form Ideal)

Let W = (w1, . . . ,wn) ∈Mat1,n(N+) be a row of positive integers, let P be graded

by W , and let I ⊂ P be a zero-dimensional ideal. Then the following conditions are

equivalent.

a) The ideal I has an O -border basis, say G = {g1, . . . ,gν} , and we have b j ∈
Supp(DFW (g j)) for j = 1, . . . ,ν .

b) The degree form ideal DFW (I) has an O -border basis.

If these conditions are satisfied, the O -border basis of DFW (I) is DFW (G) =
{DFW (g1), . . . ,DFW (gs)} and there is a flat family K[x0]−→ P/I hom whose gen-

eral fiber is isomorphic to P/I , where I = (g1, . . . ,gν) , and whose special fiber is

isomorphic to P/DFW (I) , where DFW (I) = (DFW (g1), . . . ,DFW (gν)) .
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Proof. See [22], Theorem 2.4. ⊓⊔

Let us look at an example for the application of this theorem.

Example 1.6.11. Consider the ideal I = (−2x2 +xy−y2−1, 8y3 +10x+9y) in the

polynomial ring P = Q[x,y] . The degree form ideal of I with respect to the standard

grading, i.e. the grading defined by W = (1 1) , is DFW (I) = (−2x2 + xy− y2, y3) .

We want to use the order ideal O = {1,x,x2,x3,y,y2} whose border is given by

∂O = {xy,y3,xy2,x2y,x3y,x4} .
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It is easy to check that DFW (I) has an O -border basis, namely H = {h1, . . . ,h6}
with h1 = xy− 2x2− y2 , h2 = y3 , h3 = xy2 + 4x3 , h4 = x2y + 2x3 , h5 = x3y , and

h6 = x4 . Therefore the theorem says that I has an O -border basis G = {g1, . . . ,g6} ,

and that hi = DFW (gi) for i = 1, . . . ,6. Indeed, if we compute this border basis we

find that it is given by g1 = xy−2x2− y2−1, g2 = y3 + 5
4
x+ 9

8
y , g3 = xy2 +4x3 +

3
4
x− 1

8
y , g4 = x2y+2x3− 1

4
x− 1

8
y , g5 = x3y− 1

2
x2− 1

8
y2− 3

32
, and g6 = x4− 1

64
.

An easy modification of this example shows that the implication “a) =⇒ b)” in

the theorem is not true without the hypothesis b j ∈ Supp(DFW (g j)) . This observa-

tion inspires the following definition.

Definition 1.6.12. Let P be graded by a matrix W ∈Mat1,n(N+) . The order ideal O

is said to have a maxdegW border if degW (b j) ≥ degW (ti) for i = 1, . . . ,µ and

j = 1, . . . ,ν . In other words, no term in O is allowed to have a degree larger than

any term in the border.

Using this notion, we can combine the deformation given by the theorem with a

second deformation from the degree form ideal to the border term ideal by using the

following result.

Theorem 1.6.13. (Homogeneous Maxdeg Border Bases)

Suppose that the order ideal O has a maxdegW border. Let I⊂P be a homogeneous

ideal which has an O -border basis G = {g1, . . . ,gν} . Then there exists a flat family

K[z]−→ K[z][x1, . . . ,xn]/J such that O is a K[z]-basis of the right-hand side, such

that J|z �→1
∼= I , and such that J|z �→0

∼= (b1, . . . ,bν) . In fact, the ideal J may be

defined by writing g j = b j−∑µi=1 ci jti and replacing ci j ∈ K by ci j z ∈ K[z] for all

i, j .

Proof. See [22], Theorem 5.3. ⊓⊔
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To get a good grasp of these deformations, we look at one particular border basis

scheme in detail, namely the one corresponding to Example 1.6.2.

Example 1.6.14. Consider the case n = 2 and O = {1,x,y,xy} . The border of O is

∂O = {y2,x2,xy2,x2y} , so that in our terminology we have µ = 4, ν = 4, t1 = 1,

t2 = x , t3 = y , t4 = xy , b1 = y2 , b2 = x2 , b3 = xy2 , and b4 = x2y .

The generic multiplication matrices are

Ax =

⎛
⎜⎜⎝

0 c12 0 c14

1 c22 0 c24

0 c32 0 c34

0 c42 1 c44

⎞
⎟⎟⎠ and Ay =

⎛
⎜⎜⎝

0 0 c11 c13

0 0 c21 c23

1 0 c31 c33

0 1 c41 c43

⎞
⎟⎟⎠

When we compute the ideal generated by the entries of AxAy−AyAx and sim-

plify its system of generators, we see that the ideal I(BO) is generated by

{c23c41c42− c21c42c43 + c21c44 + c11− c23, −c21c32− c34c41 + c33,
c34c41c42− c32c41c44 + c32c43 + c12− c34, −c21c32− c23c42 + c24,
−c23c32c41 + c21c32c43− c21c34 + c13, c21c42 + c41c44 + c31− c43,
−c21c34c42 + c21c32c44− c23c32 + c14, c32c41 + c42c43 + c22− c44}

Thus there are eight free indeterminates, namely c21 , c23 , c32 , c34 , c41 , c42 , c43 ,

and c44 , while the remaining indeterminates depend on the free ones by the poly-

nomial expressions above. From this we conclude that the border basis scheme BO

is an affine cell of the corresponding Hilbert scheme, i.e. an open subset which is

isomorphic to an affine space.

Its coordinate ring is explicitly represented by the isomorphism

BO
∼−→ K[c21,c23,c32,c34,c41,c42,c43,c44]

given by
c11 �−→ −c23c41c42 + c21c42c43− c21c44 + c23

c12 �−→ −c34c41c42 + c32c41c44− c32c43 + c34

c13 �−→ c23c32c41− c21c32c43 + c21c34

c14 �−→ c21c34c42− c21c32c44 + c23c32

c22 �−→ −c32c41− c42c43 + c44

c24 �−→ c21c32 + c23c42

c31 �−→ −c21c42− c41c44 + c43

c33 �−→ c21c32 + c34c41

Hence we have UO
∼= K[x,y,c21,c23,c32,c34,c41,c42,c43,c44]/(g̃1, g̃2, g̃3, g̃4) where
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g̃1 = y2− (−c23c41c42 + c21c42c43− c21c44 + c23)

−c21x− (−c21c42− c41c44 + c43)y− c41xy,

g̃2 = x2− (−c34c41c42 + c32c41c44− c32c43 + c34)

−(−c32c41− c42c43 + c44)x− c32y− c42xy,

g̃3 = xy2− (c23c32c41− c21c32c43 + c21c34)

−c23x− (c21c32 + c34c41)y− c43xy,

g̃4 = x2y− (c21c34c42− c21c32c44 + c23c32)

−(c21c32 + c23c42)x− c34y− c44xy,

The ideal (g̃1, g̃2, g̃3, g̃4) is the defining ideal of the family of all subschemes of

length four of the affine plane which have the property that their coordinate ring

admits O as a vector space basis. Since the border basis scheme is isomorphic to

an affine space in this case, we can connect every point to the point corresponding

to (x2,y2) by a rational curve. Therefore every ideal in the family can be deformed

by a flat deformation to the monomial ideal (x2,y2) . Algebraically, it suffices to

substitute each free indeterminate ci j with zci j where z is a new indeterminate.

This yields the K -algebra homomorphism

ΦK[z] : K[z]−→ K[x,y,z,c21,c23,c32,c34,c41,c42,c43,c44]/(g1,g2,g3,g4)

where

g1 = y2− (−z3c23c41c42 + z3c21c42c43− z2c21c44 + zc23)

−zc21x− (−z2c21c42− z2c41c44 + zc43)y− zc41xy,

g2 = x2− (−z3c34c41c42 + z3c32c41c44− z2c32c43 + zc34)

−(−z2c32c41− z2c42c43 + zc44)x− zc32y− zc42xy,

g3 = xy2− (z3c23c32c41− z3c21c32c43 + z2c21c34)

−zc23x− (z2c21c32 + z2c34c41)y− zc43xy,

g4 = x2y− (z3c21c34c42− z3c21c32c44 + z2c23c32)

−(z2c21c32 + z2c23c42)x− zc34y− zc44xy,

By Corollary 1.6.8, the homomorphism ΦK[z] is flat. For every point on the border

basis scheme, it induces a flat deformation from the corresponding coordinate ring

P/I to P/(∂O) where the border term ideal is (∂O) = (y2,x2,xy2,x2y) = (x2,y2) .

Finally, we want to draw the connection between border basis schemes and the

approximate border bases defined in Section 4.

Remark 1.6.15. Let O = {t1, . . . ,tµ} be an order ideal in Tn and ∂O = {b1, . . . ,bν}
its border.
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a) An approximate O -border basis G = {g1, . . . ,gν} with g j = b j−
µ

∑
i=1

ai jti , as

defined in Section 4, yields a point (ai j)∈Rµν which is close to the O -border

basis scheme. In fact, in Definition 1.4.7 we required that the normal remain-

ders of the S-polynomials of neighbour syzygies are small. This implies that

the coefficients of these normal remainders are small, and those coefficients are

precisely the evaluations of the defining equations of BO at (ai j) .

b) The AVI algorithm computes an approximate O -border basis. As mentioned

above, this corresponds to a point p close to the border basis scheme. Therefore

it is natural to ask how one can find an exact O -border basis defined over Q ,

i.e. a rational point on BO which is close to p . This problem, called the rational

recovery problem, will be addressed in [19].

1.6.C. Gröbner Basis Schemes. In the first subsection we tried to use the shape

of a Gröbner basis in order to parametrize families of zero-dimensional ideals, but

we encountered difficulties. Then we saw that border bases are more suited for this

purpose. Now we return to the Gröbner basis approach and try to put it in relation

to the border basis technique. To this end, we plan to define (O,σ)-Gröbner basis

schemes.

Before we start the discussion, some extra bits of notation are required. Given an

order ideal O = {t1, . . . ,tµ} , the set of minimal generators of the monoideal Tn \O

(which are also called the corners of O ) is denoted by cO , and we let η be the

cardinality of cO . Since cO ⊆ ∂O , it follows that η ≤ ν . Without loss of generality,

we label the elements in ∂O so that cO = {b1, . . . ,bη} .

Next we let σ be a term ordering on Tn . Recall that, for an ideal I in the

polynomial ring P , we denote the order ideal Tn \LTσ (I) by Oσ (I) . Moreover,

we denote by SO,σ the set {ci j ∈ {c11, . . . ,cµν} | b j >σ ti} , by LO,σ the ideal

generated by {c11, . . . ,cµν} \ SO,σ in K[c11, . . . ,cµν ] , by ScO,σ the intersection

SO,σ ∩{c11, . . . ,cµη} , and by LcO,σ the ideal generated by {c11, . . . ,cµη} \ ScO,σ

in K[c11, . . . ,cµη ] . Furthermore, we denote the cardinality of ScO,σ by s(cO,σ) .

Definition 1.6.16. For j = 1, . . . ,ν , we define a polynomial g∗j by

g∗j = b j− ∑
{i | b j>σ ti}

ci jti = b j− ∑
ci j∈SO,σ∩{c1 j ,...,cµ j}

ci jti

a) The set of polynomials {g∗1, . . . ,g∗η} is called the generic (O,σ)-Gröbner

prebasis.

b) The ideal
(
LO,σ + I(BO)

)
∩K[ScO,σ ] of K[ScO,σ ] defines an affine subscheme

of As(cO,σ) which will be denoted by GO,σ and called the(O,σ)-Gröbner

basis scheme. Its defining ideal
(
LO,σ + I(BO)

)
∩K[ScO,σ ] will be denoted

by I(GO,σ ) and its coordinate ring K[ScO,σ ]/I(GO,σ ) by GO,σ .

Notice that the polynomial g∗j is obtained from g j by setting all indeterminates

in LO,σ ∩{c1 j, . . . ,cµ j} to zero.
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What is the relation between Gröbner basis schemes and border basis schemes?

Well, by now it should be clear that a Gröbner basis scheme is a closed subscheme

of the corresponding border basis scheme.

Example 1.6.17. Let us examine the inclusion cO ⊆ ∂O . If O = {1,x,y,xy} then

cO = {x2,y2} while ∂O = {x2,y2,x2y,xy2} , so that cO ⊂ ∂O . On the other hand,

if O = {1,x,y} then cO = ∂O = {x2,xy,y2} .

Returning to O = {1,x,y,xy} we have t1 = 1, t2 = x , t3 = y , t4 = xy , b1 = x2 ,

b2 = y2 , b3 = x2y , b4 = xy2 . Let σ = DegRevLex , so that x >σ y . Then we get

LO,σ = LcO,σ = (c42) , g∗1 = g1 , g∗2 = y2−(c12 +c22x+c32y) , g∗3 = g3 , and g∗4 = g4 .

Having introduced the Gröbner basis scheme, we define a naturally associated

universal family. We recall that K[x1, . . . ,xn,c11, . . . ,cµν ]/
(
I(BO) + (g1, . . . ,gν)

)

was denoted by UO in Definition 1.6.6, and the natural homomorphism of K -

algebras Φ : BO −→UO was called the universal O -border basis family.

Definition 1.6.18. The ring K[x1, . . . ,xn,ScO,σ ]/
(
I(GO,σ ) + (g∗1, . . . ,g

∗
η)
)

will be

denoted by UO,σ .

a) The natural homomorphism of K -algebras Ψ : GO,σ −→UO,σ is called the

universal (O,σ)-Gröbner basis family.

b) The induced homomorphism of K -algebras BO/LO,σ −→ UO/LO,σ will be

denoted by Φ .

The next result shows than Gröbner basis schemes have a very nice property

which is not shared by some border basis schemes. To help the reader, we simply

write x for x1, . . . ,xn and c for c11, . . .cµν .

Theorem 1.6.19. There exists a system W of positive weights on the elements of

ScO,σ , a system W of positive weights on the elements of SO,σ , and a system V of

positive weights on x such that the following conditions hold true.

a) The system W is an extension of the system W.

b) The ideal I(GO,σ ) in K[ScO,σ ] is W -homogeneous.

c) The ideal I(GO,σ )+(g∗1, . . . ,g
∗
η) in K[x,ScO,σ ] is (V,W )-homogeneous.

d) The image of I(BO) in K[SO,σ ]∼= K[c]/LO,σ is W -homogeneous.

e) The image of I(BO) + (g∗1, . . . ,g
∗
ν) in the ring K[x,SO,σ ] ∼= K[x,c]/LO,σ is

(V,W )-homogeneous.

Proof. See [28], Theorem 2.8.

In other words, this theorem says that a Gröbner basis scheme has an intrinsic

graded structure. It follows that it is isomorphic to an affine space if and only if

the point corresponding to the unique monomial ideal is smooth (see [28], Corol-

lary 3.7). Moreover, Gröbner basis schemes are connected. The analogous result for

border basis schemes is not known. (A partial result is that if O has a maxdegW bor-

der, then BO is connected. This follows by combining Theorem 1.6.10 with [22],

Theorem 5.3.)
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Our next goal is to make the connection between Gröbner and border basis

schemes more explicit. We recall the equality I(GO) =
(
LO,σ + I(BO)

)
∩K[ScO,σ ]

which yields the homomorphism ϕ below. A further homomorphism ϑ is obtained

as follows: let Θ : K[x,ScO,σ ] −→ K[x,c] be the natural inclusion of polynomial

rings. Then clearly I(GO,σ )+(g∗1, . . . ,g
∗
η)⊆Θ−1

(
LO,σ + I(BO)+(g1, . . .gν)

)
.

Now we consider the following commutative diagram of canonical homomor-

phisms.

GO,σ
ϕ−→ BO/LO,σ

⏐⏐�Ψ
⏐⏐�Φ

UO,σ
ϑ−→ UO/LO,σ

Using explicit representations, this diagram has the following form.

K[ScO,σ ]/I(GO,σ )
ϕ−→ K[c]/

(
LO,σ + I(BO)

)

⏐⏐�Ψ
⏐⏐�Φ

K[x,ScO,σ ]/
(
I(GO,σ )+(g∗1, . . . ,g

∗
η)
) ϑ−→ K[x,c]/

(
LO,σ + I(BO)+(g1, . . .gν)

)

At this point we are ready for the following fundamental results about Gröbner

basis schemes.

Theorem 1.6.20. (Gröbner Basis and Border Basis Schemes)

Let O = {t1, . . . ,tµ} be an order ideal of monomials, and let σ be a term ordering

on Tn .

a) The classes of the elements in O form a BO/LO,σ -module basis of UO/LO,σ .

b) The classes of the elements in O form a GO,σ -module basis of UO,σ .

c) We have I(GO,σ )+(g∗1, . . . ,g
∗
η) = ϑ−1

(
LO,σ + I(BO)+(g1, . . .gν)

)
.

d) The maps ϕ and ϑ in the above diagram are isomorphisms.

Proof. See [28], Theorem 2.9.

Corollary 1.6.21. Let O = {t1, . . . ,tµ} be an order ideal of monomials in P and let

σ be a term ordering on Tn .

a) The affine scheme GO,σ parametrizes all zero-dimensional ideals I in P for

which O = Oσ (I) .

b) The fibers over the K -rational points of the universal (O,σ) Gröbner fam-

ily Ψ : GO,σ −→ UO,σ are the quotient rings P/I for which I is a zero-

dimensional ideal with the property that O = Oσ (I) . Moreover, the reduced

σ -Gröbner basis of I is obtained by specializing the (O,σ)-Gröbner preba-

sis {g∗1, . . . ,g∗η} to the corresponding maximal linear ideal.

Proof. See [28]. Corollary 2.11.
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Finally, we reformulate these results in the language of algebraic geometry.

Remark 1.6.22. There is a commutative diagram

GO,σ
∼= Spec(BO/LO,σ )

�⏐⏐πΨ
�⏐⏐πΦ

Spec(UO,σ ) ∼= Spec(UO/LO,σ )

of affine schemes, but more can be said. Let W , W , and V be systems of positive

weights, chosen suitably to satisfy Theorem 1.6.19. Then GO,σ is a W -graded ring,

BO is a W -graded ring, UO,σ is a (V,W )-graded ring, and UO/LO,σ is a (V,W )-

graded ring.

Hence we see that the above diagram gives rise to a diagram

Proj(GO,σ ) ∼= Proj(BO/LO,σ )

�⏐⏐ΠΨ
�⏐⏐ΠΦ

Proj(UO,σ ) ∼= Proj(UO/LO,σ )

of projective schemes such that Proj(GO,σ )⊂ P(W ) , Proj(BO/LO,σ ) ⊂ P(W ) ,

Proj(UO,σ )⊂P(V,W ) , and Proj(UO/LO,σ )⊂P(V,W ) . The corresponding weighted

projective spaces are denoted by P(W ) , P(W ) , P(V,W ) , and P(V,W ) .

Moreover, let p = (ai j)∈GO,σ be a rational point, let I⊂P be the corresponding

ideal according to Corollary 1.6.21, let vi = deg(xi) in the V -grading, and let wi j =
deg(ci j) in the W -grading. Then it is well-known that the substitution ai j −→ twi j ai j

gives rise to a flat family of ideals whose general fibers are ideals isomorphic to I ,

and whose special fiber is the monomial ideal LTσ (I) . In the setting of the first

diagram, the rational monomial curve which parametrizes this family is a curve in

GO,σ which connects the two points representing I and LTσ (I) . In the setting of

the second diagram, the rational monomial curve is simply a point in Proj(GO,σ )⊂
P(W ) , which represents all of these ideals except for the special one.

In [28], Section 3, the relation between the construction of I(GO) and other

constructions described in the literature (see for instance [7] and [27]) is discussed.

Our next remark collects the main points.

Remark 1.6.23. Starting with the generic σ -Gröbner prebasis {g∗1, . . . ,g∗η} , one

can construct an affine subscheme of As(cO,σ) in the following way. As in the

Buchberger Algorithm, one reduces the critical pairs of the leading terms of the

σ -Gröbner prebasis as much as possible. The reduction stops when a polynomial

is obtained which is a linear combination of the elements in O with coefficients

in K[ScO,σ ] . Collecting all coefficients obtained in this way for all the critical pairs,

one gets a set of polynomials which generates an ideal J in K[ScO,σ ] . Clearly, every
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zero of J gives rise to a specialization of the generic σ -Gröbner prebasis which is,

by construction, the reduced σ -Gröbner basis of a zero-dimensional ideal I in P

for which we have O = Oσ (I) .

However, this procedure is not canonical, since for instance the choice of the

critical pairs to be reduced and the order of the reduction steps is not fixed. Based on

the construction presented in this subsection, one can show that all possible ideals J

define the same scheme, namely the one defined in Definition 1.6.16.

Another interesting problem is to look for conditions under which the two

schemes GO,σ and BO are isomorphic. Proposition 3.11 of [28] yields a partial

answer. Essentially, it says the following.

Proposition 1.6.24. Let O be an order ideal and σ a term ordering on Tn, and

assume that the order ideal O is a σ -cornercut, i.e. that we have b >σ t for

every b ∈ cO and every t ∈ O . Then the canonical embedding of K[SO,σ ] into

K[c11, . . . ,cµν ] induces an isomorphism between GO,σ and BO .

The study of border basis and Gröbner basis schemes is still in its infancy. There

are many open questions, for instance whether the converse of the preceding propo-

sition holds, or whether border basis schemes are always connected. Although our

journey from oil fields to Hilbert schemes ends here, the topics we discussed offer

many possibilities to continue it in various directions.

When you have completed 95 percent of your journey,

you are only halfway there.

(Japanese proverb)
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Chapter 2

Numerical Decomposition of the
Rank-Deficiency Set of a Matrix of Multivariate

Polynomials

Daniel J. Bates, Jonathan D. Hauenstein, Chris Peterson, and Andrew J. Sommese

Abstract Let A be a matrix whose entries are algebraic functions defined on a

reduced quasi-projective algebraic set X , e.g. multivariate polynomials defined on

X := CN . The sets Sk(A) , consisting of x ∈ X where the rank of the matrix func-

tion A(x) is at most k , arise in a variety of contexts: for example, in the description

of both the singular locus of an algebraic set and its fine structure; in the description

of the degeneracy locus of maps between algebraic sets; and in the computation of

the irreducible decomposition of the support of coherent algebraic sheaves, e.g. sup-

ports of finite modules over polynomial rings. In this article we present a numerical

algorithm to compute the sets Sk(A) efficiently.
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Introduction

Let A be an m×n matrix with polynomial entries, i.e.

A(x) :=

⎡
⎢⎣

p1,1(x) · · · p1,n(x)
...

. . .
...

pm,1(x) · · · pm,n(x)

⎤
⎥⎦ (2.1)

with each pi, j(x) ∈ C[x1,x2, . . . ,xN ] and where x := (x1,x2, . . . ,xN) ∈ CN .

The main contribution of this article is an efficient numerical algorithm to de-

compose the algebraic sets

Sk(A) :=
{

x ∈ CN | rank A(x)≤ k
}

(2.2)

for each k from 0 to min{m,n} . By computing the sets Sk(A) , we also compute the

algebraic subsets of CN where the rank of A(x) equals k , i.e. Sk(A) \Sk−1(A) .

By taking adjoints and relabeling if necessary, we may assume that m ≥ n . By

convention, S−1(A) := /0 .

We work in the general setting of finding the irreducible decompositions of sets

of the form Sk(AV ( f )) , where f is a system of polynomials defined on CN ; V ( f )
denotes the common zeros of f ; and AV ( f ) denotes the restriction of the matrix

of polynomials in Eq. 2.1 to V ( f ) . One advantage of this generality is that many

related problems may be restated in this context. For example, given a matrix Â(x)
of homogeneous polynomials on PN with degrees of entries compatible with the

rank of Â(x) being well defined for each x ∈ PN , the irreducible components of

Sk(Â) may be computed by regarding Â as a matrix of polynomials on CN+1 with

f (x) a single linear equation on CN+1 having general coefficients.

In §2.1, we present background material. Besides reviewing the general setup

of Numerical Algebraic Geometry, we highlight several results we will use in the

article. In §2.2 we give a description of random coordinate patches on Grassman-

nians. This is a useful generalization of random coordinate patches for projective

space [18], see also [30, §3.7]. The generalization applies more broadly to rational

homogeneous manifolds.
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The strategy of the algorithm presented in §2.3 is to work with the system

[
f (x)

A(x) ·ξ

]
= 0, (2.3)

where

f (x) :=

⎡
⎢⎣

f1(x)
...

fm(x)

⎤
⎥⎦ (2.4)

is a system of polynomials on CN and where

A(x) ·ξ (2.5)

is a parametrized family of ξ -linear equations with

ξ :=

⎡
⎢⎣
ξ1

...

ξn

⎤
⎥⎦ ∈ Pn−1.

This is a standard construct which has been used multiple times in numerical alge-

braic geometry, though in cases where much weaker information was sought. For

example, systems which include terms of the form A(x) · ξ = 0, have occurred for

deflation [15] and [30]; and for the degeneracy set of a map from a curve to C , [16]

and [2].

Using Eq. 2.5, one can compute the components of the set Sn−1(A) as the im-

ages of the irreducible components of the reduced solution set of Eq. 2.3: this is

straightforward using the numerical irreducible decomposition available in Bertini

[1] or PHC [32]. The computation of the components of the remaining Sk(A) is

more subtle.

A natural approach to computing the structure of the sets Sk(A) would be to

decompose the projection map V (A(x) · ξ )→ CN into sets of constant dimension.

This can be done using fiber products [31]. However, since the fibers of the map

V (A(x) · ξ )→ CN are linear subspaces of CN , it is natural to use Grassmannians

to parametrize fibers of a given dimension. This leads to a considerably simpler and

more efficient algorithm than the general fiber product approach.

Let Grass(a,b) be the Grassmannian of a-dimensional vector subspaces of Cb ;

and let

T(n;k,N) := CN ×Grass(n− k,n),

where n denotes the number of columns of A(x) . We consider the algebraic subset

Ek(A) := {(x,y) ∈ T(n;k,N) | A(x) · y = 0} .

Let π : CN ×Grass(n− k,n)→ CN be the map obtained by restricting the product

projection from CN×Grass(n− k,n) to CN . The irreducible components of Sk(A)



58 Bates, Hauenstein, Peterson, Sommese

that are not irreducible components of Sk−1(A) are precisely the images under π
of irreducible components of Ek(A) on which π is generically one-to-one. Thus,

the problem reduces to setting up a polynomial system to compute Ek(A) .

To set up this system we construct a coordinate system on a Zariski open set

U ⊂ Grass(n− k,n) such that every irreducible component of Sk(A) that is not

an irreducible component of Sk−1(A) is the closure of the image of an irreducible

component of Ek(A) under the product projection π . This construction uses the

random coordinate patches described in §2.2 and leads to the system

A(x) ·B ·
[

In−k

Ξ

]
= 0, (2.6)

where B is a generic n× n unitary matrix; In−k is the (n− k)× (n− k) identity

matrix; and where

Ξ :=

⎡
⎢⎣
ξ1,1 · · · ξ1,n−k

...
. . .

...

ξk,n−k · · · ξk,n−k

⎤
⎥⎦ ,

is an element of Ck×(n−k) . The solution components of the reduced solution set of

Eq. 2.6 give the desired decomposition of Ek(A) .

The system ⎡
⎣

f (x)

A(x) ·B ·
[

In−k

Ξ

]
⎤
⎦ = 0 (2.7)

allows us to compute the decomposition of Sk(A(x)V ( f )) .

In §2.4, we discuss several generalizations. For example, we may compute the

decomposition of Sk(A(x)X ) , where X is an irreducible component of V ( f ) . We

also show how to deal with more general A(x) , e.g. A(x) having entries that are al-

gebraic functions on algebraic sets, or when A(x) is a map between vector bundles.

In §2.5, we present several applications. For example, if f (x) is a system of

polynomials on CN , then applying the algorithm of §2.3 to the Jacobian

J f (x) :=

⎡
⎢⎢⎣

∂ f1
∂x1

(x) . . . ∂ f1
∂xN

(x)
...

. . .
...

∂ fm
∂x1

(x) . . . ∂ fm
∂xN

(x)

⎤
⎥⎥⎦ (2.8)

computes the decomposition of the singular set of the solution set f−1(0) of f . Note

in this case that n = N . We use f−1(0) to denote the solution set of f (x) = 0 with its

induced scheme-theoretic structure, i.e. the scheme-theoretic fiber of f : CN →Cm .

If a component Z of V ( f ) occurs with multiplicity at least two, then Z is contained

in the singular set of f−1(0) .

In §2.6, we give implementation details and computational results in the context

of several specific examples.
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In appendix 2.7, we show how to compute the singular set, Sing(V ( f )) , of the

reduced algebraic set V ( f ) , i.e. of the solution set of the radical of the ideal gen-

erated by f (x) . We first recall in §2.7.1 that given an irreducible component Z of

a solution set V ( f ) of a system of polynomials, there is a classical prescription,

e.g. given in [19], to construct a system of polynomials g with Z = V (g) . Then in

§2.7.2, a modified version of this construction is combined with the algorithm in

§2.3 to give an algorithm to compute the singular set of V ( f ) .

2.1 Background Material

We work over the complex numbers. By an algebraic set we mean a possibly non-

reduced quasi-projective algebraic set X . The reduction of X is denoted by Xred .

Let f be a system of polynomials

f (x) :=

⎡
⎢⎣

f1(x)
...

fN−k(x)

⎤
⎥⎦ = 0 (2.9)

on CN . By f−1(0) we denote the solution set of f with its possibly non-reduced

structure. By V ( f ) we denote the reduced algebraic set f−1(0)red .

An algebraic set X is irreducible if it has no embedded components and if the

smooth points of its reduction Xred are connected. By the dimension of X , we mean

the maximum of the dimensions of the connected components of the set of smooth

points of Xred . We say that an algebraic set is pure dimensional if it has no embedded

components and if the connected components of the set of smooth points of Xred all

have the same dimension. Given a function G : A→ B between sets, we denote the

restriction of G to a subset C ⊂ A by GC .

The main approach of Numerical Algebraic Geometry is to use intersections with

generic affine linear spaces to reduce problems about positive dimensional algebraic

sets to finding isolated solutions by homotopy continuation.

The use of intersections with affine linear spaces has been a standard tool in

algebraic geometry for well over a century, e.g. see [3]. Affine slices, e.g. lifting

fibers, have been used in related ways in symbolic work, e.g. [9, 10, 14]. For further

discussion of this, see [29, §2.3]. For background and a detailed description of the

tools for Numerical Algebraic Geometry, see [30].

2.1.1 Genericity and Randomness

A major source of efficiency in Numerical Algebraic Geometry is the use of random-

ness. Typically, there is an irreducible algebraic set Q , which serves as a parameter

space, and some property P for an object corresponding to a point in Q . We need
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to choose a point q ∈ Q for which P is true, though it might not hold for all pa-

rameter values. We say the property P holds generically if it is true for a nonempty

Zariski open set U of Q .

For example, the polynomial f (x,q) := qx− 1 may be regarded as a family of

polynomials in the variable x with parameter q in the parameter space Q := C .

The property that “ f (x,q) = 0 has a solution” is true except when q = 0. Thus, this

property holds generically.

Some algorithms depend on choosing q ∈U . We typically do this using a ran-

dom number generator, and refer to the object depending on the parameter chosen,

e.g. a coordinate patch, as random or generic, e.g. a random coordinate patch. If our

random number generator truly determines a random complex number, the probabil-

ity of choosing a point in Q for which the property and the algorithm fails would be

zero, and hence such algorithms are called probability-one algorithms. Of course,

the numbers available on a computer are finite, but with error checking and use

of high precision arithmetic, such algorithms may be designed to work very well.

These matters are discussed further in [30].

The parameter spaces Q which we use are usually defined over C , but there

are times when we restrict our choice of a random point q ∈ Q to lie in a special

subset. For example, we might have a property P that holds generically for points

in the parameter space C∗ := C \ {0} , but for reasons of numerical stability, we

might prefer to choose q to be of absolute value 1. Since the subset of S1 := {q ∈
C∗ | |q|= 1} , for which P fails, is closed and has Lebesgue measure zero, choosing

q randomly from S1 is justified. A slight generalization of this situation, which

occurs in this article, is when the parameter space Q is GL(n,C) , Here, for reasons

of numerical stability, we choose q ∈ U(n) , the unitary group acting on Cn . Since

the intersection of U(n) with any proper algebraic subset X of GL(n,C) , is a closed

set of Lebesgue measure zero, choosing q randomly from U(n) is justified.

Remark 2.1.1. Note that if a complex semisimple group G is our parameter space,

as it is in Remark 2.2.2, we could, for similar reasons, choose q randomly in a

maximal compact subgroup of G .

2.1.2 The Numerical Irreducible Decomposition

Given a system of polynomials f (x) as in Eq. 2.9, the irreducible decomposition of

V ( f ) is the decomposition

V ( f ) = ∪dimV ( f )
i=1 Zi = ∪dimV ( f )

i=1 ∪ j∈Ii
Zi, j,

where Zi is a pure i -dimensional algebraic set; each set Ii is finite; and the Zi, j

are irreducible algebraic sets with the property that Zi, j ⊂ Za,b if and only if (i, j) =
(a,b) . The Numerical Irreducible Decomposition of V ( f ) is the collection of

1. linear equations L1(x), . . . ,Ln(x) general with respect to all the Zi, j ;
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2. the sets Wi, j consisting of the degZi, j smooth points V (L1, . . . ,Li)∩Zi, j of Zi, j

for each non-negative integer i≤ dimV ( f ) and each j ∈Ii .

The elements of the Wi, j are called witness points for Zi, j . This decomposition is

developed in [23, 24, 25, 26]. See also [30]. The programs Bertini [1] and PHC [27,

32] compute this decomposition. As an algorithm, we have

Algorithm NumIrredDecomp

Input: A system of polynomials { f1(x), . . . , fm(x)} on CN .

Output: The dimension d = dimV ( f ) ;

the dimensions dimi, j and degrees degi, j of the irreducible components

Zi, j of V ( f ) for j ∈Ii with non-negative integers i≤ d ;

linear equations L1(x), . . . ,Ln(x) general with respect to all the Zi, j ; and

witness sets Wi, j consisting of the degZi, j smooth points V (L1, . . . ,Li)∩Zi, j

of Zi, j for each non-negative integer i≤ dimV ( f ) and each j ∈Ii .

The algorithm as implemented also outputs auxiliary information needed for further

computation, e.g. deflated systems, as discussed following Algorithm 1, which is

needed to track paths on components whose multiplicity is greater than one.

By varying the linear equations, it is computationally inexpensive to generate

additional points on each Zi, j .

The membership test from [24, 25] gives a computation of the multiplicity of

a point on the reduction of an irreducible algebraic set. Since a smooth point is

precisely one of multiplicity one, this gives a criterion for a point to be a smooth

point of the reduction of an algebraic set. Since we need this criterion in this article,

let us state it as an algorithm.

Algorithm 1. CheckSmoothness

Input: A system of polynomials { f1(x), . . . , fm(x)} on CN ;

and a point x∗ on an irreducible component Z of V ( f ) .

Output: The multiplicity µ of x∗ on Zred .

Compute a set W of witness points w1, . . . ,wdegZred
for linear equations

L := {L1, . . . ,LdimZ} general with respect to Z .

Choose a system of linear equations L̂ := {L̂1, . . . , L̂dimZ} satisfying

L̂i(x
∗) = 0 and which other than this are general with

respect to the choices made in previous steps.

Choose a general complex number γ satisfying |γ|= 1.

Compute the limits Ŵ := {ŵ1, . . . , ŵdegZred
} of the paths

Z∩V (tL(x)+ γ(1− t)L̂(x)) starting at W and traced

as t goes from 1 to 0.

Set µ equal to the number of points of Ŵ equal to x∗ .

There are a number of numerical issues that must be dealt with in implementa-

tions of this algorithm. If Z is not generically reduced, then tracking must be done
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using a deflated system. Deflation for isolated points was developed in [15]: see

also [8, 14, 20, 21]. For the deflation of irreducible components and the use of it

for tracking paths see [30, §13.3.2 and §15.2.2]. Another numerical issue is how to

decide equality. These matters are discussed in [30].

We need to compute generic fiber dimensions in the main algorithm of this arti-

cle; the following suffices.

Algorithm FiberDimension

Input: A system of polynomials { f1(x), . . . , fm(x)} on CN ;

a polynomial map Φ : CN → Cs with Φ(x) = (Φ1(x), . . . ,Φs(x)) ;

and a point x∗ ∈V ( f ) .

Output: The dimension at x∗ of the fiber of ΦV ( f ) containing x∗ .

This is a simple consequence of having NumIrredDecomp. First compute

NumIrredDecomp( f1(x), . . . , fm(x),Φ1(x)−Φ1(x
∗), . . . ,Φs(x)−Φs(x

∗)).

Now do a membership test using the witness sets from this computation to find

which components of the Irreducible Decomposition of

V ( f1(x), . . . , fm(x),Φ1(x)−Φ1(x
∗), . . . ,Φs(x)−Φs(x

∗))

contain x∗ . The maximum of the dimensions dimi, j among these components gives

the desired dimension.

2.1.3 Images of Algebraic Sets

What is required for the numerical irreducible decomposition is data that allows

us to carry out homotopy continuation. Often this is a system of equations on the

Euclidean space which contains the algebraic set, but this is not necessary.

With deflation of a multiple k -dimensional component Z of a system f (x) =
0 [30, §13.3.2 and §15.2.2], we have a system of the form

D( f ,Z) :=

⎡
⎢⎢⎣

f (x)

A(x) ·
[

1

ξ

]

c ·ξ −1

⎤
⎥⎥⎦ = 0

with x ∈ CN ; ξ ∈ Cn ; A(x) is a s× (n + 1) matrix of polynomials; and c a (n +
N− s− k)×n matrix of constants. The key property of the system D( f ,Z) is that

there is a multiplicity one component Z′ of D( f ,Z)−1(0) which maps generically

one-to-one onto Z under the product projection (x,ξ )→ x . To carry out operations
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such as tracking a path on Z as a complementary linear space L moves, it suffices

to track the path cut out on Z′ as the pullback of L to CN+n moves.

Similarly, assume that we have a system of polynomials

F (x1, . . . ,xN ;ξ1, . . . ,ξn) = 0

on CN+n . Let π : Cn+r →Cr denote the product projection. Let Z be an irreducible

component of V (F ) . Given this information, it is straightforward to numerically

work with the closure π(Z) of the image of Z by lifting computations to Z .

This is the special situation that occurs in this article, assuming that each fiber of

πZ is a linear space but with possibly varying dimensions. Using FiberDimension,

compute the dimension v of the fiber of πZ containing a witness point of Z . Now

choose v general linear equations L1, . . . ,Lv in the x variables. There is a unique

component Z′ of Z∩V (L1, . . . ,Lv) which maps generically one-to-one onto π(Z) .

For numerical continuation this is as good as having the equations for π(Z) .

In several algorithms we will manipulate irreducible components of an algebraic

set. Numerically we always use the Numerical Irreducible Decomposition, but with

the possibility that the equations are defined on an auxiliary space as above.

2.2 Random Coordinate Patches on Grassmannians

The Grassmannian Grass(a,b) parametrizes all a-dimensional vector subspaces of

Cb . When a = 1, this is the usual (b− 1)-dimensional projective space, Pb−1 .

An a-dimensional vector subspace S of Cb is specified uniquely by a linearly

independent vectors v1, . . . ,va in Cb . It is convenient to regard these as forming a

b×a matrix [
v1 · · · va

]
. (2.10)

Note that if v′1, . . . ,v
′
a is a second basis of S , then there is an invertible a×a matrix

T of complex numbers such that

[
v′1 · · · v′a

]
=
[

v1 · · · va

]
·T.

Grass(a,b) is an a(b− a)-dimensional projective manifold on which the group

GL(b) of invertible b×b matrices g acts homogeneously under the action

[
v1 · · · va

]
→ g ·

[
v1 · · · va

]
.

More details on Grassmannians may be found in [12, 13].
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Random Coordinate Patches

A basic numerical trick, first exploited in [18] to find isolated solutions in CN or

PN , is to carry out all computation on a random Euclidean coordinate patch on PN .

The advantage of this trick is that, with probability one, all solutions of the system

are now finite, and so for the purposes of computation, points at infinity may be

treated as finite (albeit such points are often highly singular). Though no patch can

contain a positive dimensional solution component at infinity, a general coordinate

patch meets every irreducible component of a solution set in a Zariski open set of

the given component. For this reason, this same trick is widely used in Numerical

Algebraic Geometry [30].

In this article, we have need of a random patch on a Grassmannian Grass(a,b)
of linear vector subspaces Ca ⊂ Cb . A straightforward generalization of the above

trick is to embed Grass(a,b) in P := P(b
a)−1 and pullback a random patch from P .

This patch is complicated to work with because of the number of variables involved

and because of the non-linearity of the conditions for a point to be on the patch.

There is a much better way to choose a random patch, which is particularly ef-

ficient for numerical computation. We present the approach and justification for

choosing the patch in the following paragraphs.

Let B be a b×b unitary matrix. Then for a coordinate patch we take

B ·

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 · · · 0
...

. . .
...

0 · · · 1

ξ1,1 · · · ξ1,a
...

. . .
...

ξb−a,1 · · · ξb−a,a

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (2.11)

We often abbreviate this as

B ·
[

Ia

Ξ

]

where Ia denotes the a×a identity matrix.

Theorem 2.2.1. Let W be an arbitrary algebraic set and let T denote an algebraic

subset of W×Grass(a,b) . Given a unitary matrix B, let UB denote the Zariski open

set of Grass(a,b) for which

B ·
[

Ia

Ξ

]

are coordinates. There is an open dense subset U of the unitary matrices U(n)
such that the Lebesgue measure of U(n) \U is zero and such that for B ∈ U ,

(W ×UB)∩T is a non-empty Zariski open subset of T .

Proof. By the discussion in §2.1.1, it suffices to show this for generic B in the

general linear group, GL(n,C) . For the closure of (W ×UB)∩T to not contain
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a component C of T is an algebraic condition, i.e. a condition picking out an al-

gebraic subset of the General linear group. Let DC denote this algebraic subset of

GL(n,C) . The set, DC , is a proper subset due to the fact that UB may be chosen to

contain any particular point of Grass(a,b) . Let C denote the set of components of

T . Since T has finitely many components, any invertible matrix B in the comple-

ment of ∪C∈C DC will suffice.

Remark 2.2.2. Let X be a rational homogeneous projective manifold. The Borel-

Remmert characterization [5, 22] of such manifolds is that they are the compact

Kähler manifolds X with a complex semisimple group G as biholomorphism

group, and such that there is a parabolic subgroup P of G with X biholomorphic

to G/P with its natural complex structure. Thus Aut(X ) possesses a conjugation

with fixed points a maximal compact subgroup K with dimR K = dimC Aut(X ) .

The analogous notion of a random coordinate patch would be the set gU , where g

is a general element of K and U is any dense Bruhat Cell. More details on parabolic

subgroups and Bruhat decompositions may be found in [6, §3 and §11]

2.3 Finding Rank-Dropping Sets

Let A be an m×n matrix with polynomial entries as in Eq. 2.1 and let f (x) denote

the system as in Eq. 2.9. By taking adjoints and relabeling if necessary, we may as-

sume without loss of generality that m≥ n . Let Sk(A) :=
{

x ∈ CN | rank A(x)≤ k
}

.

Since the rank of A(x) can be at most n , we may restrict ourselves to computing

Sk(A) for k ≤ n .

For each k , Sk(AV ( f )) is algebraic since it is the solution set of the system

comprised of f1(x), . . . , fn(x) plus the determinants of all k× k subminors of A .

The irreducible components Z of Sk(A) , with the property that rank A(x∗) = k for

a general point x∗ ∈ Z , are precisely the irreducible components of Sk(A) , which

are not components of Sk−1(A) .

The sets Sk(AV ( f )) may theoretically be computed via Gröbner basis techniques

by solving each of these systems with software such as CoCoA, Macaulay, or Sin-

gular [7, 17, 11]. However, for many applications, the system of determinants of all

k× k subminors of A is impractically large and complex. Such systems consist of(
m

k

)(
n

k

)
equations with degrees considerably larger than those of the entries of

A . As a result, this approach will only work when both the size of A and the degrees

of the entries of A are relatively small. We follow an alternative approach.

Our starting point is the system

⎡
⎢⎣

p1,1(x) · · · p1,n(x)
...

. . .
...

pm,1(x) · · · pm,n(x)

⎤
⎥⎦ ·

⎡
⎢⎣
ξ1

...

ξn

⎤
⎥⎦ = 0 (2.12)



66 Bates, Hauenstein, Peterson, Sommese

where [ξ1, . . . ,ξn] is a set of homogeneous coordinates on Pn−1 . We let T (A) de-

note the solution set of Eq. 2.12. Let π : T (A)→CN and σ : T (A)→ Pn−1 denote

the maps induced by the product projections of CN ×Pn−1 .

We let T (A)y ⊂ Pn−1 denote the solution set of the fiber of T (A) over y re-

garded as a subset of Pn−1 , i.e. T (A)y = σ(π−1(y)) . In this setting, we have

y ∈Sk(A) if and only if dimT (A)y ≥ n−1− k.

While computing the irreducible decomposition of T (A) provides a great deal of

information, it does not allow for the full determination of the sets

Sk(A) = {y ∈ CN |dimT (A)y ≥ n−1− k}.

One could completely determine these sets by applying the fiber product algorithm

as developed in [31]. However, since we want to find fibers of π that are points

in Grass(n− k,n) , there is a different approach which has the advantage of being

computationally more efficient.

The approach is to consider the system

Fk( f ) :=

⎡
⎣

f (x)

A(x) ·B ·
[

In−k

Ξ

]
⎤
⎦ = 0 (2.13)

where B is a random n× n unitary matrix; In−k is the (n− k)× (n− k) identity

matrix; and Ξ is an k× (n− k) matrix of indeterminates ξi, j . The discussion in

§2.2 gives the following result.

Theorem 2.3.1. Let A be an m× n matrix with polynomial entries in Eq. 2.1 and

let f (x) denote the system as in Eq. 2.9. Assume that m ≥ n. For a generic B in

the n×n unitary group, and a non-negative integer k between 0 and n, let Fk( f )
denote the system in Eq. 2.13. Let Ak denote the set of the irreducible components of

Sk(AV ( f )) , which are not irreducible components of Sk−1(AV ( f )) . Let Bk denote

the set made up of the closures of the images under π of the irreducible components

Z of V (Fk( f )) , such that the generic fiber of the projection from Z to CN is zero

dimensional, i.e. such that A(x) is of rank k at the image under π of a witness point

of Z . The sets in Ak are the maximal elements under set inclusion of the elements

of Bk .

Note we can use a membership test to determine inclusion relations.

Algorithm 2. RankDropSet

Input: A system of polynomials { f1(x), . . . , fm(x)} on CN ;

a matrix of polynomials A(x) :=

⎡
⎢⎣

p1,1(x) · · · p1,n(x)
...

. . .
...

pm,1(x) · · · pm,n(x)

⎤
⎥⎦ on CN ; and

a non-negative integer k .
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Output: The Numerical Irreducible Decomposition of the set Sk(AV ( f )) .

Choose a random unitary matrix B ∈U(n) .

Compute NumIrredDecomp of the system in Eq. 2.13.

Use FiberDimension to pick out the set Z of irreducible components Z

with fibers having generic fiber dimension zero.

Output the projection of the components Z ∈Z in CN ×Ck(n−k) to

CN under the product projection.

In line with the discussion of §2.1.3, we have not explicitly given the details of the

standard steps to compute the full witness sets for the components output in the last

line of the algorithm. For the convenience of the reader, we give a brief discussion

of steps involved.

Fix an a-dimensional component Z ∈Z with fiber dimension zero. Let L̂ de-

note the generic a-codimensional affine linear subspace of CN+k(n−k) with WZ :=

L̂ ∩Z the witness points of Z .

Under the product projection, CN ×Ck(n−k) , Z has, as image in CN , a dense

constructable subset A of an algebraic subset B of CN . Choose a generic a-

codimensional affine linear subspace L ⊂ CN . A contains a dense Zariski open

subset O of B , see for example [30, Lemma 12.5.8 and 12.5.9]. L meets O in

degB points. The witness points L ∩B for B may be simply computed from the

known witness points WZ of Z .

To do this, pull back L to an a-codimensional affine linear subspace L ′ of

CN+k(n−k) . Using a homotopy deforming L̂ to L ′ , we can, starting with the points

WZ find the set of points W ′ := L ′ ∩Z . The images in CN , of the points W ′ , are

the witness points L ∩B .

2.4 Generalizations

Theorem 2.3.1 and the corresponding algorithm are stated for a matrix of polyno-

mials on CN . These results hold much more generally.

Using Open Zariski Subsets

Since we work with witness points, we can replace CN with a nontrivial Zariski

open set U . Indeed, either

1. U meets a d -dimensional component Z of V ( f ) ⊂ CN in a nontrivial Zariski

open set: or

2. U ∩Z is empty.

In the first case, a generic N− d dimensional linear space that meets Z in degZ

points will with probability one meet Z∩U in degZ points.
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Restriction of A to an Irreducible Set

Let f and A be as in §2.3. Let X be an irreducible component of V ( f ) . It is straight-

forward to find Sk(AX ) . We have found that each component Z of Sk(AV ( f )) is

the closure of the image of an irreducible set Z′ from V ( f )×Grass(n− k,n) under

the product projection π with general fiber dimension zero. Using [28], we can find

the irreducible components Z′′ of the sets Z′ ∩ [X×Grass(k,N)] . The set Sk(AX )
is precisely the union of the closures of the images under π of the components Z′′

with general fiber dimension under π equal to zero.

Algebraic Functions instead of Polynomials

The results of §2.3 hold for the restriction of A(x) , made up of algebraic functions

defined on a Zariski open set U of CN , to the solution set of a system of polyno-

mials f (x) = 0 defined on CN . For example, A(x) is a matrix of rational functions

on CN and U is the complement on CN of the union of the pole sets of the entries

of A(x) . By clearing the denominators, we have reduced to a polynomial matrix.

Algebraic Vector Bundle Maps

Let F and G be algebraic vector bundles of ranks n and m , respectively, defined

on a quasi-projective manifold Y . Let A be an element of Hom(F ,G ) , i.e. an

algebraic section of F
∗⊗C G . Let F be a section of an algebraic vector bundle H

on Y and let X ⊂Y be an algebraic subset of the set of zeroes of F . For each integer

k ≥ 0, the set Sk(A) of points y ∈ Y where rank(A) ≤ k is an algebraic subset of

Y . The set Sk(AX ) is also algebraic. By convention, S−1(A) = /0 .

We wish to decompose Sk(AX ) into irreducible components. Since algebraic

vector bundles are locally free in the Zariski topology, this general situation may be

reduced to finding Sk(AV ( f ))∩U for a matrix A of polynomials on some Zariski

open set U of CN and a system of polynomials f (x) = 0.

The only practical case of this generalization is the case where f is a system of

homogeneous polynomials on PN and A(x) is a matrix of homogeneous polynomi-

als whose degrees are compatible with the rank drop loci being considered to lie in

PN .

To be explicit, let OPN (k) denote the sheaf of algebraic sections of the k -th power

of the hyperplane section bundle on PN , i.e. the rank one locally free coherent alge-

braic sheaf whose sections are the homogeneous polynomials of degree k . Consider

an OPN linear mapping A of the form

A :

m⊕

i=1

OPN (ai)→
n⊕

j=1

OPN (b j). (2.14)
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A is represented by a matrix of homogeneous polynomials with degAi, j(x) = b j−
ai. For a matrix of this form, the rank of A(x) is well defined for any given point in

projective space. Choosing a generic Euclidean coordinate patch U ≈ CN on PN ,

U meets each irreducible component of each Sk(A) in a Zariski open dense set.

To set up the equations, regard A as a matrix of homogeneous polynomials on

CN+1 and f as a system of homogeneous polynomials on CN+1 . Let c · x−1 be a

general linear equation on CN+1 with PN \U defined by c · x = 0. The system for

Sk(AV ( f )) is ⎡
⎢⎢⎣

f (x)

A(x) ·B ·
[

In−k

Ξ

]

c · x−1

⎤
⎥⎥⎦ = 0 (2.15)

where we regard A as an m×n matrix of polynomials on CN+1 (thus x is a vector

of N +1 indeterminates); B is a random n×n unitary matrix; In−k is the (n−k)×
(n− k) identity matrix; Ξ is a k× (n− k) matrix of indeterminates ξi, j ; and c is a

generic unit vector on CN+1 .

2.5 Applications

We present three applications of our algorithm:

1. the numerical irreducible decomposition of the support of a finite module over a

ring of algebraic functions, i.e. of a coherent algebraic sheaf on an algebraic set;

2. the decomposition into sets where the differential of an algebraic map is of con-

stant rank: one special case of this is the computation of the singular set of an

algebraic set; and

3. the singular set of an algebraic set.

In each of the following applications we work over CN . Generalizations, e.g. to

quasi-projective manifolds, follow from the ideas outlined in §2.4.

2.5.1 Support of a Module

Let Oalg,U denote the sheaf of algebraic functions on a Zariski open set U ⊂ CN .

A finitely generated coherent algebraic sheaf F is the quotient sheaf of an Oalg,U -

linear map
n⊕

i=1

Oalg,U →
m⊕

i=1

Oalg,U .

Such a map is given by an m×n matrix of algebraic functions A(x) . Entries Ai, j(x)

of A(x) are rational functions, which must be of the form
pi, j(x)

qi, j(x)
for polynomi-



70 Bates, Hauenstein, Peterson, Sommese

als pi, j(x) and qi, j(x) with the solution set of qi, j(x) = 0 contained in CN \U .

Decomposing the support of F is the same as computing the sets Sk(A) .

2.5.2 Degeneracy Sets of the Differential of a Map

Let X denote the solution set of a system of polynomials f (x) = 0 (as in Eq. 2.9)

defined on CN . Let J f (x) denote its Jacobian matrix as in Eq. 2.16. For simplicity,

let πX : X →CM be the restriction to X ⊂CN of a surjective linear projection from

π : CN → CM . Let n := N−M and let R denote an N× n matrix of orthonormal

vectors spanning the n-dimensional vector subspace of CN , which is the fiber of

π containing the origin of CN . If X is irreducible and π(X) is dense in CM , then

the degeneracy for the map πX is the set of points x∗ ∈ X where the rank of the

(m×n)-matrix

J f (x∗) ·R
is less than n .

2.5.3 Singular Sets

The special case in §2.5.2 when M = 0 is of special interest. For simplicity as-

sume that we are trying to find the singular set of a possibly non-reduced pure k -

dimensional algebraic set X defined by a system of N−k polynomials on CN as in

Eq. 2.9, with Jacobian matrix

J f (x) :=

⎡
⎢⎢⎣

∂ f1
∂x1

· · · ∂ f1
∂xN

...
. . .

...
∂ fN−k

∂x1
· · · ∂ fN−k

∂xN

⎤
⎥⎥⎦ . (2.16)

The singular set consists of those points x∗ ∈ X such that

rankx∗J f (x) < N− k.

The results apply immediately to this situation. We codify this for use in the Ap-

pendix. For a matrix A , we denote the transpose by AT .

Algorithm 3. FindSchemeTheoreticSingularSet

Input: A system of polynomials { f1(x), . . . , fN−k(x)} on CN ;

with V ( f ) pure k -dimensional.

Output: RankDropSet( f ,(J f )T ,N− k−1) .
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Note that it may well turn out that the set produced by the previous algorithm is

the singular set of V ( f ) = f−1(0)red . It is simple to check this. Given a witness

point x∗ on a component Z of FindSchemeTheoreticSingularSet( f ) , we have that

with probability one, Z ⊂ Sing(V ( f )) if either x∗ is contained in more than one

irreducible component of V ( f ) or x∗ is contained in a single component X of V ( f )
and CheckSmoothness( f ,X ,x∗) > 1.

2.6 Implementation Details and Computational Results

The computational examples discussed here were run on an Opteron 250 processor

running Linux using the numerical irreducible decomposition [23] implemented in

the Bertini software package [1], which is under development by the first, second

and fourth authors and Charles Wampler of GM Research and Development. Bertini

v1.0 was used for the following examples.

2.6.1 Singular Set for a Matrix

Consider the matrix

A(a,b,c,d,e, f ) =

⎡
⎢⎢⎣

0 a b c

−a 0 d e

−b −d 0 f

−c −e − f 0

⎤
⎥⎥⎦

Clearly, S0(A) = {(0,0,0,0,0,0)}. One can compute S1(A) = S0(A) and

S2(A) = S3(A) = {(a,b,c,d,e, f ) : a f + cd−be = 0}.

It should be noted that det(A) = (a f + cd−be)2 .

Bertini identified the components numerically for S0(A) in 0.03s, S1(A) in

6.47 seconds, S2(A) in 5.77 seconds, and S3(A) in 0.40 seconds.

2.6.2 Singular Set for a Hessian Matrix

For a given polynomial g : CN → C , consider computing the singular set of its

Hessian matrix Hg(x) where

Hg(x)i j =
∂ 2g

∂xi∂x j

(x).
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In particular, consider the polynomial g(x,y,z) = x3 + x2 + 2xy2 − y3 + 3yz2 + z3

which has the Hessian matrix

Hg(x,y,z) =

⎡
⎣

6x+2 4y 0

4y 4x−6y 6z

0 6z 6y+6z

⎤
⎦ .

By inspection, S0(Hg) = /0 . One can compute

S1(Hg) =

{
(0,0,0),

(
−1

3
,0,−2

9

)
,

(
−1

3
,0,0

)}

and

S2(Hg) = {(x,y,z) : det(Hg(x,y,z)) = 0}.
Bertini identified the components numerically for S0(A) in 0.01 seconds, S1(A)
in 0.30 seconds, S2(A) in 0.18 seconds.

2.6.3 Singular Solutions for a Polynomial System

Consider computing the singular solutions of the cyclic-4 system [4] given by

f (x1,x2,x3,x4) =

⎡
⎢⎢⎣

x1 + x2 + x3 + x4

x1x2 + x2x3 + x3x4 + x4x1

x1x2x3 + x2x3x4 + x3x4x1 + x4x1x2

x1x2x3x4−1

⎤
⎥⎥⎦ .

It is well-known that V ( f ) = {(x1,x2,x3,x4) : f (x1,x2,x3,x4) = 0} has two irre-

ducible quadric curve components given by {(x1,x2,−x1,−x2) : x1x2 = 1} and

{(x1,x2,−x1,−x2) : x1x2 =−1} . Denoting the Jacobian of f as J f , for this system

Sing(V ( f )) =V ( f )∩S2(J f ) is the set of solutions of f with exceptional rank. The

polynomial system that defines Sing(V ( f )) consists of 12 polynomials in 8 vari-

ables. Bertini performed a full numerical irreducible decomposition on this system

in 4.45 minutes to discover that Sing(V ( f )) consists of 8 isolated points, namely

Sing(V ( f )) =

{(
a,

1

a
,−a,

1

a

)
,

(
a,−1

a
,−a,

1

a

)
: a =±1,±

√
−1

}
.

2.7 The Singular Set of the Reduction of an Algebraic Set

Let f := { f1(x), . . . , fm(x)} denote a system of polynomials on CN . In this sec-

tion we give an algorithm FindSingularSet, which starting with the input f , out-

puts a system of polynomials I satisfying Sing(V ( f )) = V (I ) . Combined with
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DefiningEquations from §2.7.1, this constructs the singular set of any algebraic sub-

set of CN . Repetition of FindSingularSet on its output I while dimV (I ) ≥ 0

finds the sequence of sets Sing(V ( f )),Sing(Sing(V ( f ))red), . . . .

2.7.1 Equations Defining an Algebraic Set

In [23], the membership test for whether a solution x∗ of a polynomial system f (x)
on CN as in Eq. 2.9 was based on the construction using interpolation of polynomi-

als of appropriate polynomials vanishing on irreducible components of V ( f ) . Using

such polynomials as we do here is classical, e.g. [19].

Let us recall the construction. Let Z be a k -dimensional irreducible degree d

component of V ( f ) and let S ⊂ CN be a finite set of points not contained in Z .

Given a general projection π : CN → Ck+1 , πZ is generically one-to-one and π(Z)
is a degree d hypersurface not containing π(S) . There is a degree d polynomial

pπ on Ck+1 , unique up to multiplication by a non-zero complex number, with

V (pπ) = π(Z) . Thus composition pπ(π(x)) yields a degree d polynomial on CN

that vanishes on Z but not at any point of S .

Now let us construct a system of polynomials g(x) such that Z = V (g) . We

follow the convention that the dimension of the empty set is −1.

Algorithm 4. DefiningEquations

Input: A system of polynomials { f1(x), . . . , fm(x)} on CN ;

and an irreducible component Z of V ( f ) .

Output: A system F of polynomials on CN with the property that

Z = V (F ) .

Set K equal to the maximum dimension of the set of irreducible

components of V ( f ) other than Z .

Set j = 0.

Set F j := { f1, . . . , fm} .

while K ≥ 0 do

Set S equal a finite set consisting of one witness point from each

component of V (F j) except Z .

Set p equal to a degree d polynomial vanishing on Z , but not at

any point of S .

Increment j by 1.

Set F j := F j−1∪{p} .

Set K equal to the maximum dimension of the set of

irreducible components of V (F j) other than Z .

To see why the algorithm works, note that Z is still a component of V (F j) , and

therefore if K �=−1, p is a nontrivial polynomial vanishing on Z and not identically

zero on any other component of V (F j ∪{p}) . Thus it follows that the maximum
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dimension of the set of irreducible components of V (F j) other than Z is strictly

less than the maximum dimension of the set of irreducible components of V (F j−1) .

We have the following classical result [19].

Lemma 2.7.1. Given a pure k -dimensional algebraic subset Z ⊂ CN , and a point

x∗ ∈ Z \Sing(Z) , it follows that there are n− k degree d polynomials

px∗,1(x), . . . , px∗,n−k(x)

such that:

1. Z is a component of V (px∗,1(x), . . . , px∗,n−k(x)); and

2. the Jacobian matrix

⎡
⎢⎢⎣

∂ px∗,1
∂x1

(x) . . .
∂ px∗,1
∂xN

(x)
...

. . .
...

∂ px∗,N−k

∂x1
(x) . . .

∂ px∗,N−k

∂xN
(x)

⎤
⎥⎥⎦

evaluated at x∗ has rank N− k .

The proof proceeds by noting that N − k general projections π1(x) := c1 · x, . . . ,
πN−k := cN−k · x from CN → Ck+1 give embeddings of Z in a Zariski open neigh-

borhood of x∗ and the matrix

⎡
⎢⎣

c1

...

cN−k

⎤
⎥⎦

has rank N − k . For each i = 1, . . . ,N − k , letting pi denote a polynomial of

degree d vanishing on πi(Z) , the polynomials px∗,i := pi(πi(x)) satisfy the conclu-

sions of Lemma 2.7.1.

Combining DefiningEquations with the procedure outlined following Lemma

2.7.1, we have the following algorithm.

Algorithm 5. NormalCoordinates

Input: A system of polynomials { f1(x), . . . , fm(x)} on CN ;

an irreducible component Z of V ( f ) ;

and a smooth point x∗ ∈ Z .

Output: A system F of polynomials on CN with the properties that

Z is an irreducible component of V (F ) and F−1(0) is reduced at x∗ .
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2.7.2 Computing the Singular Set of the Reduction of an Algebraic

Set

Algorithm 6. FindSingularSet

Input: A system of polynomials { f1(x), . . . , fm(x)} on CN ;

and a general point x∗ on a k -dimensional irreducible component Z of V ( f ) .

Output: A system F of equations with Sing(V ( f )) = V (F ) .

Set K := dimZ .

Set j = 0.

Set F j := DefiningEquations( f ,Z) .

Set B := {Z} .

Set B′ equal to a set with one point x∗ , where x∗ is a witness point of Z .

While K ≥−1 do

Increment j to j +1.

Set F j := F j−1∪x∗∈B′ NormalCoordinates(F ,Z,x∗)
Compute A := FindSchemeTheoreticSingularSet(F j) .

Use CheckSmoothness to find the set B of components A not

contained in Sing(Z) .

Set B′ equal to a set with exactly one witness point for each

component of B .

Set K := maxX∈B dimX .

Output F j .
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Chapter 3

Towards Geometric Completion of Differential
Systems by Points

Wenyuan Wu, Greg Reid and Oleg Golubitsky

Abstract Numerical Algebraic Geometry represents the irreducible components of

algebraic varieties over C by certain points on their components. Such witness

points are efficiently approximated by Numerical Homotopy Continuation methods,

as the intersection of random linear varieties with the components. We outline chal-

lenges and progress for extending such ideas to systems of differential polynomials,

where prolongation (differentiation) of the equations is required to yield existence

criteria for their formal (power series) solutions. For numerical stability we marry

Numerical Geometric Methods with the Geometric Prolongation Methods of Car-

tan and Kuranishi from the classical (jet) geometry of differential equations. Several

new ideas are described in this article, yielding witness point versions of fundamen-

tal operations in Jet geometry which depend on embedding Jet Space (the arena of

traditional differential algebra) into a larger space (that includes as a subset its tan-

gent bundle). The first new idea is to replace differentiation (prolongation) of equa-

tions by geometric lifting of witness Jet points. In this process, witness Jet points and

the tangent spaces of a jet variety at these points, which characterize prolongations,

are computed by the tools of Numerical Algebraic Geometry and Numerical Linear

Algebra. Unlike other approaches our geometric lifting technique can characterize

projections without constructing an explicit algebraic equational representation. We

first embed a given system in a larger space. Then using a construction of Bates et

al., appropriate random linear slices cut out points, characterizing singular solutions

of the differential system.
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3.1 Introduction

3.1.1 Historical Background

Exact commutative algebra is concerned with commutative rings and their associ-

ated modules, rings and ideals. It is a foundation for algebraic geometry for polyno-

mial rings amongst other areas. In our case, commutative algebra is a fundamental

constituent of differential algebra for differential polynomial rings. Our paper is

part of a collection that focuses on the rapidly evolving theory and algorithms for

approximate generalizations of commutative algebra. The generalizations are non-

trivial and promise to dramatically widen the scope and applications of the area of

traditional exact commutative algebra.

Although the study of systems of differential polynomials (i.e. polynomially non-

linear PDE) is more complicated than algebraic systems of polynomials, historically

key algorithmic concepts in commutative algebra, often arose initially for PDE. For

example, differential elimination methods, arose first in the late 1800’s. In partic-

ular the classical methods of Riquier 1910 [18] and Tresse 1894 [30] for reducing

systems of PDE to certain passive forms can in hindsight be regarded to implicitly

contain versions of Buchberger’s Algorithm. However, the full potency and devel-

opment of the theory had to await Buchberger’s work 1965 [5]. Indeed there is a

well known isomorphism between polynomials and constant coefficient linear ho-

mogeneous PDE, which may be interpreted as mapping indeterminates to differential

operators. Thus multiplication by a monomial maps to differentiation and reduction

maps to elimination. Hence the Gröbner Basis algorithm is equivalent to a differ-

ential elimination method for such linear PDE. Further the Hilbert Function, gives

the degree of generality of formal power series solutions of such PDE under this

mapping.

In another contribution to this collection Scott, Reid, Wu and Zhi [24] exploit this

mapping and results for the PDE case, to give new symbolic numeric algorithms for

polynomial systems. In the numeric case the underlying object is that of a geometric

involutive form, based on the geometric theory of Cartan. Indeed Cartan involutiv-

ity is equivalent to the Castelnuovo-Mumford regularity of the symbol module of a

system of PDE [15]. This connects a concept in geometry to one in algebra. Gerdt

et al. [7] have also exploited this isomorphism to develop new incremental exact

completion methods for polynomial systems. These are distantly related to, but not

equivalent to our geometric (or Cartan) involutive systems. In fact Gerdt’s involu-

tive bases, are Gröbner bases, and depend on their choice of involutive division (or

ranking). They do not have the same property of coordinate independence possessed

by geometric involutive systems.

Hilbert initially introduced the modern definition of a ring; and Emmy Noether

vigorously developed the foundations of modern algebra. Ritt was motivated to ax-

iomatize the definition of singular solution for differential equations and also to do

for differential equations what Noether had contributed to algebra. Ritt’s creation

of the area of Differential Algebra, contains the earliest versions of modern differ-
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ential triangular decomposition methods which also predates their appearance and

extensive development in the algebraic case (e.g. as in the case of Wu characteristic

set methods [34]). The first complete methods to describe such singular solution be-

havior arose in that work. The current paper, gives some initial results on extending

this work from the exact to the approximate case of PDE systems.

3.1.2 Exact Differential Elimination Algorithms

Over and under-determined (non-square) systems of ODE and PDE arise in applica-

tions such as constrained multibody mechanics and control systems. For example,

differential-algebraic equations (DAE) arise from constrained Lagrangian mechan-

ics [1, 32]. Such systems also arise in the analysis of differential equations for their

symmetries. Generally such systems must be prolonged (differentiated) to determine

the obstructions (or missing constraints) to their formal integrability; or equivalently

formulate existence and uniqueness results concerning their solutions. Inclusion of

such missing constraints can ease the difficulty of numerical solution of DAE sys-

tems by Tuomela and Arponen [31] and Visconti [32].

Much progress has been made in exact differential elimination methods, theory

and algorithms for nonlinear systems of PDE for the above task. PDE lie at the in-

tersection of algebraic, geometric and analytic methods, so it is natural that various

approaches have been developed. Differential-algebraic approaches include those

of Boulier et al. [3], Chen and Gao [6], Hubert [8], Mansfield [16], Wu [35]. Algo-

rithmic membership tests (specifically in the radical of a differential ideal) can be

given [3, 9] and canonical forms determined. Analytic approaches include those of

Reid, Rust et al. [22, 33] with associated existence results.

One complication, that even occurs in the exact case, compared to the polyno-

mial case, is that such systems must be differentiated (prolonged), to determine con-

ditions crucial for answering fundamental questions (e.g. radical differential mem-

bership, and existence of formal solutions). It is well-known that classical exact dif-

ferential algebra for exactly given differential polynomials, is not a straightforward

generalization of polynomial algebra. Objects which are finite in the polynomial

case, such as Gröbner Bases, become infinite in the differential case. However finite

differential-elimination algorithms exist for answering certain problems (e.g. radical

differential ideal membership).

These methods, generally apply elimination with respect to a ranking (e.g. trian-

gular decomposition via pseudo-division) to isolate subsystems, and then prolong

such systems. They also perform binary splitting on whether certain leading quanti-

ties with respect to the ranking vanish or not.
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3.1.3 Outline of Paper

In this paper, we adapt geometric prolongation methods of the formal theory of PDE

originated by Cartan and Kuranishi (see [25] and [21] for algorithmic treatments).

The geometric nature of such methods, their invariance under coordinate changes

appear to be a natural partner for Numerical Algebraic Geometry. Furthermore, the

coordinate (and ranking) dependent methods that essentially generalize triangular

decomposition or Gröbner basis ideas to PDE appear less suited since the depen-

dence on ranking can lead to numerical instability (in much the same way as or-

dering dependent Gauss elimination is unstable). The geometric approaches give a

coordinate independent description of properties of PDE in the Jet space. Such meth-

ods, being coordinate independent, appear to have greater numerical stability since

they do not pivot on small leading quantities, dictated by differential ranking in the

classical differential-algebraic approaches. We also mention the work of Krupchyk,

Tuomela et al. [12, 13] who have been using the geometry of PDE and relating it to

the numerical solution of PDE.

This paper is a sequel to [19], [36] and [38] in which we develop theory for

using numerical homotopy continuation methods in geometric prolongation. Our

previous progress includes hybrid exact-numeric methods [20], that succeed if the

input is exact, and pure numerical methods [36] that succeed for detecting certain

generic cases of differential systems and associated existence results. Our previous

numerical approaches all have the limitation that they only compute generic com-

ponents and generally miss singular components.

In this article, we show by example that a jet variety can be described by a set

of points, called witness Jet points rather than usual equation representations. Up

to now a full witness point description was not known. We introduce a new object

into Numerical Jet Geometry: witness tangent space which enables prolongations

of hidden constraints and singular components to be obtained implicitly. Other ap-

proaches depend on isolating such equations by elimination and then prolonging

these equations. Our geometric lifting through witness tangent spaces, enables us to

find singular components by using the rank degeneracy conditions of the classical

geometric symbol matrix of a differential system. Application of the results of Bates

et al. [2] to determining the rank deficiency set of the symbol matrix, combined with

our lifting methods yields certain witness Jet points characterizing singular solutions

of the system.

3.2 Zero Sets of PDE

Let C denote the complex numbers, x = (x1, · · · ,xn) ∈Cn be the independent vari-

ables and u = (u1, · · · ,um) ∈ Cm be the dependent variables for a system of PDE.

The usual commutative approaches to differential algebra and differential elimina-

tion theory [22, 3] consider a set of indeterminates Ω = {ui
α | α = (α1, · · · ,αn) ∈

Nn, i = 1, · · · ,m} where each member of Ω corresponds to a partial derivative by:
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ui
α ↔

(
∂

∂xn

)αn

· · ·
(
∂

∂x1

)α1

ui(x1, · · · ,xn) .

Formal commutative total derivative operators Di are introduced to act on members

of Ω by a unit increment of the i -th index of their vector subscript: Diu
k
α := uk

α+1i

where α+1i = (α1, . . . ,αi +1, . . . ,αn) . The usual total derivatives Di act on func-

tions of {x}∪Ω by:

Di =
∂

∂xi

+ ∑
w∈Ω

(Dxi
w)

∂

∂w
(3.1)

where ∂
∂w

are the usual partial derivatives. For example the system of PDE

R = { ∂
∂x

u(x,y)2 +(x+ y) ∂∂x
u(x,y)−u(x,y) = 0,

∂
∂y

u(x,y)2 +(x+ y) ∂∂y
u(x,y)−u(x,y) = 0 } (3.2)

used later in the paper via the above replacements becomes in terms of formal jet

variables R = {u2
(1,0) +(x + y)u(1,0)− u(0,0) = 0,u2

(0,1) +(x + y)u(0,1)− u(0,0) = 0}
where in traditional jet notation we will write this as

R = {(ux)
2 +(x+ y)ux−u = 0,(uy)

2 +(x+ y)uy−u = 0}. (3.3)

For convenience we denote the mr := m·
(

r+n−1
r

)
jet variables of order exactly r

corresponding to r -th order derivatives by u
r

(i.e. ui
α with |α|= r ). In (3.3) u

0
= u ,

u
1
= (ux,uy) , etc. We also denote those of order ≤ r by u

≤r
= (u,u

1
, . . . ,u

r
) , so for

(3.3) u
≤2

= (u,ux,uy,uxx,uxy,uyy) . A q-th order differential system with ℓ equations

Rℓ(x,u, . . . ,u
q
) = 0 is associated with a locus (or zero set) of points

Z(R) := {(x, u
≤q

) ∈ Jq(Cn,Cm) : Rk(x, u
≤q

) = 0,k = 1, . . . , ℓ} (3.4)

where Jq(Cn,Cm) ≃ Cn×Cm×Cm1 × ·· · ×Cmq is the jet space of order q and

Rk : Jq(Cn,Cm)→ C , k = 1, . . . , ℓ .

One class of systems considered in this paper will be differential polynomials

in C[x1, . . . ,xn;u,u
1
,u

2
, . . .] , the ring of all polynomials over C in the infinite set of

indeterminates {x}∪Ω .

3.3 Witness Sets of PDE

In our previous work, the algebraic witness sets of Sommese et al., were directly

applied to PDE regarded as algebraic equations in Jet space. These sets were poorly

adapted to the special structure of PDE systems and their prolongations. A contri-

bution of this paper is to represent the special geometric structure of PDE and their
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prolongations by an extension of the algebraic witness set concept which we call

Witness Sets of PDE or Witness Jet Sets.

In order to define the concept of Witness Sets of PDE, we need to introduce

involutive systems [14, 17, 4]. Several facts make this class of systems interesting

and useful. Firstly, it is possible to determine whether a given system is involutive

using only a finite number of operations. Secondly, for any system it is possible to

produce an involutive form with the same solution space using only a finite number

of operations. And thirdly, an involutive form of a given system of PDE enables

existence and uniqueness results for construction of formal power series solutions.

3.3.1 Witness Jet Points

Let R be a polynomially nonlinear differential system of order q .

Definition 3.3.1. [Prolongation] A single prolongation of R is the list of first order

total derivatives of all equations of R with respect to all its independent variables:

D(R) := {R = 0,DiR
k = 0 : k = 1, . . . , ℓ} . (3.5)

Prolongation can be considered as an operation on differential equations, so

Dr(R) is defined to be D(Dr−1(R)) in a recursive manner.

Another fundamental operation in Jet geometry is projection, which is defined to

be

Definition 3.3.2. [Projection] Given a PDE R in Jq+1 , the projection of R from

Jq+1 to Jq is:

πZ(R) := {(x,u,u
1
, . . . ,u

q
) ∈ Jq : (x,u,u

1
, . . . ,u

q
, u

q+1
) ∈ Z(R) for some u

q+1
}.

Similarly, πr is defined to be π ◦ πr−1 . It is easily follows that projecting the

prolongation of a differential system R in Jq may not return the original system but

a subset thereof:

πrZ(Dr(R))⊆ Z(R), for any r ∈ N . (3.6)

If it is only a proper subset of Z(R) , then there are extra constraints, which

we call integrability conditions. They are differential rather than algebraic conse-

quences of the original system. If for some system we cannot find any new con-

straints by differentiation, then naturally we introduce the following concept:

Definition 3.3.3. [Formally Integrable System] A differential system R with order

q is formally integrable, if πq+r+1
q+r Z(R(r+1)) = Z(R(r)) for any r ∈ N .

This definition requires that for any r , the projections and prolongations will not

produce any new constraints. However verifying formal integrability by direct use

of Definition 3.3.3 requires checking infinitely many conditions. For finite imple-

mentation, the geometric approach needs to be complemented by some algebraic
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tools. To produce a finite test, we now turn to the consideration of a subset of for-

mally integrable systems known as involutive systems. Two facts make this class of

systems interesting and useful. Firstly, it is possible to determine whether a given

system is involutive using only a finite number of operations. Secondly, for any sys-

tem it is possible to produce an involutive form with the same solution space using

only a finite number of operations. Please see [17] for more details.

Suppose Rinvol is an involutive form of R . A desirable feature of Rinvol is the

formal integrability

πrZ(Dr(Rinvol)) = Z(Rinvol)⊆ Z(R), for any r ∈ N.

If we know a point in Z(Rinvol) , then this property enables us to construct a power

series solution of a PDE system R order by order at this point since Rinvol contains

all its integrability conditions. We call such points Witness Jet Points of R .

Previous methods usually used differential elimination to find the projection and

uncover all the hidden constraints. That approach can be inefficient and numerically

unstable, since rankings underlying differential elimination algorithms sometimes

force pivots on very small quantities. Furthermore, the elimination process always

generates a binary tree to cover all the cases. As a result, we may have many re-

dundant branches which do not reflect the geometric decomposition of the solution

space directly.

An ambitious and challenging task of this paper is to obtain involutive forms by

geometrical prolongations avoiding construction of projected relations. Witness Tan-

gent Space, which contains local information for prolongations, plays an important

role in this new method.

3.3.2 Witness Tangent Space

In the view of geometry, we can consider the zero set of R of order q in Jet space

which is an algebraic variety Z(R) . Then the prolongation of R can be constructed

from the tangent space of Z(R) at its witness points as follows. First calculate the

differentials

dRk =
n

∑
i=1

∂Rk

∂xi

dxi + ∑
w∈Ω

∂Rk

∂w
dw, k = 1, . . . , ℓ, (3.7)

and then the equation of the tangent space at any non-singular witness point is given

by substituting the witness point into (3.7). Note that the apparently infinite sum in

(3.7) is finite since R has finite differential order q . A further fundamental construc-

tion in the geometry of PDE are the contact conditions

dw−
n

∑
i=1

Diw dxi = 0, (3.8)
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for all w ∈ Ω . Imposing the contact conditions mimics in our formal structure the

relations you would expect the dw to have, when pulled back to functions of the

independent variables.

However, it is necessary to point out that the polynomial system R in Jet space

must be radical (
√
〈R〉= 〈R〉). Otherwise, (3.7) may not describe the tangent space.

Example 3.3.4. Let R = ux− u2 = 0. Then dR = dux− 2udu . After substitution

of (3.8), it yields that uxxdx− 2uuxdx = 0. Since x is independent variable, the

coefficient of dx , must be zero. Thus, uxx− 2uux = 0 gives us the prolongation of

R .

Now let us consider R = (ux−u)2 = 0. Then dR = 2(ux−u)(dux−du) . Because

ux− u = 0 at any point of Z(R) , we cannot find the relation between dux and du

from dR .

3.4 Geometric Lifting and Singular Components

Numerical algebraic geometry [28, 29] provides us tools to represent the varieties

in Jet space by using algebraic witness sets. However an obstacle to such a repre-

sentation is that new constraints can appear after prolongation and projection and

we don’t have their algebraic representations. One possibility is to interpolate such

projected relations, but this can be very expensive [19], and numerically difficult.

Consequently we aim to avoid construction of algebraic equations. The key idea

we present here is to consider the projection of the tangent space at a witness point

and then lift this point to higher order Jet Space. We call this technique Geometric

Lifting.

We now briefly and informally describe the lifting process for computing the

singular components and then illustrate it using simple examples. And a similar ge-

ometric lifting process can be applied to obtain the prolongation information of the

generic components of a differential system containing hidden constraints without

explicit construction of such hidden constraints.

In the following section we show that a differential equation may have singular

components, which also consist of solutions of the differential equations but have

a lower dimensional solution space. A precise definition of a singular component

for a differential system appears to be unknown. For a single PDE, as is pointed out

in [10, Section 4], Darboux suggested calling its solution singular if all separants

of the equation (i.e. partial derivatives with respect to all highest order derivatives)

vanish on this solution. This appears to be the only ranking independent definition

of singular solutions to a single ordinary or partial differential equation known up

to date. One natural way to generalize this notion of singularity to systems of PDE,

which we adopt in this paper, is to call a solution singular if the symbol matrix has

deficient rank on this solution. In this sense, the symbol matrix can be understood

as a generalization of separants; more precisely, of the set of separants with respect

to all possible orderly rankings.



3 Towards Geometric Completion of Differential Systems by Points 87

Definition 3.4.1. The symbol of a PDE system R of order q is the Jacobian matrix

with respect to its highest order jet variables

S (R) :=
∂R

∂ u
q

(3.9)

Suppose S (R) has full rank at a generic point of Z(R) . To detect the singular

components, we need to find all the points where S (R) has rank deficiency. One

obvious way is to construct all the minors and compute the intersection with Z(R) .

But, in general, it could be very expensive.

An alternative way is to embed the singular components into a higher dimen-

sional space {R, S (R) ·z = 0} with auxiliary dependent variables z . If the number

of columns of S (R) is larger than the number of rows, we need to consider the

transpose of S (R) . Now we can assume S (R) has full column rank and form a

new system

R′ = {R, S (R) · z = 0, a · z = c}. (3.10)

Because of the third equation, z must be a non-zero vector, which implies that

S (R) must have rank deficiency. Consequently, we have

Proposition 3.4.2. Let S (R) be the symbol of a system R. Let R′ = {R, S (R) ·z =
0, a · z = c} . If S (R) has full (column) rank at the generic points of Z(R) . Then

the projection of Z(R′) gives the subset of Z(R) , where S (R) has rank deficiency.

Let us summarize the main steps to identify possible singular components as

follows:

1. Input an order q differential system R described in Proposition 3.4.2.

2. Compute its prolongation D(R) and its Symbol S (R) .

3. Embed R into the space {R, S (R) · z = 0} with auxiliary dependent variables

z .

4. Compute the witness points W of R′ . Such points indicate possible singular

solutions. If W is empty, then there is no singular solution.

5. Apply the contact conditions (3.8) to R′ and apply them to the equations for the

tangent space of R′ .
6. Evaluate the output of the previous step, the tangent space condition for R′ , at

each point of W . Apply the independence condition of independent variables to

yield a linear system.

If the linear system obtained as output in the procedure above has solution at a

point in Jq then we can accomplish the lifting of this point to Jq+1 . If the symbol

is involutive at this point, then it indicates local existence of formal power series

solution which is a singular component.

If a witness point cannot be lifted, then it indicates the component passing

through this point is inconsistent or there are some hidden constraints which could

be uncovered by further prolongations. But it requires more delicate study to design

an efficient approach to address such cases.
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Remark 3.4.3. In Proposition 3.4.2, it requires a system with full rank symbol. For

more general situations, one possibility is to apply the methods in [2] to compute

the rank-deficiency set of a polynomial matrix by embedding it to an appropriate

higher dimensional space.

3.5 Determination of Singular Components of an ODE using

Numerical Jet Geometry

We apply the above procedure to

R = u2
x + x2ux− 3

2
xu = 0. (3.11)

To assist the reader in following the computations we have chosen rational witness

points. In practise one should choose random complex floating point numbers, since

such methods generally fail on a non-empty (but lower measure) set.

The form the prolongation of R :

D(R) = (2ux + x2)uxx + 1
2
xux− 3

2
u = 0. (3.12)

Computing the witness points of R at a random x (e.g. for simplicity x = x0 = 1)

is accomplished by slicing R with a random linear equation aux + bu = c , for ran-

dom a , b , c . We find two witness points, (x0,u0,u
0
x) satisfying (u0

x)
2 +(x0)

2u0
x −

3
2
x0u0 = 0 and applying the rank test in [36], easily find that the above ODE is in-

volutive at these points. For this case, the symbol of R given by S (R) = 2ux + x2

has generic rank 1 at these witness points. Thus higher order derivatives of u can

be computed from lower order ones. However this method did not allow us to gain

information on possible singular solutions.

We now apply our new procedure to search for possible singular components.

Following the procedure above we have already computed DR and its Symbol.

Let us consider the 1×1 symbol matrix S (R) = (2ux + x2) which has rank 1 at a

generic points of Z(R) . After embedding the system into a higher dimensional space

by adding auxiliary variable z , we have the new system R′ := {R = 0,(2ux +x2)z =
0,az + c = 0} where the third equation is a random linear function of z to force z

to be nonzero. The purpose of this embedding is to systematically detect solutions

which lower the rank of S (R) (see Bates et al. [2] for general constructions). In

particular here it means that R′ must satisfy 2ux + x2 = 0, the non-generic case.

After a random slicing of Z(R′) , the resulting intersection only has isolated

roots, which can be solved approximately by homotopy continuation methods. This

system has 3 witness points in (x,u,ux,z) space and the one of them is (1.0 +
7.29×10−17 i, −0.1666666666666667− 1.10×10−18 i, −0.50− 3.65×10−17 i,
0.753+1.48×10−16 i) . This indicates the possible presence of singular solutions.
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After the projection of the points into (x,u,ux) space, we obtain the witness

points on singular components, e.g. the point (x,u,ux) = (1.0+7.29×10−17 i,
−0.1666666666666667−1.10×10−18 i,−0.50−3.65×10−17 i) .

Since R is an ODE, the symbol of R is always involutive and we only need

to check if there are no hidden constraints. In other words, if each witness point

can be lifted to higher dimensional Jet space, then there are no hidden constraints,

otherwise we need further computation. Next we will perform the geometric lifting.

The equation of the tangent space of R′ is

(2ux + x2)dux− 3
2
xdu+(2xux− 3

2
u)dx = 0

2xzdx+2zdux +(2ux + x2)dz = 0 (3.13)

a dz = 0.

The contact conditions (3.8) are:

du−uxdx = 0, dux−uxxdx = 0, dz− zxdx = 0. (3.14)

Simplification of the tangent space equations with respect to (3.14) gives

(
(2ux + x2)uxx− 3

2
xux +(2xux− 3

2
u)
)

dx = 0
(
2xz+2zuxx +(2ux + x2)zx

)
dx = 0 (3.15)

a zx dx = 0.

Since we seek solutions with x as independent variable, the coefficients of dx in the

above system must be zero.

Substitution of the projected witness point

(x,u,ux,z) = (1.0+7.29×10−17 i,−0.1666666666666667−1.10×10−18 i,

−0.50−3.65×10−17 i,0.753+1.48×10−16 i)

into (3.15) gives uxx = −1.0− 1.21× 10−16 i and zx = 0 so (x,u,ux) = (1.0 +
7.29×10−17 i,−0.1666666666666667− 1.10×10−18 i,−0.50− 3.65×10−17 i) is

a witness point of the differential variety of the singular component in J2 . The cal-

culation for the other 3 points of the witness set of Z(R′) proceeds in exactly the

same fashion, with the same conclusion.

To see the numerical behavior of our method under small perturbations, we con-

sider a nearby ODE:

R = 1.0000000211

(
d

dx
u(x)

)2

+1.000000075x2 d

dx
u(x)−1.49999995xu(x)

A witness point of the corresponding R′ is [u =−0.166666693−2.44×10−19 i,x =
1.0+4.64×10−17 i,z = 0.753−2.12×10−17 i,ux =−0.50−4.55×10−17 i] .

Substituting this witness point to the corresponding tangent space equations

yields an over-determined linear system:
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(
0.0+1.79×10−18 i

)
uxx−0.000000008−3.4×10−17 i = 0

1.51+2.92×10−17 i+
(
1.51−4.24×10−17 i

)
uxx = 0

The least square solution is uxx =−1.0−4.76×10−17 i producing a residual error

of (.84053746×10−8, .998654×10−26) . This shows that our method can still de-

tect the singular component under a small perturbation of the input. However, if we

apply symbolic computation to this perturbed ODE, we will see that such singular

component will disappear.

Example 3.5.1 (Singular Components of ODE using Differential Algebra). For

comparison we apply differential elimination and differential algebra to the deter-

mination of the singular solution for (3.11).

Briefly, the separant of the ODE is 2ux +x2 and differential algebraic approaches

will perform binary splitting on whether this separant vanishes or not. If 2ux +x2 �=
0, then the algorithm terminates with output given by the ODE and this inequa-

tion. This is the generic case. If 2ux + x2 = 0 then we must consider the system

2ux + x2 = 0, u2
x + x2ux − 3

2
xu = 0. An algebraic elimination using ux = −x2/2

yields u = −x3/6, which can be verified as a singular solution of the ODE. In

particular using the diffalg package in Maple 11, we confirmed the results of

the above computations using classical differential algebra. Applying procedure

essential components to equation (3.11), we obtained two essential com-

ponents characterized by (3.11) and {u + x3

6
} , respectively. The reader can verify

that the point (x,u,ux) = (1, 1
6
,− 1

2
) we found above lies on the singular solution

u =−x3/6.

If as in the example we slightly perturb this example so it is now, in rational

terms:

R =
(

1+ 211
1011

) (
d

dx
u(x)

)2

+
(

1+ 75
1010

)
x2 d

dx
u(x)− 149999995

100000000
xu(x)

Application of exact differential elimination methods (such as diffalg) to this ex-

ample reveal only one generic case. The singular case is not found. However using

the approximate methods the singular case can be found for the slightly perturbed

system.

3.6 Determination of Singular Components of a PDE System

In general, we consider a PDE system R of order q . Let Sℓ×n be the symbol matrix

of R with full rank at generic point of Z(R) . Roughly speaking, the witness points

of {R,S · z,a · z + c} , where a · z + c = 0 is a random linear equation, give us the

possible singular components which will be verified by geometric lifting test.

For mixed dimensional system R , it is necessary to remove the witness points

belonging to higher dimensional components of Z(R) . Removing such redundan-
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cies can be carried out by numerical point membership testing as described in [27].

See [2] for a general construction of Bates et al. for determining the singular set of

a polynomial system.

Next we consider an example of a system of PDE R given by:

(ux)
2 +(x+ y)ux−u = 0

(uy)
2 +(x+ y)uy−u = 0 (3.16)

We first consider the generic case. To apply the rank test (Theorem 4.1) in [36] we

first compute the symbol matrix of R :

S =

(
2ux + x+ y 0

0 2uy + x+ y

)

The prolongation of R is

DR =

⎛
⎜⎜⎝

2ux + x+ y 0 0

0 2ux + x+ y 0

0 2uy + x+ y 0

0 0 2uy + x+ y

⎞
⎟⎟⎠ ·

⎛
⎝

uxx

uxy

uyy

⎞
⎠+

⎛
⎜⎜⎝

0

ux−uy

uy−ux

0

⎞
⎟⎟⎠

Continuing with the generic case we next compute a witness set of Z(R) in

(x,y,u,ux,uy) space obtaining 4 points:

{(1,2,4,−4,1),(1,2,4,1,1), . . .} . As in our other examples, to assist the reader in

following the computations we have chosen rational witness points. In practise these

points would be complex floats resulting from intersecting the variety with random

linear varieties.

At each point, we apply the rank test (Theorem 4.1) in [36], and find that there

are no new constraints. Then Cartan’s test [17, 36] shows that the symbol is involu-

tive at each point, and consequently the generic components are involutive and are

characterized by the above witness points.

Now to determine if there are singular components we follow the process de-

scribed in Section 3.4. We note that we have already computed the prolongation of

R and S (R) above. First we embed R in R′ where R′ = {R,S · z,a · z = c} . In

detail R′ is given by

(ux)
2 +(x+ y)ux−u = 0

(uy)
2 +(x+ y)uy−u = 0

(2ux + x+ y)z1 = 0

(2uy + x+ y)z2 = 0

a1z1 +a2z2 = c (3.17)

Again for readability we find a simple rational witness point p of Z(R′) given by

(x,y,u,ux,uy,z
1,z2) = (1,2,− 9

4
,− 3

2
,− 3

2
,3,4) .
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Then we need geometric lifting to check if there are any new constraints. Note

that we do not have the defining equations for the singular components. The equa-

tions of the tangent space of R′ are

(2ux + x+ y)dux +ux(dx+dy)−du = 0

(2uy + x+ y)duy +uy(dx+dy)−du = 0

(2ux + x+ y)dz1 + z1(2dux +dx+dy) = 0

(2uy + x+ y)dz2 + z2(2duy +dx+dy) = 0

a1dz1 +a2dz2 = 0 (3.18)

The contact conditions (3.8) for R′ are:

du−uxdx−uydy = 0

dux−uxxdx−uxydy = 0

duy−uxydx−uyydy = 0

dz1− z1
xdx− z1

ydy = 0

dz2− z2
xdx− z2

ydy = 0 (3.19)

Simplification of the tangent space equations (3.18) with respect to (3.19) gives

(2ux + x+ y)(uxxdx+uxydy)+(ux−uy)dy = 0

(2uy + x+ y)(uxydx+uyydy)+(uy−ux)dx = 0

(2ux + x+ y)(z1
xdx+ z1

ydy)+ z1(2(uxxdx+uxydy)+dx+dy) = 0

(2uy + x+ y)(z2
xdx+ z2

ydy)+ z2(2(uxydx+uyydy)+dx+dy) = 0

(a1z1
x +a2z2

x)dx+(a1z1
y +a2z2

y)dy = 0 (3.20)

Substitution of the witness point (x,y,u,ux,uy,z
1,z2) = (1,2,− 9

4
,− 3

2
,− 3

2
,3,4) into

the first two equations (3.20) renders them identically satisfied. Substitution of the

witness point into the third and fourth equation of (3.20) yields

(2uxx +1)dx+(2uxy +1)dy = 0

(2uxy +1)dx+(2uyy +1)dy = 0 (3.21)

Since we seek solutions with (x,y) as independent variable, the coefficients of dx

and dy in the above system (3.21) are zero and we obtain the unique solution

uxx = uxy = uyy =−1/2.

This means the point p can be lifted to J2 .

Next we need to check whether the symbol is involutive or not. The symbol of

R′ corresponding to ux,uy is
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⎛
⎜⎜⎝

2ux + x+ y 0

0 2uy + x+ y

2z1 0

0 2z2

⎞
⎟⎟⎠ (3.22)

with β1 = 1 and β2 = 1 (see [17, 36] for the calculation of β ). The prolongation of

R′ is

DR = 0

2z1uxx + z1 +(2ux + x+ y)z1
x = 0

2z1uxy + z1 +(2ux + x+ y)z1
y = 0

2z2uxy + z2 +(2ux + x+ y)z2
x = 0

2z2uyy + z2 +(2ux + x+ y)z2
y = 0.

Hence the prolonged symbol matrix corresponding to (uxx,uxy,uyy) at p is

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2ux + x+ y 0 0

0 2ux + x+ y 0

0 2uy + x+ y 0

0 0 2uy + x+ y

2z1 0 0

0 2z1 0

0 2z2 0

0 0 2z2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3.23)

Obviously its rank is 3 = 1 ·β1 + 2 ·β2 at the point p . Therefore, the system R is

involutive at p and it is a Witness Jet Point of R .

In summary we have characterized a singular component by R′ together with a

witness Jet point p on it.

Example 3.6.1 (Singular Components of PDE using Differential Algebra). For

comparison we apply differential elimination and differential algebra to the deter-

mination of the singular solution for (3.16). Fix a ranking with u ≺ ux ≺ uy ≺
uxx ≺ uxy ≺ ·· · . Briefly the separants of the PDE are ∂R1

∂ux
= 2ux + x + y and

∂R2

∂uy
= 2uy + x + y with respect to the ranking. Differential algebraic approaches

will perform binary splitting on whether these separants vanish identically or not.

The generic case occurs when 2ux + x + y �= 0 and 2uy + x + y �= 0 and essentially

yields the input system R with these inequality restrictions. Setting one of the sep-

arants to zero, e.g. 2ux + x + y = 0, or equivalently ux =−(x + y)/2 then reducing

(ux)
2 +(x+y)ux−u = 0 yields u+(x+y)2/4 = 0 which can be verified as a singu-

lar solution of R . Setting the other separant to zero, by symmetry leads to the same

conclusion.

In particular using the diffalg package in Maple 11, we confirmed the re-

sults of the above computations using classical differential algebra. Applying the

Rosenfeld Groebner procedure to the system R , we obtain two character-
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izable components, whose characteristic sets are, respectively, R and {u + (x +
y)2/4} . These components are essential: the component characterized by R con-

tains polynomial uxx , which does not reduce to 0 with respect to u +(x + y)2/4.

Vice versa, u+(x+ y)2/4 does not reduce to 0 with respect to R .

Here u+(x+y)2/4 = 0 is the explicit expression for the singular solution, which

was characterized by the witness point p which has (x,y,u) = (1,2,− 9
4
) . The reader

can verify that this point satisfies u+(x+ y)2/4 = 0.

3.7 Discussion

Our previous fully numerical approaches [19, 36, 37] only pursue generic compo-

nents and generally miss singular components which can be important in applica-

tions.

The only previous method, we are aware of, that was capable of using approx-

imate methods to identify singular sets for differential systems was the hybrid

method introduced in [20]. In particular the hybrid method is produced by replacing

the symbolic algebraic equation processor of the symbolic differential elimination

algorithm rifsimp, with numerical algebraic geometric methods [29]. Since the

algorithm still has a significant symbolic component it is limited to exact input. In

particular the symbolic rifsimp, on which the hybrid method is based, partitions

the system at each major iteration into a leading linear subsystem and a leading

nonlinear subsystem. In the hybrid method the algebraic step of testing radical ideal

membership (e.g. by Gröbner Bases) is replaced by substituting witness points com-

puted using numerical homotopy continuation.

However exact differential elimination methods using binary-tree splitting with

respect to a given ranking, seem very difficult to stably apply to systems of PDE

containing approximate coefficients. This motivated us to adapt to PDE the stable

representation of algebraic varieties by witness sets in Numerical Algebraic Geom-

etry. Our adaptation yields a new object called Witness Sets of PDE. Furthermore,

rank degeneracy of the symbol matrix of a PDE system using the methods of Bates

et al. [2] leads to a natural decomposition of differential components. This gives a

geometric generalization of the algebraic concept of binary splitting. It potentially

gives more direct access to geometric information and less redundancy in compari-

son with algebraic approaches to splitting. We introduce two techniques, geometric

lifting and singular component embedding, that allow us to manipulate differential

systems as geometric objects without explicit construction of their defining equa-

tions.

Challenges in this area include developing techniques to address higher multi-

plicity. For example if a system has algebraic multiplicity, its Jacobian does not

faithfully describe its tangent space. A challenge is to characterize geometric pro-

longation and find the singular components in this case.

Another challenge is to explore and detail the connections to Differential Al-

gebra. In particular, is the approach proposed in this paper closer to the original
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Ritt-Kolchin decomposition algorithm, or to its factorization-free successor, the

Rosenfeld-Gröbner algorithm? Factorization-free methods have been introduced to

avoid factorization over towers of algebraic extensions, which was the bottleneck of

the Ritt-Kolchin algorithm. However, they split on initials and separants of autore-

duced sets of regular (not necessarily prime) ideals, likely leading to an increased

number of redundant components, compared to the original Ritt-Kolchin algorithm,

which splits on separants of characteristic sets of prime ideals only. Thus, a prac-

tical heuristic strategy up to date has been a hybrid one: to factor when possible,

otherwise split. The method proposed in this paper suggests a way of splitting that

may be, in some sense, closer to the Ritt-Kolchin algorithm: it splits on the symbol

of a system that is involutive at all regular witness points and therefore represents

the irreducible components discovered so far. At the same time, it avoids explicit

factorization over towers of algebraic extensions, by numerically picking witness

points on the irreducible components.

Future work will detail its relation to the completeness of differential components

and its connection to algebraic approaches in Differential Algebra; for which results

in Bates et al. [2] will play a crucial role. In particular we plan to apply the wit-

ness Jet sets to radical membership testing. We are also developing the techniques

described of this paper to a complete algorithm, together with stable termination

criteria and theoretical results concerning the completeness of the decomposition.
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Chapter 4

Geometric Involutive Bases and Applications to
Approximate Commutative Algebra

Robin Scott, Greg Reid, Wenyuan Wu, and Lihong Zhi

Abstract This article serves to give an introduction to some classical results on

involutive bases for polynomial systems. Further, we survey recent developments,

including a modification of the above: geometric projected involutive bases, for the

treatment of approximate systems, and their application to ideal membership testing

and Gröbner basis computation.

Introduction

One may apply, to polynomial systems, results for PDE systems using the well-

known bijection:

φ : xi ↔
∂

∂xi

, (4.1)

which induces a ring isomorphism between polynomials and linear PDEs, preserv-

ing the ideals in both cases. (See Gerdt et. al. [8], who have extensively studied and

exploited this isomorphism for use on exact polynomial systems.) The important ob-

ject, from the jet theory of partial differential equations, upon which we will focus
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is the involutive basis. We will see that involutive systems have a natural connection

with the Hilbert polynomial and, through the Hilbert polynomial, to Gröbner bases

and ideal membership testing.

In particular, we focus on the application of involutive systems to approximate

polynomials [21, 22, 23, 24]. Unfortunately, the differentiation and elimination

methods of Cartan and Kuranishi [4, 11, 25], for completing a system to involu-

tive form, rely on methods akin to Gaussian elimination. In numerical computation,

it is well-known that methods which rely on strict variable orderings can be unsta-

ble. We describe a modification [1] of the classical test for involutivity, which avoids

performing eliminations.

The classical criterion of involution is related to the one for zero dimensional

systems given in [18, 29], which is closer to a Gröbner Basis formulation based on

commutators, with the commutators playing the role of S-polynomials. However,

our involutivity criterion is not based on commutators, and for zero dimensional

systems, is coordinate independent. Moreover, it relies on testing dimensions of

nullspaces of linear systems, which can be done using the singular value decompo-

sition. The algebraic method which is more closely related to ours is the method of

H-bases [17], which also focuses on the dimensions of vector spaces generated by

monomials.

As is common practice in commutative algebra, we will consider polynomials

systems as linear functions of their monomials, and apply linear algebra to the null

spaces of these maps. (See [14] for an early example of this technique and especially

see [18]).

Any polynomial system can be written in matrix form. For example, the system

P(α) = 0,

p1 = α1x2 +α2xy+α3y2 +α4x+α5y+α6 = 0,
p2 = α7x2 +α8xy+α9y2 +α10x+α11y+α12 = 0,

can be written as M(α)X = 0:

(
α1 α2 α3 α4 α5 α6

α7 α8 α9 α10 α11 α12

)

⎛
⎜⎜⎜⎜⎜⎜⎝

x2

xy

y2

x

y

1

⎞
⎟⎟⎟⎟⎟⎟⎠

=

(
0

0

)
.

In applications, the α ’s are usually some approximate real or complex numbers.

Further, note that completion methods, such as Gröbner bases, rely on multiply-

ing polynomials by monomials. (For the PDE case, distinct derivatives are regarded

as independent indeterminates in jet space, and multiplication by monomials is re-

placed by differentiation with respect to independent variables.) For example, the

extended system:

{xp1 = 0,yp2 = 0, p1 = 0, p2 = 0}
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is equivalent to:

⎛
⎜⎜⎝

α1 α2 α3 0 α4 α5 0 α6 0 0

0 α7 α8 α9 0 α10 α11 0 α12 0

0 0 0 0 α1 α2 α3 α4 α5 α6

0 0 0 0 α7 α8 α9 α10 α11 α12

⎞
⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x3

x2y

xy2

y3

x2

xy

y2

x

y

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎝

0

0

0

0

⎞
⎟⎟⎠ .

All such extended systems define structured classes. Each structured matrix M(α)
embeds an extension of the polynomial system P(α) , for some particular values of

the parameters: α̃ . The singular value decomposition may be applied to M(α̃) to

detect nearby matrices (and, consequently - as we will show - polynomial systems)

with higher-dimensional solution spaces.

Given A ∈ Fm×n , with F is either R or C , one can compute the singular value

decomposition:

A = UΣV t , (4.2)

where, U ∈ Fm×m and V ∈ Fn×n are orthogonal and, Σ ∈ Rm×n is a diagonal ma-

trix. The number of its nonzero singular values: σ1 ≥ σ2 ≥ . . .≥ σr > σr+1 = . . . =
σmin(m,n) = 0, is equal to the rank, r , of A . In the case of approximate systems,

errors in the entries of A tend to destroy relationships between them, thus increas-

ing the matrix rank, and is reflected in small singular values σr+1, . . . which would

otherwise be equal to zero. The following classic theorem [7] is key to understand-

ing the geometry of linear systems and their surroundings. In particular, it actually

provides a distance to nearby singular systems, and a way to compute them.

Theorem 4.0.1. (Eckart and Young [7]) Let A = UΣV t ∈ Fm×n have rank r . A

closest matrix to A, with rank q < r , can be constructed by forming: Ã = U Σ̃V t ,

where Σ̃ is equal to Σ with σi , for all q+1≤ i≤ r , replaced by zero. Furthermore,

‖A− Ã‖2 = σq+1 .

The worry in applying the above theorem directly to our structured matrices

M(α̃) is that the nearby matrices computed will not necessarily lie in the struc-

tured class. This problem introduces the necessity for convergence methods, with

which one can iterate to such nearby systems which do lie on a given structured

class. This is a familiar problem to the signal processing community, with works

dating back to Cadzow [3], and more recently [19, 12]. However, applications to the

areas of approximate commutative algebra are less widely known.

After an introduction to the classical theory of involutive systems (for polyno-

mial systems), we highlight recent applications, of projected geometric involutive

bases, to approximate commutative algebra. Most of the results (i.e. propositions,

theorems, and algorithms) are presented without proof, and the reader is referred to
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the original sources, where they may also find additional clarification of concepts

and more detailed examples.

4.1 Jet Spaces and Geometric Involutive Bases

For what follows, let the set of polynomials P = {p1, . . . , pm} belong to the ring

F[x1,x2, . . . ,xn] , where the field F is either R or C . Additionally, let I be the ideal

generated by the elements of P , and I≤q be the subset of I which contains all

polynomials with total degree no more than q .

Like the computation of a Gröbner basis, computing an involutive basis for I

involves the completion of the set P to a particular form. It turns out that, for a

given monomial ordering, an involutive system does not necessarily contain a basis

for the leading term ideal 〈LT (I)〉 . However, it still contains “enough” polynomial

consequences. In particular, an involutive system, and its extensions, include bases

for I≤q . Thus, there is a natural connection between involutive systems and the

Hilbert function, which will be described in Section 4.3, and exploited, in each of

our applications, in Section 4.4.

4.1.1 Jet Geometry and Jet Space

Through the bijection, φ , of (4.1), existing results from PDE theory become avail-

able to polynomials p ∈ F[x1,x2, . . . ,xn] . This, in fact, induces an isomorphism be-

tween the polynomial ring and the ring of differential operators:

F[x1,x2, . . . ,xn]↔ F[
∂

∂x1
,
∂

∂x2
, . . . ,

∂

∂xn

]. (4.3)

Under φ , systems of polynomials are mapped to systems of linear, homogeneous

PDE with constant coefficients. Given a system, P , of polynomials, we let R de-

note φ(P) . Furthermore, for simplicity, we will use the notation uxi
instead of

∂
∂xi

u(x1, . . . ,xn) .

Example 4.1.1. The linear, homogeneous, constant coefficient PDE system corre-

sponding to the polynomial system P = {xy− z, x2− y} is R := φ(P) = {ux,y−
uz, ux,x−uy} .

For what follows, we will be using results from the Jet Geometry of PDE where

distinct derivatives of u are regarded as independent indeterminates in Jet Space.

There, any linear, homogeneous PDE with constant coefficients, and differential or-

der at most q , can be considered as belonging to a finite dimensional vector space,

Jq , whose basis vectors are the N≤q = (n+q
q ) derivatives of order at most q . Cor-

respondingly, any polynomial of total degree no more than q is an element of the
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vector space F[x1,x2, . . . ,xn]≤q , whose basis vectors are the N≤q monomials of to-

tal degree at most q . In this way, regardless of whether we are thinking in terms of

PDE or polynomials, the space in which we will work is isomorphic to FN≤q .

Now, it is easy to see that our polynomial and PDE systems, P and R , can be

written in matrix form, with an identical representative matrix, M . We will denote,

by x
q

, the monomials of degree exactly equal to q . The boldface

x
q
= (x

q
, x

q−1
, . . . ,x

1
,1)t (4.4)

will represent the column vector of all N≤q monomials with degree ≤ q . Then, also,

u
q
= φ(x

q
) and u

q
= φ(x

q
) . Note that the elements x

q
and u

q
are arranged as to respect a

total degree ordering.

Example 4.1.2. Let x
2

be such that each x
q

, for 0 ≤ q ≤ 2, is arranged with z ≻lex

x≻lex y . Then, x
2
= (z2,zx,zy,x2,xy,y2,z,x,y,1)t . For the systems P and R given in

Example 4.1.1, the matrix which represents them both is:

M =

(
0 0 0 0 1 0 −1 0 0 0

0 0 0 1 0 0 0 0 −1 0

)
. (4.5)

Then, P and R can be recovered by forming P = M x
2

and R = M u
2

.

4.1.2 Prolongation and Projection

The first operation to describe, for PDE, is that of prolongation. Since we are con-

cerned with polynomials which, under φ , map to linear, homogeneous PDE with

constant coefficients, the prolongation operation on R can be stated simply as:

DR := R∪
{
∂

∂x j

r : r ∈ R,1≤ j ≤ n

}
. (4.6)

(For a description of the formal differentiation operator in the fully nonlinear PDE

case see, for example, [25].) We will let DP = φ−1
DR be used to denote the poly-

nomial system which, alternatively, could have been formed by appending to P all

those polynomials formed by multiplying each element of P by each of the vari-

ables x1,x2, . . . ,xn . Just as R and P can be characterized by the same coefficient

matrix, M , we will let DM denote the matrix which holds the coefficients of both

DR and DP .

Example 4.1.3. For the system R of Example 4.1.1,



104 Scott, Reid, Wu, Zhi

DR = R∪ ∂

∂x
R∪ ∂

∂y
R∪ ∂

∂ z
R

= {ux,y−uz, ux,x−uy, ux,x,y−ux,z, ux,x,x−ux,y,

ux,y,y−uy,z, ux,x,y−uy,y, ux,y,z−uz,z, ux,x,z−uy,z}.

Similarly, the 2nd , 3rd , . . . , rth prolongations of R ,

D
2R = D

2M u
q+2

, D
3R = D

3M u
q+3

, . . . ,DrR = D
rM u

q+r
, (4.7)

can be computed from DR , D
2R , . . . , D

r−1R .

Although not the variety of either R or P , the jet variety, or zero set, of R is:

Z(R) =

{
(u,u

1
,u

2
, . . . ,u

q
) ∈ Jq : R(u,u

1
,u

2
, . . . ,u

q
) = 0

}
. (4.8)

The dimension of Z(R) will play an important role. For our problem, and in terms

of linear algebra, Z(R) is simply the Null Space of M . Then, a single geometric

projection is defined as:

π(R) :=

{
(u,u

1
, . . . , u

q−1
) ∈ Jq−1 : ∃ u

q
, R(u,u

1
, . . . ,u

q
) = 0

}
. (4.9)

The projection operator π maps a point, from the jet variety of R , in Jq , to one in

Jq−1 by simply removing the jet variables of order q (i.e. eliminating u
q

). Just as a

sequence of prolongations can be formed, successive projections of R can also be

made. For example, the 2nd , 3rd , . . . , ℓth projections,

π2R = π2M u
q−2

, π3R = π3M u
q−3

, . . . ,πℓR = πℓM u
q−ℓ

, (4.10)

can be formed by projecting πR , π2R , . . . , πℓ−1R .

Note that a set of equations describing the projection πR is the collection of

equations of order q−1 corresponding to the reduced row echelon form of M (and

that an ordering on the set {x,y, . . .} of indeterminates must be chosen to compute

such equations). Alternatively, the geometric approach is to avoid such possibly un-

stable eliminations on R and, rather, work with πR , which may be realized through

the nullspace of M . In particular, we will be focusing on dimensions of πR , which

can be computed via the singular value decomposition.

Example 4.1.4. A set of equations which describe the projection πDR from the

prolongation DR of Example 4.1.3 is:

πDR = {ux,x−uy, ux,y−uz, uy,y−ux,z}. (4.11)
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4.1.3 The Symbol

The symbol of a system R is the Jacobian matrix with respect to its highest order

derivatives, u
q

. That is,

SR =
∂R

∂ u
q

. (4.12)

For the PDE systems which we are considering (linear, homogeneous, with constant

coefficients), the symbol SR is simply the sub-matrix of M corresponding to the

highest order derivatives u
q

— equivalently, via φ , the highest degree monomials x
q

.

For what follows, it will be necessary to compute dimensions of symbols of pro-

jections. We use the following simple formula:

dimSπℓR = dimπℓR−dimπℓ+1R. (4.13)

The ℓth extended symbol of R [21], denoted by S
[ℓ]R , is the sub-matrix of M

corresponding to the derivatives u
q
, u

q−1
, . . . , u

q−ℓ+1
. We note that the first extended

symbol is really just the symbol of R - a slight abuse of language, since it is not

actually “extended”. With this definition, we easily obtain the following dimension

relation:

dimπℓR = dimR−dimS
[ℓ]R. (4.14)

Note that, using (4.14), it becomes easy to compute dimSπℓR , as in (4.13), by

applying the singular value decomposition to the matrix M instead of actually com-

puting equations for any of the projections.

4.1.4 Indices and Cartan Characters

The property of involutivity underlying geometric involutive bases can be described

and calculated in terms of Cartan characters. To describe these, we first define the

class of a monomial xγ (and equivalently, the class of uγ = φ(xγ)). For background,

see Seiler [25].

A given set of monomials, all in n variables and with total degree q , may be

partitioned into classes as follows. For a chosen lexicographic ordering on the n

variables x1,x2, . . . ,xn , a monomial xγ is called a class j monomial if the jth com-

ponent, γ j , of its exponent vector γ = (γ1, . . . ,γn) is the first which is nonzero. In

terms of derivatives, uγ = φ(xγ) is of the same class as xγ .

Example 4.1.5. Consider all possible monomials of total degree 2, and let n = 2.

We have: x2, xy, y2 . With the ranking x ≻ y , the monomial y2 is of class 2, and

both x2 and xy are class 1 monomials. Alternatively, with y≻ x , the class 2 mono-

mial is x2 , and the two class 1 monomials are y2 and yx .
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Previously, the symbol matrix SR of a system R was defined. The columns

of SR can be arranged lexicographically, and the reduced row echelon form com-

puted. The columns can then split into two categories: those which contain a pivot,

and those which do not. The derivatives corresponding to both the pivots and free-

variables can then be assigned to classes, as defined above. With these assignments,

the following definitions can be made.

Definition 4.1.6 (Indices and Cartan characters). Let R have highest order q , and

consider the integers j such that 1≤ j ≤ n . The index β
( j)
q is the numbers of class

j pivots in the reduced row echelon form of SR . Similarly, the Cartan character

α
( j)
q is the number of class j free-variables in the reduced row echelon form of SR .

Note that there is a one-to-one correspondence between indices and characters.

That is, α
( j)
q = Nq−β ( j)

q (where Nq is the number of jet variable of order precisely

equal to q). The test for an involutive system, which will be described next, in

Section 4.1.5, involves deciding whether or not its symbol is involutive. This latter

test is framed in terms of the indices [25]. Later, in Section 4.3, the characters will

provide an expression for the Hilbert polynomial [26].

4.1.5 The Cartan-Kuranishi Prolongation Theorem

The following definition requires the notion of a δ -regular coordinate system. That

is, one in which the sum ∑n
j=iβ

( j) of indices takes its maximum values for all

i = 1, . . . ,n [25]. Almost all coordinate systems are δ -regular, and can be obtained,

with probability 1, by making a random linear change of variables.

Definition 4.1.7 (Involutive system). A qth order linear, homogeneous PDE system

R is involutive if and only if the two following criteria are satisfied:

1. [Elimination test] dim πDR = dim R .

2. [Involutive symbol test] In a δ -regular coordinate system, the symbol SR is

involutive. That is:
n

∑
j=1

jβ
( j)
q for SR = rank SDR. (4.15)

The following Cartan-Kuranishi prolongation theorem guarantees that a given a

PDE system R will become involutive after a finite number of prolongations and

projections.

Theorem 4.1.8. (Kuranishi [11]) Let R be a PDE system of order q. Then, there

exists a finite sequence: Ci1 ,Ci2 , . . . ,Cik , with each Ci j
either π or D , such that

Cik · · ·Ci2 · · ·Ci1 R is involutive, with order greater than or equal to q.
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4.2 Geometric Projected Involutive Bases and Nearby Systems

Traditional methods [4, 11, 25] for bringing a system to involution require the com-

putation of bases for prolongations and projections, and so involve something not

unlike Gaussian elimination [25]. Such methods force pivoting on leaders, in a re-

stricted ordering, and so computing with approximate input is problematic. To fa-

cilitate numerical computation, Reid et. al. [1] introduced projectively involutive

systems. In the same work, it was shown that a system is projectively involutive if

and only if it is involutive.

The tests for approximate (projective) involutivity are performed by applying the

singular value decomposition to compute dimensions. Thus, (using Theorem 4.0.1),

this method also gives evidence of nearby exactly involutive systems. We provide

an example of the structure of these systems and convergence to a nearby exactly

involutive system with that structure.

4.2.1 Geometric Projected Involutive Bases

Definition 4.2.1 (Projected involutive system). A linear homogeneous system of

PDE, R , is called projectively involutive at prolongation order r and projected order

ℓ if, for integers r ≥ 0 and 0≤ ℓ≤ r , the two following criteria are satisfied:

1. [Projected elimination test] dim πℓ
D

rR = dim πℓ+1
D

r+1R .

2. [Involutive symbol test] S πℓ
D

rR is involutive.

Moreover, the Involutive Symbol Test (for a qth order system πℓ
D

kR ) can be shown

to take the useful form:

n

∑
j=1

jβ
( j)
q for Sπℓ

D
kR = rank Sπℓ

D
k+1R. (4.16)

Theorem 4.2.2. (Reid et. al. [1]) The system R is projectively involutive if and only

if it is involutive.

The advantage of the Projected Elimination Test of Definition 4.2.1 is that one

simply checks if dim πℓ
D

rR = dim πℓ+1
D

r+1R . The dimensions of R , and its

prolongations D
rR can be computed with stable numerical methods, such as the

SVD, as can the dimensions of the extended symbols S
[ℓ]

D
rR , for 0≤ ℓ≤ r . The

dimensions of the projections πℓ
D

rR can then be determined using (4.14). Alter-

natively, bases for the projections and prolongations must actually be computed, as

in other approaches [25].

Note the following two special cases (Proposition 4.2.3 and Theorem 4.2.4)

which enable involutivity of the symbol to be tested in a stable manner, using the

SVD together with (4.13) and (4.14).



108 Scott, Reid, Wu, Zhi

Proposition 4.2.3. (Reid [24]) For n = 2 , the symbol of R is involutive if dim

SDR = dim SR.

Theorem 4.2.4. (Reid and Zhi [23]) Let R be a q-th order system of linear ho-

mogeneous PDE R corresponding to a zero dimensional polynomial system P ⊂
F[x1,x2, . . . ,xn] . Then, R is projectively involutive at prolongation order r and pro-

jected order ℓ if and only if πℓ(DrR) satisfies the Projected Elimination Test (of

Definition 4.2.1) and the Involutive Symbol Test:

dimπℓ
D

rR = dimπℓ+1
D

rR. (4.17)

In other cases, it is desirable to avoid unstable Gaussian elimination to determine

involutivity of the symbol. Next, in Section 4.2.2, we describe a method based on

approximate pivot columns to compute the indices and Cartan characters. Alter-

native approaches include using Spencer Cohomology or numerical approaches to

Castelnuovo-Mumford regularity [16].

4.2.2 Approximately Involutive Systems

In this section, we provide the definition, and give an example, of an approximately

involutive system. To do this, an approximately involutive symbol is defined in terms

of approximate indices and Cartan characters, which correspond to pivot columns

of an approximate matrix.

Suppose we have A ∈ Fm×n , where F is either R or C . Let A[1..m,1.. j] , for

1≤ j ≤ n , be the m× j sub-matrix consisting of columns 1 through j of A .

Remark 4.2.5 (Exact pivot columns). The linear independence/dependence rela-

tions between columns of a matrix A and those of the reduced row echelon form

of A are the same. From the reduced row echelon form of A , one can see that each

non-pivot column is dependent only on the pivot columns which appear to its left.

So, if rank(A[1..m,1..k]) = rank(A[1..m,1..k−1]) , then the kth column of A is lin-

early dependent. Otherwise, rank(A[1..m,1..k]) = rank(A[1..m,1..k− 1]) + 1, and

the kth column is a pivot column.

For what follows, the notions of τ -rank and ε -rank are used. These are de-

scribed, in terms of the singular value decomposition, in the Appendix, and are

used to make the following definitions.

Definition 4.2.6 (ε -pivot columns, τ -pivot columns, and the exact pivot condi-

tion). The column Ak of A is a τ -pivot column, or approximate pivot column, if

rankτ(A[1..m,1..k]) = rankτ(A[1..m,1..k−1])+1, for some specific tolerance τ . If

τ = ε , then the ε -pivot columns may be called exact pivot columns. If the τ -pivot

and exact pivot columns of A are the same, we then say that it satisfies the exact

pivot conditions.
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A simple method [6, 24] to determine the approximate pivot columns of A is to

compute, in sequence and using the SVD, the ranks, rτ , of A[1..m,1] , A[1..m,1..2] ,
. . . , A[1..m,1..n] . (For large matrices this procedure is rather expensive, however

improvements can be made.) A method, for computing a nearby (structured) matrix

which satisfies the exact pivot conditions can be found in [24]. In that work, it was

referred to as the STLS-RREF, as it made use of the structure-preserving method

STLS [12] for computing nearby linearly structured matrices.

Definition 4.2.7 (Approximate indices and Cartan characters). Let R be an ap-

proximate polynomial system with order q . Then, for a given tolerance τ , β (k) is

the number of class k , τ -pivot columns in SR , and α(k) = Nq−β (k) is the num-

ber of class k , τ -dependent columns in SR . We will call these the approximate

indices, or τ -indices and approximate Cartan characters, or τ -Cartan characters.

An approximately involutive systems and an approximately involutive symbol are

then identical to their exact counterparts (Definition 4.2.1), except that ranks are

replaced by τ -ranks, and indices by τ -indices.

We conclude this section with an example (some finer details of which can be

found in [24]).

Example 4.2.8. Consider the system R = {ux,x − uy,ux,y − uz} (from

Seiler [25]).

r = 0 r = 1 r = 2 r = 3

ℓ = 0 8 12 16 20

ℓ = 1 4 7 10 13

ℓ = 2 1 4 7 10

ℓ = 3 1 4 7

ℓ = 4 1 4

ℓ = 5 1

Fig. 4.1 Table of dim πℓ
D

rR for R = {ux,x−uy,ux,y−uz} .

From the dimensions in the table of Figure 4.1, and using the ranking

z ≻ x ≻ y for the calculation of ∑kβ (k) , it can be verified that πDR passes the

Projected Elimination Test and Involutive Symbol test of Definition 4.2.1. Thus,

πDR is involutive.

To each polynomial in P = φ−1(R) , a perturbation: a random, dense polynomial

of degree 2, with coefficients approximately of order 1× 10−8 , was added. The

new, approximate system, we call R̃ . For SVD tolerances approximately in the range

τ = 1×10−8 to τ = 1×10−1 , the table of dimensions for the exact system, given

in Figure 4.1, was recovered.

Next, to check if ∑kβ (k) (for SπDR̃ ) is approximately equal to

rank SπD
2R̃ , the indices (for SπDR̃ ) are computed by determining the approx-

imate pivots of DM̃ . The ranking: z ≻ x ≻ y , is chosen, and with τ ≈ 1× 10−7 ,

the approximate pivots of DM̃ , which correspond to order 2 derivatives, appear in

columns associated with:
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uy,y, ux,y, and ux,x, (4.18)

which are class 3, 2, and 2 derivatives, respectively. Thus, approximately, for

SπDR̃ :

∑kβ (k) = 1∗0+2∗2+3∗1 = 7. (4.19)

So, πDR̃ is approximately involutive if rank SπD
2R̃ is also approximately

equal to 7. Using the formula (4.13), and the SVD again with τ = 1× 10−7 , rank

SπD
2R̃≈ 7.

So, both conditions: πD
2R̃ = ∑kβ (k) (for SπDR̃ ), and dim πDR̃ = dim

π2
D

2R̃ , are (approximately) satisfied. Thus, πDR̃ is approximately involutive.

4.2.3 Nearby Systems: Structure and Convergence

Unfortunately, using the SVD to determine if a system is approximately involutive

does not guarantee the existence of a nearby exactly involutive system. Our main

concern is that the SVD gives us definite information about nearby matrices which

are not guaranteed to lie on the necessary structured matrix classes, which we begin

to describe now.

An entire system, of PDE or polynomials, may be embedded in a class:

R(a) = M(a) u
q

or P(a) = M(a) x
q
. (4.20)

Here, M(a) is a matrix with some specific structure, and a = (a1,a2, . . . ,as) is a

list of parameter which takes the form a0 = (a0
1,a

0
2, . . . ,a

0
s ) ∈ Fs for a particular

member M(a0) ∈M(a) .

Even if a given system is embedded a class with a minimal amount of structure,

there are certain operations which will introduce a higher level of structure into the

problem. One of them is prolongation of R(a) to form:

DR(a) = DM(a) u
q+1

, D
2R(a) = D

2M(a) u
q+2

, . . . . (4.21)

The following example will help to clarify what we mean by matrix structure which

is induced by prolongations.

Example 4.2.9. The system:

P(a) = {a1x2 +a2xy+a3y2 +a4x+a5y+a6, b1x2 +b2xy+b3y2 +b4x+b5y+b6}

can represent any degree 2 polynomial system of 2 equations in n = 2 variables.

However, the structure of the prolongation is seen very clearly through its related

matrix, DM(a) . That is:
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DP(a) = P(a)∪ xP(a)∪ yP(a) (4.22)

= DM(a) x
3

=

⎛
⎜⎜⎜⎜⎜⎜⎝

a1 a2 a3 0 a4 a5 0 a6 0 0

b1 b2 b3 0 b4 b5 0 b6 0 0

0 a1 a2 a3 0 a4 a5 0 a6 0

0 b1 b2 b3 0 b4 b5 0 b6 0

0 0 0 0 a1 a2 a3 a4 a5 a6

0 0 0 0 b1 b2 b3 b4 b5 b6

⎞
⎟⎟⎟⎟⎟⎟⎠

x
3
.

We see that DP(a) contains four degree 3 polynomials, each of which cannot rep-

resent just any degree 3 bivariate polynomial. Certain coefficients must necessarily

be equal to zero. Furthermore, these equations are now related to each other, and to

those of P(a) , through the parameters a = (a1, . . . ,a6,b1, . . . ,b6) . Upon prolonga-

tion, the system has gained structure.

Suppose a0 = (a0
1,a

0
2, . . . ,a

0
s ) ∈ Fs . By Theorem 4.0.1, we know that, for the

matrix M(a0) ∈M(a) and a given non-negative integer r , the SVD can be used to

construct a nearest matrix, M̃ =U Σ̃V t , with exact rank r . It is also well-known that,

although M̃ will have exact rank r , it is likely to no longer belong to the structured

class M(a) . Numerous methods have been proposed for computing a nearby rank r

matrix, M(a f ) , such that a0 and a f are reasonably close. This remains an important

area of research. We have found STLS [12] useful to carry out experiments and

produce our examples involving convergence.

Example 4.2.10. Again, consider the system from Seiler [25]:

R = {ux,x−uy,ux,y−uz}, (4.23)

for which, in Example 4.2.8, it was shown that πDR̃ is approximately involutive.

We now change our notation, for the perturbed system R̃ , to R(ã0) . Here, R(ã0) is

embedded in a 20 parameter class, R(a) (with one parameter for every coefficient

of each order 2 equation):

R(a) =

(
a1 a2 a3 a4 a5 a6 a7 a8 a9 a10

a11 a12 a13 a14 a15 a16 a17 a18 a19 a20

)
u
2

. (4.24)

See [24] for details on the following result: in one iteration, the STLS-RREF

method, applied to the structured matrix DM(ã0) , converged to a nearby structured

matrix DM(ã f ) for which πDR(ã f ) was found to be exactly involutive. That is,

the system πDR(ã f ) passed both the Elimination Test and Involutive Symbol Test

with tolerance τ set to near working precision. Moreover, ‖M(ã f )−M(ã0)‖2 ≈
1.44×10−8 .

We note that, for a given system, the problem of (non)existence of nearby involu-

tive systems is not yet decidable, as our methods are not guaranteed to converge. A

deeper understanding of the structure and surroundings of these systems is required.
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4.3 The Hilbert Function

The Hilbert polynomial is an important tool for gaining insight into the solution

space of (approximate) polynomial systems. Moreover, it is fundamental to the de-

velopment of our methods for approximate ideal membership testing and approx-

imate Gröbner basis computation, which will be described in Sections 4.4.1 and

4.4.2. In this section, we describe the connection between the Hilbert function and

involutive systems.

4.3.1 Definition and Key Properties

Let F[x1,x2, . . . ,xn]≤q and I≤q denote the sets of all of polynomials of total degrees

no more than q in F[x1,x2, . . . ,xn] and I , respectively. Each of the following two

forms of the Hilbert function will be used. First, what is often referred to as the affine

Hilbert function, considers the dimensions of the vector spaces F[x1,x2, . . . ,xn]/I≤q ,

for all q≥ 0. That is,

Θ aff
I (q) = dim F[x1,x2, . . . ,xn]≤q−dim I≤q. (4.25)

Secondly, we will also require what is often called, simply, the Hilbert function,

which can be written in terms of the affine Hilbert function:

ΘI(q) =Θ aff
I (q)−Θ aff

I (q−1). (4.26)

Thus, the affine Hilbert function counts, collectively, the polynomials in the set

F[x1,x2, . . . ,xn]≤q which are not in I≤q , whereas the Hilbert function is concerned

with only those elements whose total degree is exactly equal to q .

It is known that, for q large enough, the Hilbert function stabilizes in what is

called the Hilbert Polynomial, Paff
I (q) or PI(q) . One useful property of the affine

Hilbert polynomial is stated as the following theorem (for example, see [5], for

details).

Theorem 4.3.1. Let I ⊂ F[x1,x2, . . . ,xn] be a polynomial ideal and V (I) ⊂ Cn be

its variety. Then, dim V (I) = degree Paff
I (q) .

4.3.2 Connection with Involutive Systems

It is not difficult to show that if a qth order polynomial system P passes the Elim-

ination Test of Definition 4.1.7 (or, equivalently, the Projected Elimination Test of

Definition 4.2.1), then the dimensions of P and its prolongations D
rP satisfy the

affine Hilbert function. That is:
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Θ aff(q) = dimD
rP, (4.27)

for all r ≥ 0. The following proposition states that if a system is involutive, then it

immediately, without need of prolongation, satisfies not only the Hilbert function,

but also the Hilbert polynomial.

Proposition 4.3.2. (Seiler [26]) Let the system P ⊂ F[x1,x2, . . . ,xn] be involutive

and have total degree q. Let I be the ideal generated by the polynomials in P.

Then, for r ≥ 0 ,

PI(q+ r) =
n

∑
j=1

(r+ j−1
r )α

( j)
q . (4.28)

To connect the Hilbert polynomial with projected involutive systems, suppose

that πℓ
D

rP is projectively involutive with order q . Then, the Hilbert polynomial

takes the forms:

P
aff
I (q+ s) = dim πℓ

D
r+sP (4.29)

and

PI(q+ s) = dim Sπℓ
D

r+sP. (4.30)

Again, note that using (4.14) and (4.13), the SVD can be used to compute the di-

mensions of the Hilbert polynomials (4.29) and (4.30).

Remark 4.3.3. In the approximate case, to use Equation (4.28), one could consider

computing the Cartan characters of the involutive system πℓ
D

rP by applying the

approximate pivot columns method (Section 4.5.3) to the matrices D
rM . Alterna-

tively, if the affine Hilbert polynomial has degree d , then the d + 1 prolongations:

dim πℓ
D

r+sP , for 0≤ s≤ d , are sufficient for its interpolation.

4.3.3 A Motivational Example

Example 4.3.4. Consider the polynomial system

P = {xy− z,x2− y,y2− xz}, (4.31)

and let I be the ideal generated by P . Under the ordering ≻tdeg(z≻x≻y) , the Gröbner

basis of I is:

G = {y3− z2,zx− y2,x2− y,xy− z}. (4.32)

The Hilbert polynomial,

P
aff
I (q) = 3q+1, (4.33)

computed from G , has degree 1. This means that the variety of P contains a one-

dimensional component. To illustrate a likely effect of measurement errors, random

perturbations are added to the coefficients of P to form
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P̃ = {1.00xy− z− (0.97x2−0.38xz−0.51z2 +0.59yz+0.39y2)×10−8,

1.00x2− y− (0.39xz+0.76xy+0.98z2 +0.47yz−0.53y2)×10−8,

1.00y2−1.00xz+(0.34x2 +0.21xy−0.64z2 +0.75yz)×10−8},

which now generates the ideal Ĩ . Current methods can compute a Gröbner basis for

Ĩ if the coefficients are converted into rational numbers. Doing this, the Gröbner

basis, computed in Maple 10, contains integer coefficients exceeding 1200 digits!

The Hilbert Polynomial,

P
aff
Ĩ

(q) = 8, (4.34)

is constant, meaning that the ideal is zero dimensional - the variety is nothing more

than a set of isolated points. Important structure has been destroyed.

4.4 Applications

4.4.1 Ideal Membership

Previously, in Section 4.3.2, it was described how the Hilbert function can be com-

puted using involutive systems. Later, we show that an involutive system is not

necessarily a Gröbner basis, but may be prolonged to contain one. However, with

Proposition 4.4.1, below, we have the following result: ideal membership is decid-

able without first (explicitly) computing a Gröbner basis.

Let I = 〈p1, . . . , pm〉 be the ideal generated by the elements of a set of polyno-

mials P = {p1, . . . , pm} ⊂ F[x1,x2, . . . ,xn] . Using the Hilbert function, it is possible

to decide whether an arbitrary polynomial f ∈ F[x1,x2, . . . ,xn] lies in I . We let J

denote the ideal 〈 f , p1, . . . , pm〉 .
Suppose f belongs to the ideal I . Then, I = J and so the Hilbert polynomials of

I and J are identical.

Conversely, suppose that f is not a member of the ideal I . Let G be a Gröbner

basis for P . The normal form of f , with respect to this Gröbner basis, has a lead-

ing term which is not divisible by the leading terms of any element of G . Thus,

〈LT (J)〉� 〈LT (I)〉 , which means that Paff
J (q) �= Paff

I (q) .

The following proposition follows from the above discussion.

Proposition 4.4.1. Let P = {p1, . . . , pm} ⊂ F[x1,x2, . . . ,xn] be a set of polynomials.

Then, an arbitrary polynomial f ∈ F[x1,x2, . . . ,xn] belongs to the ideal 〈p1, . . . , pm〉
if and only if Paff

〈p1,...,pm〉(q) = Paff
〈 f ,p1,...,pm〉(q) .

The following algorithm decides ideal membership. In the approximate case, it

becomes a method to test approximate ideal membership.
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Algorithm 4.4.2.

INPUT: P = {p1, . . . , pm} and f ∈ F[x1,x2, . . . ,xn]
OUTPUT: “ f ∈ I” or “ f /∈ I”

Q := { f}∪P

R := InvolutiveSystem(P)
S := InvolutiveSystem(Q)
P〈p1,...,pm〉(q) := HilbertPolynomial(R)
P〈 f ,p1,...,pm〉(q) := HilbertPolynomial(S)
if P〈 f ,p1,...,pm〉(q) = P〈p1,...,pm〉(q)

return “ f ∈ I”

else

return “ f /∈ I”

In the case of approximate systems, the Hilbert polynomials can be computed

as outlined in Remark 4.3.3. Progress towards approximate membership testing has

been made using this method [21, 30]. We mention that there is a detailed example

of a positive approximate membership test, and convergence to a nearby ideal for

which membership is exact, which can be found in ([30], Example 8.2: Polynomial

Ideal Membership).

4.4.2 Gröbner Bases for Polynomial Systems

For a given system P ⊂ F[x1,x2, . . . ,xn] , let I be the ideal which its elements gen-

erate. We will use the following terminology. We say that P implicitly contains a

Gröbner basis if F -linear combinations of members of P yield a Gröbner basis for

I . Now, for any given ideal I , it is obvious that if one prolongs far enough, then a

Gröbner basis will implicitly be contained in the extended set of polynomials. The

difficulty in that approach is that one would not know when to stop the prolongation

process!

Key to our development is an observation of Macaulay [15]. That is, under a total

degree ordering, the vector spaces I≤q and 〈LT (I)〉≤q have the same dimensions.

Thus, the Hilbert functions of an ideal, I , and the ideal generated by its leading

terms, 〈LT (I)〉 , are identical.

By the Cartan-Kuranishi prolongation theorem, there is an involutive system, P′ ,
whose elements also generate I . Additionally, the dimensions of the prolongations

of P′ respect the Hilbert polynomial. So, if we have an involutive system P′ , the

next natural question to ask is if 〈LT (P′)〉 has the same Hilbert polynomial as P′ (as

this is a requirement for P′ to be a Gröbner Basis for I ). Unfortunately, the answer

to this question is: not necessarily. However, we do have the following result.

Proposition 4.4.3. (Scott [24]) Let P ⊂ F[x1,x2, . . . ,xn] be involutive, I the ideal

which its elements generate, and ≻tdeg be a fixed total degree monomial ordering.

Then:
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1. The kth prolongation, D
kP, implicitly contains a ≻tdeg -Gröbner basis for I if

and only if Paff
M

(q) = Paff
I (q) , where M is the monomial ideal generated by

the leading terms, under ≻tdeg , of D
kP.

2. In the special case where I is a zero-dimensional ideal, then from involution, it

requires zero prolongations to implicitly contain any ≻tdeg -Gröbner basis.

Moreover, if D
kP does implicitly contain a ≻tdeg -Gröbner basis for I , then the

equations of this basis can be taken as those which correspond to the reduced row

echelon form of the matrix associated with D
kR.

Algorithm 4.4.4, below, computes a Gröbner basis for an exact polynomial sys-

tem, from an involutive system, using the Hilbert polynomial. In the approximate

case, it becomes a method to test for an approximate Gröbner basis.

Algorithm 4.4.4.

INPUT: A monomial order ≻tdeg and P = {p1, p2, . . . , pm}
OUTPUT: A ≻tdeg -Gröbner Basis G for I = 〈p1, p2, . . . , pm〉
R := InvolutiveSystem(P)
PI(q) := HilbertPolynomial(R)
M := 〈LeadingMonomials(R,≻tdeg)〉
PM(q) := HilbertPolynomial(M)
repeat

R := DR

M := 〈LeadingMonomials(R,≻tdeg)〉
PM(q) := HilbertPolynomial(M)

until PM(q) = PI(q)
return G := Basis(R,≻tdeg)

For approximate systems, the sub-algorithms of Algorithm 4.4.4 will take dif-

ferent forms than for the exact case. In particular, they are replaced with their ap-

proximate counter-part methods. Furthermore, at each step, the named object is not

actually computed, but the approximate one is instead detected. The final step re-

quires iteration to a nearby exact system. We briefly describe the process below.

1. [ApproximatelyInvolutiveSystem(P )] Given P and a tolerance τ , the method de-

scribed in Section 4.2.2 may be used to detect a nearby system πℓ
D

rR which is

exactly involutive.

2. [ApproximateHilbertPolynomial(R )] This may either be interpolated from the τ -

dimensions of a number of prolongations of πℓ
D

rR . Alternatively, (4.28) may

be used, after determining the Cartan characters using τ -dependent columns.

3. [ApproximateLeadingMonomials(M,≻tdeg )] With Sπℓ
D

rR ordered as to re-

spect ≻tdeg the leading monomials may be computed using τ -pivot columns.

4. [ApproximateHilbertPolynomial(M )] The monomials are exact objects, and thus

there is no ambiguity in M or in the ideal they generate. So, none also in the

Hilbert polynomial of that ideal. However, these leading monomials are only

approximate leaders, and so we call the Hilbert polynomial of M approximate
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as well. Still, since the monomials are exact, this approximate Hilbert polynomial

may be computed as for the exact case.

5. [Basis(R,≻tdeg )] Suppose that, at this point, the initial approximately involutive

system R := πℓ
D

rR(a0) has been prolonged k times, so that we have assigned

R := πℓ
D

r+kR(a0) . To extract a basis from πℓ
D

r+kR(a0) , iteration is required

to a nearby system, πℓ
D

r+kR(a f ) , which:

• Is exactly (projectively) involutive.

• Satisfies the exact pivot conditions of Definition 4.2.6.

For the iteration to the nearby exact system, we use STLS-RREF method [24]

on Dr+kM(a0) . The RREF of Dr+kM(a f ) is then completed using Proposition

4.4.5 (below). The sub-matrix corresponding to πℓDr+kM(a f ) can then be easily

extracted. The resulting set of equations can then be inter-reduced to form the

exact reduced Gröbner basis of the ideal which is generated by the polynomials

P(a f ) .

(We note that, in addition to D
r+kP(a f ) being exactly involutive, the ex-

tra criterion, that the exact pivot conditions be satisfied, requires the matrix

D
r+kM(a f ) to have an additional layer of structure. Hence, the nearest system

D
r+kP(a f

1) , which is exactly involutive may be closer than the nearest exactly

involutive system D
r+kP(a f

2) which also contains an exact Gröbner basis.)

Proposition 4.4.5. (Dayton [6], Scott [24]) Suppose that the matrix A ∈ Fm×n has

rank r and pivot columns Ai1 ,Ai2 , . . . ,Air . Then the nonzero rows of the reduced

row echelon form of A can be written as:

Ŵ−1W, (4.35)

where the rows of W form a basis for the Row Space of A, and Ŵ is the square

matrix formed with columns i1, i2, . . . , ir of W .

Note that, in the above proposition, the first r rows of the matrix V t from the sin-

gular value decomposition A = UΣV t provide a basis W for the Row Space of A .

Also, the matrix Ŵ , has full rank, r . Moreover, as Ŵ is square, the SVD can also

be used to compute its (exact) inverse: Ŵ−1 = VΣ−1U t , from Ŵ = UΣV t , where

Σ−1 is easily formed by inverting each singular value on the diagonal of Σ .

In some cases, for a particular choice of ordering, the approximate pivot columns

may give information about nearby systems. It is possible that instability in the

Gröbner basis or, perhaps, (non)existence of a nearby exact Gröbner basis, under

this ordering, may be reflected in, for example, in the conditioning of the matrix

Ŵ . If this situation does occur, we suggest either an alternate variable ordering,

or a random linear change of variables to improve the stability of the approximate

Gröbner basis method.

By these methods, using involutive systems and the Hilbert polynomial, our goal

is to iterate to nearby higher-dimensional polynomial systems. We note that, since

we have the degree of the (approximate) Hilbert polynomial, we thus know the
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dimension of the highest-dimensional component in V (I) . However, we have no

information about the underlying components. (See [13] for progress on this issue.)

We conclude this section by sketching the steps and results of an approximate

Gröbner basis computation. More details of this example appear in [24].

Example 4.4.6. Consider Seiler’s system [25]:

P = φ−1(R) = {xy− z, x2− y}, (4.36)

which, with the ordering z≻tdeg x≻tdeg y , has reduced Gröbner basis:

G = {y3− z2,zx− y2,x2− y,xy− z}. (4.37)

We form the perturbed system:

P̃ = φ−1(R̃) = {xy− z+δ p1, x2− y+δ p2}, (4.38)

where δ p1 and δ p2 are random, dense polynomials of degree 2, with coefficients

all around the order of 10−8 .

It can be shown that πDR is involutive, and that the Hilbert Polynomial of I =
〈xy− z,x2− y〉 is:

P
aff
I (q) = 3q+1. (4.39)

Additionally, πDR̃ , is approximately involutive, for τ ≈ 1×10−8 , and the approx-

imate Hilbert polynomial of Ĩ = 〈xy− z+δ p1,x
2− y+δ p2〉 is:

P
aff
Ĩ

(q)≈ 3q+1. (4.40)

To determine if πDP̃ contains an approximate Gröbner basis for Ĩ , under the

monomial ordering z ≻tdeg x ≻tdeg y , we proceed as follows. Computing the ap-

proximate pivots of degree ≤ 2 in DM̃ , which will correspond to the leading terms

of πDP̃ , we find that the monomial ideal generated by the leading terms of πDP̃

is:

M = 〈zx,x2,xy〉. (4.41)

The Hilbert polynomial of M is:

P
aff
M

(q) = 1
2
(q2 +3q+4), (4.42)

which does not agree with (4.40). So, πDP̃ does not contain an approximate

Gröbner basis for Ĩ , and must be prolonged. We take one prolongation step, and

compute the approximate pivots of order ≤ 3 in D
2M̃ to find the leading terms of

πD
2P̃ . A new leading term: y3 , is uncovered, with which the previous leading term

ideal is augmented to form:

M = 〈zx,x2,xy,y3〉, (4.43)

for which:
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P
aff
M

(q) = 3q+1. (4.44)

Since Paff
M

(q) = Paff
Ĩ

(q) , then πD
2P̃ contains an approximate Gröbner basis for

Ĩ . The final step is to compute a nearby basis for πD
2P̃ .

The system P from Equation (4.36) is embedded in the 20 parameter class of

(4.24) of Example 4.2.10. Now, the system (4.38) will be referred to as P(ã0) =

φ−1R(ã0) . Prolonging twice, we form D
2P(ã0) . In one iteration of STLS-RREF,

we converge to a nearby system: D
2M(ã f ) , for which ‖D2M(ã f )−D

2M(ã0)‖2 ≈
1.442×10−8 and ‖M(ã f )−M(ã0)‖2≈ 1.100×10−8 . Now, with tolerances around

working precision, we find that πDR is exactly involutive.

By interpolation, using the now exact dimensions of πDR(ã f ) and its prolonga-

tions, we have Paff

I(ã f )
(q) = 3q+1. Additionally, the monomial ideal, M , generated

by the leading terms of πD
2P(ã f ) , which correspond to the exact pivots of order

3 and less in D
2M(ã f ) , is the same as the one of Equation (4.43). Thus, since

Paff
M

(q) matches Paff

I(ã f )
(q) , then πD

2P(ã f ) is an exact Gröbner basis for I(ã f ) .

The final step is to complete the RREF of πD
2M(ã f ) , using Proposition 4.4.5.

After this, the equations of degree ≤ 3, which form a basis for πD
2P(ã f ) , are

extracted. They are then inter-reduced by removing polynomials with redundant

leading monomials.

We are left with the z≻tdeg x≻tdeg y Gröbner basis for I(ã f ) :

G = { 1.000y3−1.000z2− (1.206zy+1.113y2−1.160z)×10−8,

1.000zx−1.000y2− (0.811zy−0.688z+0.580x−0.369y)×10−8,

1.000x2−1.000y− (1.162z−0.170x+0.375)×10−8,

1.000xy−1.000z− (0.811y2 +0.744x+0.518y−0.580)×10−8 }.

4.5 Appendix

4.5.1 The SVD, ε -Rank, and τ -Rank

In applications involving polynomial systems, coefficients are often inferred from

inaccurate data. For linear systems, analysis based on the singular value decompo-

sition will likely reveal two ranks of interest: that which is defined by a computer’s

working precision, and another which depends on the number of digits of accuracy

which is believed to be held by the approximate data. These two levels are made

clearer in the following discussion.

Given A ∈ Fm×n , where F is either R or C , one can compute its Singular Value

Decomposition:

A = UΣV t , (4.45)
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where U ∈ Fm×m , and V ∈ Fn×n are orthogonal, and Σ ∈ Fm×n is diagonal. The

diagonal elements of Σ , denoted by σ1,σ2, . . . ,σmin(m,n) , are called the singular

values of A . The following are some well-known and useful properties of U , V ,

and Σ :

• The rank of A is precisely the number of its nonzero singular values.

• If the rank of A is r , then the first r rows of V t form a basis for the row space

of A .

• The last n− r columns of V form a basis for the null space of A .

Definition 4.5.1 (ε -rank and τ -rank). Suppose that we are given some matrix A ∈
Fm×n , where F is either R or C .

1. Let the ε -rank of A be the number of its “nonzero” singular values. That is, those

which are greater than the working precision, ε . We will also use the notations

rε and rankε(A) .

2. Let the τ -rank of A be the number of its singular values which are greater than

some reasonable tolerance, τ . Again, we will, at times, denote it by either rτ or

rankτ(A) .

Finally, recall Theorem 4.0.1 which, given a rank rε matrix A , provides a dis-

tance to an existing singular system, Ã , of rank rτ . Additionally, the theorem de-

scribes how to compute such nearby matrix.

4.5.2 STLS

In this section, we provide a short description of the setup for STLS [12] and other

methods (for example, [19]) which consider matrices with a linear structure:

M(a) =
s

∑
j=1

a jM j. (4.46)

Consider a matrix M(a0) ∈M(a) which has had its rank condition destroyed by

some sort of measurement error in this particular set of parameters, a0 . Usually,

it happens to be that rε > r := rτ . Let A(a) ∈ Rm×r be a matrix formed with r

columns of M(a) , and let B(a) ∈ Rm×d be the matrix formed from the remaining

d := n− r columns. To begin, M(a0) has less than d dependent columns. So, the

following system has no exact solution X ∈ Rr×d . Instead,

A(a0)X ≈ B(a0) (4.47)

may be only approximately solved. The common goal of these methods is to find a

nearby set of parameters a f such that the matrix M(a f ) has rε = r := rτ , and so

lies on Mr(a) . In other words, the system:
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A(a f )X = B(a f ) (4.48)

has an exact solution.

Obviously, successful convergence is heavily dependant on the partitioning of

the columns of M(a) into the left-hand side, A(a) , and the right-hand side, B(a) .

A bad choice might forbid convergence, if the columns of B(a) are not in the range

of those of A(a) , for any values of the parameters. Alternatively, it might cause the

system to converge to one which is either very far away, or whose rank is even lower

than what had been desired.

Many applications admit single right-hand side (rank deficiency 1) problems. In

that case, although it is still important to choose a good column for B(a) ∈ Rm×1 ,

there are only n possible columns to try. The multiple rank-deficiency problem is

much more difficult. In practice, and especially for large problems, it is extremely

difficult to select a good left-hand side from all (n
r ) possibilities for A(a) . The

method of numerically identifying the τ -pivot columns, described in Section 4.2.2,

has been useful here: construct A(a) from the r = rτ approximate pivot columns,

and B(a) from the remaining d approximately dependent columns.

The usual way of dealing with a multiple right-hand side problem [19], is to

reformulate Equation (4.47) as:

Diag(A(a0))x≈ b(a0), (4.49)

where Diag(A(a)) is a (d ·m)×(d ·n) diagonal matrix with A(a) as the d diagonal

blocks, and b(a) is a d ·m element vector formed by stacking the columns of B(a)
on top of each other. Now, every column of B(a) is still in the range of the matrix

A(a) .

4.5.3 STLS-RREF

Notice that Equation (4.49) is not good enough for the problem of “creating” exact

non-pivot columns. (That is, where the τ -pivot columns make up Diag(A(a0)) and

the τ -dependent columns form b(a0) .) As such, each column of B(a f ) could quite

likely be a linear combination of all columns of A(a f ) . This is not desirable.

We make the following improvement [24]. Reformulated for the RREF problem,

the equation:

Diag(Ak(a
0))x≈ b(a0), (4.50)

is such that the kth diagonal block, Ak(a) , now consists only of however many

pivot columns appear to the left of the non-pivot column bk(a) . (In total, there are

still d diagonal blocks.) We use Equation (4.50) along with our implementation of

STLS, whose purpose is to find a nearby a f for which Diag(Ak(a
f ))x = b(a f ) , has

an exact solution. In this way, the numerical pivot identification method of Section

4.2.2 can be used to achieve convergence in STLS. In turn, STLS can be used to

find a nearby M(a f ) for which the columns of A(a f ) and B(a f ) are, respectively,
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the exact pivot and non-pivot columns of RREF(M(a f )). Together, we call this the

STLS-RREF method. Other methods may work, in place of STLS, but we have not

experimented with their implementations.

Example 4.5.2. Consider the following class of matrices:

M(a) =

⎛
⎜⎜⎝

a1 a2 a3 a4

a5 a6 a7 a8

a9 a10 a11 a12

a13 a14 a15 a16

⎞
⎟⎟⎠ . (4.51)

Say, for a given set of values a0 for the parameters, the columns 1 and 3 are the

τ -pivot columns of M(a0) . We want to converge to a nearby matrix whose ε -pivot

columns are the 1st and 3rd . The following would be the input structure in STLS-

RREF:

Diag(Ak(a)) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1 0 0

a5 0 0

a9 0 0

a13 0 0

0 a1 a3

0 a5 a7

0 a9 a11

0 a13 a15

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, b(a) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a2

a6

a10

a14

a4

a8

a12

a16

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (4.52)

STLS would then be applied to Diag(Ak(a
0)) and b(a0) , and would search for a set

of values a f so (4.50) is satisfied exactly. Finally, one can use Proposition 4.4.5 to

compute the two nonzero rows of the (exact) RREF of M(a f ) .

Finally, note that the STLS-RREF method can keep additional structure in the

matrix M(a0) . That is, in the output system, M(a f ) , relationships between the pa-

rameters will be preserved. We can then use Proposition 4.4.5 to compute the RREF

of the (possibly structured) matrix M(a f ) , which now has exact pivot columns (as

in Definition 4.2.6).
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Chapter 5

Regularization and Matrix Computation in
Numerical Polynomial Algebra

Zhonggang Zeng

Abstract Numerical polynomial algebra emerges as a growing field of study in

recent years with a broad spectrum of applications and many robust algorithms.

Among the challenges we must face when solving polynomial algebra problems

with floating-point arithmetic, the most frequently encountered difficulties include

the regularization of ill-posedness and the handling of large matrices. We develop

regularization principles for reformulating the ill-posed algebraic problems, derive

matrix computations arising in numerical polynomial algebra, as well as subspace

strategies that substantially improve computational efficiency by reducing matrix

sizes. Those strategies have been successfully applied to numerical polynomial

algebra problems such as GCD, factorization, multiplicity structure and elimination.

Introduction

Accelerated by the advancement of computer algebra systems (CAS), symbolic

algebraic computation has enjoyed tremendous success since the advent of the

Gröbner basis and continues to be a driving force in computational commutative

algebra. The abundance of algorithms along with the depth and breadth of the

theories developed over the years for algebraic computation sets a solid founda-

tion for numerical polynomial algebra, which emerges as a rapidly growing field of

study in recently years. Pioneered by Li [57], Sommese [82] and others, numerical

polynomial system solving based on the homotopy continuation method has set the

standard in efficiency as well as robustness, and enters the stage of expansion into

numerical algebraic geometry as a new field [81]. Meanwhile, numerical polyno-

mial algebra emanating from fundamental numerical analysis and numerical linear
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algebra has also thrived in theory and problem solving, as presented in Stetter’s re-

cently published textbook [84] and evidenced by healthy development of software

(cf. [86]).

In comparison to symbolic computation, numerical computation and approxi-

mate solutions offer substantial advantages in many areas and come with drawbacks

in other aspects. Computing numerical solutions in many cases may be inevitable

due to lack of alternatives, such as locating roots of a polynomial with a degree five

or higher. Even in those cases where exact solutions are available, approximate so-

lutions may make better sense and go deeper in revealing the physical nature. For a

simple example, the exact GCD (greatest common divisor) of the polynomial pair

{
f (x) = 3x3−9.2426x2 +13.071x−10

g(x) = 1.7321x4 +2.4642x2−2.4495x3 +1.4142x−2
(5.1)

is a trivial polynomial u = 1 in symbolic computation. However, its approximate

GCD ũ = 2.000006−1.4142x+x2 along with the verifiable residual provides more

penetrating information: The given polynomial pair is a tiny distance 0.0000056

away from a polynomial pair having ũ as its exact GCD. The difference here

may mean a more desirable deblurred image restored by an approximate GCD [69]

or a meaningless blank image represented by the trivial exact GCD. Furthermore,

numerical computation tends to be more efficient in both storage and computing

time, and more suitable for large engineering problems, as evidenced by the homo-

topy continuation method for solving polynomial systems applied to kinematics (cf.

[82]).

Numerical polynomial algebra differs from symbolic computation in many as-

pects. The problem data are expected to be inexact and the computation is car-

ried out with floating-point arithmetic. Accuracy and stability, which may not be

a concern in symbolic computation, become of paramount importance in develop-

ing numerical algorithms for solving polynomial problems. A classical algorithm

that is flawless in exact arithmetic, such as the Euclidean algorithm for computing

polynomial GCD, may be prohibitively impractical for numerical computation and

vice versa. As a result, it is often necessary to develop numerical algorithms from

scratch and to employ totally different strategies from their symbolic cousins.

Even the meaning of “solution” may be in question and may depend on the ob-

jective in problem solving. The exact GCD u = 1 in (5.1) is indisputable in

symbolic computation, while the meaning of the approximate GCD has evolved in

several formulations over the years (see the remark in §5.2.2). The comparison be-

tween exact and approximate GCD is typical and common in algebraic problems

where ill-posedness is often encountered and the solution is infinitely sensitive to

data perturbations. Numerical computation which, by nature, seeks the exact solu-

tion of a nearby problem becomes unsuitable unless the problem is regularized as

a well-posed one. As it turns out, the collections of ill-posed problems form pejo-

rative manifolds of positive codimensions that entangled together with stratification

structures, as elaborated in §5.2, where a manifold is embeded in the closure of man-

ifolds of lower codimensions. Thus a tiny arbitrary perturbation pushes the problem
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away from its residing manifold, losing the very structure of the solution. Dubbed as

the “three-strikes” principle for formulating an approximate solution and removing

ill-posedness, we summarize that the approximate solution should be the exact solu-

tion of a nearby problem residing in the manifold of the maximum codimension and

having the minimum distance to the given problem. Approximate solutions with

such a formulation become viable, attainable, and continuous with respect to data.

Numerical polynomial algebra can also be regarded as having numerical linear

algebra as one of its cornerstones. Pioneered by Wilkinson [93], Golub [34], Kahan

[43] and many others around the same time of Buchberger’s work on Gröbner basis ,

numerical linear algebra flourished since 1960s with well established theories, algo-

rithms and software libraries for numerical matrix computations. One of the early

catalysts that contributed to the recent advances of numerical polynomial algebra is

the introduction of the singular value decomposition to polynomial computation by

Corless, Gianni, Trager and Watt [11] in 1995. As elaborated in §5.3, polynomial

algebra problems in numerical computation lead to matrix computation problems

such as least squares, eigenproblem and particularly, numerical rank/kernel identifi-

cation. Theories, techniques and ideas accumulated in numerical linear algebra are

rich resources for numerical polynomial algebra.

This paper surveys basic approaches and techniques in developing algorithms

for numerical polynomial algebra, emphasizing on regularizing ill-posed algebraic

problems and employing matrix computation. The approaches and techniques elab-

orated in this survey have been used in many algorithms with successful results and

implementations. As a growing field of study, theoretical advance and algorithm de-

velopment are on-going and gradually evolving. Further advancement will continue

to emerge in the future.

5.1 Notation and preliminaries

5.1.1 Notation

The n dimensional complex vector space is denoted by Cn , in which vectors

are column arrays denoted by boldface lower case letters such as a , u , v2 , etc,

with 0 being a zero vector whose dimension can be understood from the context.

Matrices are represented by upper case letters like A and J , with Cm×n denoting

the vector space consists of all m×n complex matrices. Notations (·)⊤ and (·)H

stand for the transpose and the Hermitian transpose, respectively, of the matrix or

vector (·) .

The ring of polynomials with complex coefficients in indeterminates x1, . . . ,xs

is denoted by C[x1, . . . ,xs] , or C[x] for x = (x1, . . . ,xs) . A polynomial as a

function is denoted by a lower case letter, say f , v , or p1 , etc. The collec-

tion of all the polynomials with a certain degree bound forms a vector space over

C . Throughout this paper, if a letter (say f ) represents a polynomial, then either
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[[ f ]] or the same letter in boldface (i.e. f ) denotes its coefficient vector, where the

underlying vector space and its basis are clear from the context.

5.1.2 Numerical rank and kernel

The fundamental difference between exact and numerical computation can be

demonstrated in the meaning of the matrix rank. With exact arithmetic used in sym-

bolic computation, a matrix is non-singular if and only if its determinant is nonzero.

Such a characterization of being full rank, however, is practically meaningless in

numerical computation as shown in a simple example below.

Example 5.1.1. The polynomial division is equivalent to linear system solving:

Finding the quotient q and the remainder r of a polynomial f divided by g

satisfying f = g · q + r is, in fact, solving a linear system G
[

q

r

]
= f, where

f , q and r are vector representations of f , q and r respectively, along with

a corresponding matrix G . For instance, let g(x) = x + 10 and use the standard

monomial basis for the vector representations of f , q and r . The matrix G is

G =

⎡
⎢⎢⎢⎢⎢⎢⎣

1

10 1

10
. . .

. . . 1

10 1

⎤
⎥⎥⎥⎥⎥⎥⎦

(n +1)×(n +1)

(5.2)

where n is the degree of f . The matrix G may appear benign with a full rank

and det(G) = 1. However, its 2-norm distance to a singular matrix is less than

10-n . Such a matrix with even a modest size, say n = 15, behaves the same way

as a singular matrix in numerical computation. Consequently, round-off errors in

the order of hardware precision during synthetic division can result in substantial

errors of magnitude O(1) in the coefficients of q and r (c.f. [98, §4.2.3]). The

numerical rank of G should be n , not n+1 unless n is small. ⊓⊔

Remark: Example 5.1.1 indicates that the Euclidean algorithm can be highly

unreliable in numerical computation of the polynomial GCD since it consists of

recursive polynomial division in the form of f = g ·q+r . Interestingly, polynomial

division in the form of f = g ·q , or equivalently the polynomial division in the form

of f = g · q + r combined with an additional constraint r = 0, is a stable least

squares problem. This can be seen from Example 5.1.1 by deleting the last column

from matrix G . The resulting matrix possesses a near perfect condition number

(≈ 1) with its smallest singular value larger than 9. ⊓⊔

The condition of a matrix in numerical computation depends on its distance to

the nearest rank-deficient matrices. Likewise, the numerical rank (or approximate
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rank) of a matrix depends on the (exact) ranks of its nearby matrices. If a matrix A

can have an error of magnitude θ , then the “worst” (i.e. lowest rank) matrix within

a distance θ dictates its numerical behavior. The numerical rank of A within θ ,

denoted by rank θ (A) , is thus defined as the smallest rank of all matrices within a

distance θ of A :

rank θ (A) = min
‖B−A‖2≤θ

rank (B) (5.3)

where rank ( ·) denotes the rank of matrix (·) in exact sense. Naturally, the exact

kernel K (B) of B in (5.3) is taken as the numerical kernel Kθ (A) of A within

θ :

Kθ (A) = K (B) (5.4)

where
∥∥B−A

∥∥
2
= min

rank (C )=rank θ (A)

∥∥C−A
∥∥

2
.

The numerical rank and numerical kernel of a matrix A∈Cm×n can equivalently

be defined using the singular value decomposition (SVD) [34]:

A = σ1u1vH

1 + · · ·+σnunvH

n = U

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

σ1

σ2

. . .

σn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

V H (5.5)

where σ1 ≥ σ2 ≥ ·· · ≥ σn ≥ 0 are the singular values of A , the matrices

U = [u1, · · · ,um] ∈ Cm×m and V = [v1, · · · ,vn] ∈ Cn×n

are unitary matrices whose columns are left and right singular vectors of A re-

spectively. The numerical rank rank θ (A) = k if and only if there are exactly k

singular values of A lie above the threshold θ : σk > θ ≥ σk +1 , and the numerical

kernel Kθ (A) = span{vk +1, . . . ,vn} .

Computing the exact rank rank (A) is an ill-posed problem in the sense that a

tiny perturbation can alter the rank completely if A is of rank-deficient. As a result,

the exact rank and kernel in general can not be computed in numerical computation

since round-off errors are inevitable. By formulating numerical rank and kernel

in (5.3) and (5.4) respectively, matrix rank-revealing is regularized as a well-posed

problem and becomes suitable for numerical computation. In fact, the singular value

decomposition is remarkably stable and well established in numerical linear algebra.

The sensitivity of the numerical kernel can be measured by the condition number

σ1/σk by Wedin’s Theorem [92].

On the other hand, the standard singular value decomposition can be unnecessar-

ily costly to compute. The numerical rank/kernel computation in numerical polyno-

mial algebra often involves matrices of low numerical nullities. For those matrices,

numerical ranks and kernels can be computed efficiently using a specialized rank-
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revealing method [59], which has become an indispensable component of numerical

polynomial algebra algorithms that will be discussed later in this survey. The rank-

revealing method assumes the input matrix R is in upper-triangular form without

loss of generality. Every matrix A has a QR decomposition [34] A = QR and the

numerical kernel of A is identical to that of the upper-triangular matrix R . The

following null vector finder is at the core of the numerical rank-revealing method in

[59]: ⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

set z0 as a random vector

for j = 1,2, · · · do⎢⎢⎢⎣
solve RHx = z j-1 with a forward substitution

solve Ry = x with a backward substitution

set z j = y
‖y‖2

and ς j = ‖x‖2

‖y‖2

(5.6)

The iteration in (5.6) produces sequences
{
ς j

}
and

{
z j

}
satisfying

lim
j→∞

ς j = σn and lim
j→∞

z j = vn

where σn and vn are the smallest singular value of A and the associated right

singular vector respectively. Each iterative step of the algorithm (5.6) requires a

forward substitution and a backward substitution on triangular matrices RH and

R respectively. After finding a numerical null vector z of matrix R within θ ,

insert a multiple of z on top of R to form

R̂ =

[
‖R‖zH

R

]
.

We can continue to calculate a numerical null vector ẑ of R̂ within θ . If such a

ẑ exists, it is also a numerical null vector of R orthogonal to z [59]. By updating

the QR decomposition of R̂ , we can apply the algorithm (5.6) again to find ẑ . An

orthonormal basis for the numerical kernel Kθ (A) can be obtained by continuing

this process.

Numerical rank can also be considered a generalization of the conventional rank

since rank (A) = rank θ (A) = k whenever 0 < θ < σk . A matrix A in practical

computation is usually known in a perturbed form Â = A + E where E is the

noise that can be expected to be small. Let σ j(·) denote the j -th singular value

of the matrix (·) . It is known that [85, Chapter 1, Corollary 4.31]

|σ j(A+E)−σ j(A)| ≤ ‖E‖2, j = 1, · · · ,n.

Consequently, the underlying (exact) rank rank (A) can be recovered as rank θ (A)
as long as

‖E‖2 < θ < σk(A)−‖E‖2.

In practical computation, the choice of the threshold θ is problem dependent,

and may be difficult to decide in some cases. The general rule is that θ should
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be above the expected noise magnitude ‖E‖2 and below the smallest positive

(unknown) singular value σk(A) .

The formulation of the numerical rank is intended to answer the following ques-

tion: How to find the rank of a matrix A that is under a small perturbation?

The answer is conditional: If the perturbation is sufficiently small, then the rank

of A can be recovered as rank θ (A) for a threshold slightly larger than the per-

turbation. Numerical rank-revealing would become intractable when the window

σk(A)−‖E‖2 > θ > ‖E‖2 of choosing the threshold θ disappears.

Consider Example 5.1.1 again. For any threshold θ chosen within the interval

10-n < θ < 9, the matrix G in (5.2) is of numerical rank n , or numerical nullity

1 within θ .

5.1.3 The linear and nonlinear least squares problems

Conventional solutions do not exist for an overdetermined linear system

Ax = b

when the matrix A ∈Cm×n for m > n unless, for a zero probability, the vector b

happens to be in the range of A . Instead, the least squares solution x∗ becomes

the alternative that satisfies

∥∥Ax∗−b
∥∥2

2
= min

y∈Cn

∥∥Ay−b
∥∥2

2
, (5.7)

The least squares solution is unique: x∗ = A+ b when A is of full rank, where

A+ = (AH A)-1AH is the pseudo-inverse of A .

Although solving Ax = b for its least squares solution is equivalent to solv-

ing the normal equation (AH A)x = AH b , there is a fundamental difference be-

tween symbolic computation and numerical approach from here. Solving the nor-

mal equation directly may be a natural approach using exact arithmetic. Numerical

computation, where accuracy is a concern, goes a step further by solving the first

n equations of Rx = QH b after obtaining the QR decomposition A = QR (c.f.

[34, §5.3]). Both approaches are equivalent in theory but not much so in practical

computations. It is neither wise nor necessary to construct or to solve the normal

equation as it is in numerical computation. On the other hand, the standard numeri-

cal approach of solving Rx = QH b is not attractive for symbolic computation due

to the square roots required in the QR decomposition.

Solving linear least squares solutions is essential in one of the most basic opera-

tions in numerical polynomial algebra: Polynomial division in floating-point arith-

metic. As discussed in Example 5.1.1, dividing a polynomial f by g for the

quotient q and the remainder r in the form of f = g · q + r can easily be ill-

conditioned. Consequently, the synthetic division is prohibitively unstable in nu-

merical computation. However, if the remainder is known, say r = 0, then finding
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q in the equation g ·q = f is a stable linear least squares problem

C(g)q = f (5.8)

where C(g) is the convolution matrix [17] representing the linear transformation

L : u −→ g · u between relevant polynomial vector spaces in which vectors q

and f represent q and f respectively. Equation (5.8) can be accurately solved

in numerical computation for its least squares solution, avoiding the difficulty of

synthetic division. This least squares division plays an indispensable role in many

works such as [30, 98, 102].

The least squares problem also arises in polynomial algebra (c.f. [48, 98, 102]

and Example 5.1.3 below) in a nonlinear form of solving an overdetermined system

of (nonlinear) equations

F(z) = b, z ∈ Cn (5.9)

for an analytic mapping F : Cn → Cm with m > n . Similar to the linear case,

solving (5.9) requires seeking the least squares solution z∗ defined by

∥∥F(z∗)−b
∥∥2

2
= min

y∈Cn

∥∥F(y)−b
∥∥2

2
.

The necessary condition for z∗ to be a (local or global) least squares solution is

J(z)H F(z) = 0 (5.10)

where J(z) is the Jacobian of F(z) (cf. [20, 98]). Although the global minimum

would be attractive theoretically, a local minimum is usually sufficient in practical

computations, and the local minimum is global if the residual ‖F(z∗)−b‖2 is tiny.

In principle, the least squares solution of (5.9) can be solved by many nonlinear

optimization methods. There is a distinct feature of the overdetermined systems

arising from numerical polynomial algebra: The residual ‖F(z∗)−b‖2 is expected

to be small (e.g. an approximate factorization p
m1
1 · · · pmk

k of f is expected to

satisfy
∥∥p

m1
1 · · · pmk

k − f
∥∥≪ 1). As a result, a simple optimization method, the

Gauss-Newton iteration, is particularly effective.

The Gauss-Newton iteration is given as follows: From an initial iterate z0 ,

zk = zk-1− J(zk-1)
+
[
F(zk-1)−b

]
, k = 1,2, · · · . (5.11)

The Gauss-Newton iteration is a natural generalization of the standard Newton iter-

ation. Detailed studies of the Gauss-Newton iteration can be found in some special

topic textbooks and articles, such as [18, 20, 63, 98].

The Gauss-Newton iteration is well defined in a neighborhood of the desired

(local or global) minimum point z∗ if the Jacobian J(z∗) is injective (or, equiva-

lently, of nullity zero). The condition of being injective on J(z∗) is also essential

to ensure the local convergence of the Gauss-Newton iteration, as asserted in the fol-

lowing lemma. Different from Newton’s iteration for normally determined systems,

however, the locality of the convergence consists two requirements: The initial iter-
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ate z0 must be sufficiently near the least squares solution z∗ , while the residual

‖F(z∗)−b‖2 must be sufficiently small.

Lemma 5.1.2. [98, Lemma 2.8] Let Ω ⊂Cm be a bounded open convex set and

F : D⊂Cm −→Cn be analytic in an open set D⊃Ω . Let J(z) be the Jacobian

of F(z) . Assume z∗ ∈Ω is a local least squares solution to system (5.9). Let σ
be the smallest singular value of J(z∗) . Let δ ≥ 0 be a constant such that

∥∥[J(z)− J(z∗)
]

H
[
F(z∗)−b

]∥∥
2
≤ δ

∥∥z− z∗
∥∥

2
for all z ∈Ω .

If δ < σ2 , then for any c ∈
(

1
σ , σδ

)
, there exists ε > 0 such that for all z0 ∈Ω

with ‖z0− z∗‖2 < ε , the sequence
{

z1,z2, · · ·
}

generated by the Gauss-Newton

iteration (5.11) is well defined inside Ω , converges to z∗ , and satisfies

∥∥∥zk+1− z∗
∥∥∥

2
≤ cδ

σ

∥∥∥zk− z∗
∥∥∥

2
+

cαγ

2σ

∥∥∥zk− z∗
∥∥∥

2

2
, (5.12)

where α > 0 is the upper bound of ‖J(z)‖2 on Ω , and γ > 0 is the Lipschitz

constant of J(z) in Ω , namely, ‖J(z+h)−J(z)‖2≤ γ ‖h‖ for all z, z+h ∈ Ω .

Notice that the constant δ in (5.12) is proportional to the residual ‖F(z∗)−b‖2 .

Therefore, the smaller is this residual, the faster is the convergence. When the least

squares solution z∗ is a conventional solution, the residual will be zero and the

convergence is quadratic.

The condition that J(z∗) is injective also implies that the smallest singular value

σmin(J(z∗)) is strictly positive and provides an asymptotic sensitivity measurement

[98]

τ(F,z∗) =
1

σmin(J(z∗))
≡

∥∥J(z∗)+
∥∥

2
(5.13)

for the least squares solution z∗ .

The Gauss-Newton iteration is extensively applied in the algorithms for numeri-

cal polynomial algebra in this survey. A generic Gauss-Newton iteration module is

available in the software packages ApaTools/Apalab [99]. When formulating

the overdetermined system F(z) = b , it is important to have enough equations to

ensure J(z∗) is injective. Auxiliary equations are often needed for this purpose as

shown in the following example.

Example 5.1.3. Consider the polynomial factorization problem. For simplicity of

the exposition, assume f can be factorized in three factors f = uα vβ wγ where

u , v and w are pairwise co-prime polynomials, and the objective is to compute

the coefficient vectors u , v and w of u , v and w respectively. Naturally, the

overdetermined system G(u,v,w) = 0 with

G(u,v,w) ≡ [[uαvβwγ − f ]] (5.14)

needs to be solved, as pointed out in [48], where [[·]] denotes the vector represen-

tation of the polynomial (·) in a given vector space. However, the Jacobian of
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G(u,v,w) in (5.14) is not injective since G(u,v,w) = G(c1u,c2v,c3w) as long as

cα1 c
β
2 c
γ
3 = 1. More constraints are therefore needed. A simple remedy we typically

employ is to include extra equations aH u−1 = bH v−1 = 0 with certain vectors

a and b of proper dimensions. The only restriction for choosing a and b is to

avoid aH u = bH v = 0 near the solution u and v . They can be random vectors,

or more preferably the scalar multiples of the initial approximations to u and v

respectively. Then the Jacobian J(u,v,w) of the analytic mapping

F(u,v,w) =

[
aHu−1

bHv−1

[[uαvβwγ − f ]]

]

can be easily proved as injective at the desired solution (u,v,w) : Assume

J(u,v,w)

[
p

q

r

]
= 0 (5.15)

where p , q and r are vector representations of polynomials p , q and r

respectively. From straightforward differentiations, we have

αuα-1vβwγ p+βuαvβ -1wγq+ γuαvβwγ-1r = 0

aHp = bHq = 0.

Consequently α pvw+βuqw+ γuvr = 0, which leads to p = g1u , q = g2v and

r = g3w since u , v , and w are pairwise co-prime. We further know that g1 , g2

and g3 must be constants from (5.15). Then aH p = bH q = 0 and aH u = bH v = 1

implies g1 = g2 = 0 and thus p = q = 0. Furthermore γuvr = 0 implies r = 0.

Therefore J(u,v,w) is injective. ⊓⊔

Appending extra equations as shown in Example 5.1.3 is a typical strategy for

making the Jacobian injective before applying the Gauss-Newton iteration. The

approaches of proving the injectiveness are also similar among different problems.

5.2 Formulation of the approximate solution

5.2.1 The ill-posed problem and the pejorative manifold

Hadamard characterized a problem as well-posed if its solution satisfies existence,

uniqueness, and continuity with respect to data [36]. A problem whose solution

lacks one of the three properties is termed an ill-posed problem. In the current liter-

ature, the term ill-posed problem mainly refers to those having solutions infinitely

sensitive to data perturbations [19]. Contrary to Hadamard’s misbelief that ill-posed

problems are artificial and unsuitable for modeling physical systems, this type of

problems arise quite often in science and engineering applications (cf. e.g. [37,
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§1.2]). As one of the main challenges for numerical computation, algebraic prob-

lems are commonly ill-posed. Such examples are abundant:

• Univariate polynomial factorization: Under an arbitrary tiny perturbation, a

polynomial p(x) = (x− x1)
m1 · · ·(x− xk)

mk in expanded form loses those re-

peated factors corresponding to multiplicities m j ’s higher than one, and multiple

roots turn into clusters of simple roots.

• Polynomial GCD: For a given pair of polynomials (p,q) under arbitrary per-

turbations, its GCD generically degrades to a trivial constant polynomial even if

(p,q) originally possesses a GCD of positive degree.

• Irreducible factorization of multivariate polynomials: For a multivariate polyno-

mial p = f
α1
1 f

α2
2 · · · f

αk

k with nontrivial factors f1, . . . , fk , the factorizability is

lost and the polynomial becomes irreducible under an infinitesimal but arbitrary

perturbation. The irreducible factorization of polynomial p is thus discontin-

uous, preventing a meaningful solution using conventional methods at presence

of data perturbation.

• The matrix rank and kernel: As perhaps the most basic ill-posed problem (c.f.

§5.1.2), the rank and kernel of a matrix are discontinuous when the matrix is rank-

deficient. A tiny perturbation will generically destroy the kernel entirely and

turns the matrix into a full-ranked one. The ill-posedness of matrix rank/kernel

may be under-noticed because the singular value decomposition is available and

effective. The capability of identifying the numerical rank and kernel is one of

the very cornerstones of methods for solving ill-posed problems. This ill-posed

problem extends to solving a linear system Ax = b where the matrix A is

rank-deficient. A perturbation generically renders the system unsolvable in exact

sense even if the original system has infinitely many solutions.

• The matrix Jordan Canonical Form: For an n×n matrix A , there is a Jordan

canonical decomposition A = XJX−1 where J is the block diagonal Jordan

matrix. When any of the Jordan block in J is larger than 1×1, however, the

perturbed matrix A+E generically loses all the non-trivial Jordan structure of

A , making it extremely difficult to compute the Jordan decomposition and the

underlying multiple eigenvalues.

In a seminal technical report [43] that has never been formally published, Ka-

han studied three ill-posed problems (rank-deficient linear system, multiple roots

of polynomials and multiple eigenvalues of matrices) and pointed out that it may

be a misconception to consider ill-posed problems as hypersensitive to data pertur-

bations. The collection of those problems having solutions of a common structure

forms what Kahan calls a pejorative manifold. An artificial perturbation pushes the

problem away from the manifold in which it originally resides and destroys its so-

lution structure. Kahan proves, however, the solution may not be sensitive at all if

the problem is perturbed with a restriction that it surfs in the pejorative manifold it

belongs.
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Kahan’s observation of pejorative manifolds extends to other ill-posed problems

such as those in the following examples. Furthermore, it has become known that

these manifolds may have a certain stratification structure.

Example 5.2.1. In the vector space Cm×n for m ≥ n , the collection of rank-k

matrices forms a pejorative manifold

M
m×n

k =
{

A ∈ Cm×n
∣∣ rank (A) = k

}
.

Counting the dimension from the basis for the column space (m ·k ) and the remain-

ing columns as linear combinations of the basis ((n− k) · k ), it is easy to see [58]

that the codimension codim(M
m×n

k ) = (m− k)(n− k) . Those manifolds form a

stratification structure

M
m×n

0 ⊂ M
m×n

1 ⊂ ·· · ⊂ M
m×n
n ≡ Cm×n,

where (·) denotes the closure of the set (·) . ⊓⊔
Example 5.2.2. Associating a monic polynomial

p(x) = x4 + p1x3 + p2x2 + p3x+ p4

of degree 4 with the coefficient vector p = [p1, p2, p3, p4]
⊤ ∈C4 , the set of all poly-

nomials possessing a common factorization structure forms a factorization mani-

fold. For instance

Π(1,3) =
{
(x− z1)

1(x− z2)
3
∣∣ z1,z2 ∈ C, z1 �= z2

}

with codimension codim(Π(1,3)) = 2. On the other hand, manifold Π(1,3) is in

the closure of manifold

Π(1,1,2) =
{
(x− z1)

1(x− z2)
1(x− z3)

2
∣∣ z1,z2,z3 ∈ C, zi �= z j for i �= j

}

with codim
(
Π(1,1,2)

)
= 1 since

lim
ε→0

(x− z1)
1(x− z2)

1(x− z2 + ε)2 = (x− z1)
1(x− z2)

3

Likewise Π(1,1,2) ⊂ Π(1,1,1,1) ≡ C4 , and the five manifolds form a stratifi-

cation as shown in Figure 5.1. Moreover, each manifold can be parametrized in the

form of p = F(z) . For instance, Π(1,3) is parametrized as

p = [[(x− z1)(x− z2)
3]],

namely, ⎡
⎢⎢⎣

p1

p2

p3

p4

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

−3z2− z1

3z2
2 +3z1z2

−z3
2−3z1z2

2

z1z3
2

⎤
⎥⎥⎦
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The Jacobian of such F(z) is injective in the corresponding manifold, ensuring

the local Lipschitz continuity of the root vector z = [z1,z2]
⊤ with respect to the

coefficients p as well as the capability of applying the Gauss-Newton iteration for

refining the multiple roots [98]. ⊓⊔

Π(4)

Π(2,2)

Π(1,3)

Π(1,1,1,1)Π(1,1,2)

codimension

3 2 1 0

Fig. 5.1 Stratification of manifolds of degree 4 polynomials, with “−→” denoting “in the closure

of”

Example 5.2.3. Consider univariate polynomial pairs (p,q) of degrees m and n

respectively with m≥ n . Let P
m,n
k be the collection of those pairs having GCDs

of a common degree k :

P
m,n
k =

{
(p,q) ∈ C[x]×C[x]

∣∣
deg(p) = m, deg(q) = n, deg

(
gcd (p,q)

)
= k

}
(5.16)

where gcd (p,q) is the GCD of the polynomial pair (p,q) . Every polynomial

pair (p,q) ∈P
m,n
k can be written as p = uv and q = uw where u is a monic

polynomial of degree k . Thus it is easy to see that P
m,n
k is a manifold of the

dimension k +(m− k + 1)+ (n− k + 1) , or codimension k exactly, and those

GCD manifolds form a stratification structure

P
m,n
n ⊂ P

m,n
n-1 ⊂ ·· · ⊂ P

m,n
0 ≡ Cm+n+2 . (5.17)

Furthermore, each manifold can again be parametrized in the form of u = F(z) . In

fact,

u =
[

p

q

]
=

[
[[uv]]
[[uw]]

]
= F(z)

with deg(u) = k , where z is a vector consists of the coefficients of u , v and w

except the leading coefficient 1 of u . Also similar to Example 5.2.2, the Jacobian of

F(z) is injective, ensuring the local Lipschitz continuity of (u,v,w) with respect

to (p,q) on the manifold P
m,n
k as well as the applicability of the Gauss-Newton

iteration for refinement. ⊓⊔

In summary, there exist similar geometric structures for many ill-posed problems

in polynomial algebra such as multivariate GCD, multivariate square-free factor-

ization, and multivariate irreducible factorization: The collection of the problems

sharing a common solution structure forms a pejorative manifold P that can be
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parametrized in the form of u = F(z) where the Jacobian of F(z) is injective on

the manifold P . In addition, the pejorative manifolds form a stratification structure

in which a manifold is in the closure of some other manifolds of lower codimension.

As a result, a problem may be near many manifolds of lower codimension if it is

near (or resides in) one particular pejorative manifold.

When an ill-posed problem with inexact data is encountered and it needs to be

solved approximately using floating-point arithmetic, the first and foremost ques-

tion is the meaning of “solving the problem”. Computing the exact solution of an

inexact ill-posed problem, such as calculating the trivial constant GCD, does not

make much sense in practical applications. On the other hand, approximate solu-

tions need to possess continuity. That is, the approximate solution must converge

to the exact solution if the problem noise approaches zero. It appears reasonable to

set the objective of solving an ill-posed problem numerically as follows:

Let P be a given problem that is a small perturbation from an ill-posed prob-

lem P̂ residing in a pejorative manifold Π with exact solution Ŝ . Find

an approximate solution S̃ of P in the sense that S̃ is the exact solution

of a certain problem P̃ where P̃ belongs to the same manifold Π and

‖S̃− Ŝ‖= O(‖P− P̂‖) .

5.2.2 The three-strikes principle for removing ill-posedness

We shall use the univariate factorization problem in Example 5.2.2 as a case

study for a rigorous formulation of the approximate solution that removes the ill-

posedness. When the given polynomial p is a small perturbation from p̂ =
(x− z1)(x− z2)

3 that belongs to the factorization manifold Π(1,3) of codimen-

sion 2, the stratification structure as shown in Figure 5.1 indicates that p is also

near two other manifolds Π(1,1,2) and Π(1,1,1,1) of lower codimensions 1

and 0 respectively. Here the distance δ (p,Π) of p from a manifold can be

naturally defined as

δ (p,Π) = inf
q∈Π

∥∥p−q
∥∥.

Actually, the polynomial p is generically closer to those “other” manifolds than it

is to the correct one:

δ (p,Π(1,3)) ≥ δ (p,Π(1,1,2)) ≥ δ (p,Π(1,1,1,1)).

Let µ be the minimum of the distances between p and manifolds Π(2,2) and

Π(4) and assume the perturbation is sufficiently small such that

‖p− p̂‖ ≤ δ (p,Π(1,3)) ≪ µ .

Then the desired manifold Π(1,3) stands out as the highest codimension manifold

among all the manifolds that intersect the θ -neighborhood of p for every θ sat-
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isfying δ (p,Π(1,3)) < θ < µ . That is, the key to identifying the correct manifold

is to seek the manifold of the highest codimension within a proper threshold θ .

Upon identifying the pejorative manifold Π(1,3) , it is natural to look for p̃ =
(x− z̃1)(x− z̃2)

3 ∈Π(1,3) that minimizes the distance ‖p− p̃‖ , and take the exact

factorization (x− z̃1)(x− z̃2)
3 of p̃ as the approximate factorization of p .

Definition 5.2.4. Let p be a given polynomial of degree n and let θ > 0.

Assume m1 + · · ·+ mk = n and Π(m1, . . . ,mk) is of the highest codimension

among all the factorization manifolds in Cn that intersect the θ -neighborhood of

p . Then the exact factorization of p̃ ∈ Π(m1, . . . ,mk) is called the approximate

factorization of p if

∥∥p− p̃
∥∥ = min

q∈Π(m1,··· ,mk)

∥∥p−q
∥∥.

A theoretical elaboration of the univariate factorization and its regularization is

presented in a recent paper [101]. Generally, solving an ill-posed algebraic prob-

lem starts with formulating the approximate solution following the “three-strikes”

principle below to remove the discontinuity:

Backward nearness: The approximate solution to the given (inexact) problem P

is the exact solution of a nearby problem P̃ within a distance θ of P .

Maximum codimension: The nearby problem P̃ is in the closure Π of the

pejorative manifold Π of the highest codimension among all the pejorative

manifolds intersecting the θ -neighborhood of the given problem P .

Minimum distance: The nearby problem P̃ is the nearest point in the closure Π
of Π to the given problem P

Based on these principles, the approximate GCD of a polynomial pair can be

defined similarly using the notation in Example 5.2.3.

Definition 5.2.5. [96] Let (p,q) be a given polynomial pair of degree m and n

respectively, and let θ > 0 be a given GCD threshold. Assume k is the maximum

codimension among all the GCD manifolds P
m,n
0 , P

m,n
1 , . . . ,Pm,n

n embedded in

Cm +n +2 that intersect the θ -neighborhood of (p,q) :

k = max
δ ((p,q),P

m,n
j )<θ

codim
(
P

m,n
j

)

Then the exact GCD of (p̃, q̃) ∈P
m,n
k is called the approximate GCD of (p,q)

within θ if

∥∥(p,q)− (p̃, q̃)
∥∥ = min

( f ,g)∈P
m,n
k

∥∥(p,q)− ( f ,g)
∥∥. (5.18)

Remark: The univariate GCD is the first ill-posed problem in numerical

polynomial algebra that has been going through rigorous formulations. In 1985,

Schönhage [77] proposed the quasi-GCD for univariate polynomials in a definition
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requiring only the backward nearness. Schönhage also assumes the given polyno-

mial pair is inexact but arbitrarily precise. Similar formulations are later used in

[14, 30, 39, 67, 68, 72] with some variations. In 1995, Corless, Gianni, Trager and

Watt [11] first noticed the importance of the “highest degree” requirement of the ap-

proximate GCD in addition to Schönhage’s notion. This requirement is also adopted

in [24]. In the same paper [11], Corless et al. also suggest seeking the minimum

distance. In 1996/1998 Karmarkar and Lakshman [52, 53] formulated two numer-

ical GCD problems: “The nearest GCD problem” and the “highest degree approx-

imate common divisor problem” in detail, with the latter specifying requirements

of backward nearness, highest degree, and minimum distance. The formulation in

Definition 5.2.5 differs somewhat with Karmarkar-Lakshman’s. The polynomial

pair (p̃, q̃) is on the closure of the manifold of highest degree polynomial pairs

and not necessarily monic. There is a different type of numerical GCD formula-

tion: The “nearest GCD problem”. Originated by Karmarkar and Lakshman [53, p.

654], this problem seeks the nearest polynomial pairs possessing an exact nontriv-

ial GCD. Kaltofen, Yang and Zhi (cf. e.g. [49, 50]) generalized this formulation:

Given a polynomial pair (p,q) and an integer k > 0, find the polynomial pair

(p̃, q̃) that is nearest from (p,q) such that the (exact) GCD of (p̃, q̃) is of degree

k or higher. This problem is equivalent to the constrained minmization (5.18) as

a stand-alone problem with no need to specify a tolerance θ or to maximize the

manifold codimension. ⊓⊔

In a straightforward verification, the formulation of the numerical kernel of a

matrix in §5.1.2 conforms with the “three-strikes” principle. We can formulate the

approximate multivariate GCD, the approximate square-free factorization, the ap-

proximate irreducible factorization, the approximate Jordan Canonical Form and

other ill-posed problems the same way as and Definition 5.2.4 and Definition 5.2.5

according to the principles of backward nearness, maximum codimension and min-

imum distance.

Computing the approximate solution as formulated above involves identification

of the pejorative manifold of the highest codimension within the given threshold

as well as solving a least squares problem to obtain the minimum distance. Algo-

rithms can be developed using a two-staged approach: Finding the manifold with

matrix computation, followed by applying the Gauss-Newton iteration to obtain the

approximate solution.

Example 5.2.6. The effectiveness of this formulation and the robustness of the cor-

responding two-staged algorithms can be illustrated by the polynomial factorization

problem for

p(x) = x200− 400 x199 + 79500 x198 + . . .+ 2.04126914035338 ·1086 x100

−3.55467815448396 ·1086 x99 + . . .+ 1.261349023419937 ·1053 x2 (5.19)

−1.977831229290266 ·1051 x+ 1.541167191654753 ·1049

≈ (x−1)80(x−2)60(x−3)40(x−4)20
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whose coefficients are rounded to hardware precision. A new algorithm UVFACTOR

[99] designed for computing the approximate factorization outputs the precise fac-

torization structure and accurate factors within a threshold θ = 10-10 , along with

error estimates and a sensitivity measurement. This result is a substantial improve-

ment over the previous algorithm MULTROOT [97, 98] which is limited to extracting

factors of multiplicity under 30. In contrast, standard methods like Matlab function

roots output scattered root clusters, as shown in Figure 5.2.2.

>> [F,res,cond] = uvfactor(f,1e-10);

THE CONDITION NUMBER: 2.57705
THE BACKWARD ERROR: 7.62e-016
THE ESTIMATED FORWARD ROOT ERROR: 3.93e-015

FACTORS

( x - 4.000000000000008 )ˆ20
( x - 2.999999999999994 )ˆ40
( x - 2.000000000000002 )ˆ60
( x - 1.000000000000000 )ˆ80
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Fig. 5.2 Matlab results for the polynomial (5.19)

⊓⊔
Pejorative manifolds in numerical polynomial algebra can often be parametrized

in the form of u = F(z) with injective Jacobians, as shown in previous examples.

In such cases, it is our conjecture that the approximate solution formulated based on

backward nearness, maximum codimension and minimum distance is well-posed

in the following sense: If the given problem P is a perturbation from an (exact)

problem P̂ with sufficiently small error ε , then there is an upper bound µ on

the threshold θ . As long as θ is chosen in the interval (ε, µ) , there is a unique

approximate solution S of P within all such θ , and the solution S is continuous

with respect to the problem P . Moreover, the approximate solution S converges

to the exact solution Ŝ of P̂ if P approaches to P̂ with

∥∥S− Ŝ
∥∥ = O

(∥∥P− P̂
∥∥) .
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5.3 Matrix computation arising in polynomial algebra

As Stetter points out in [84] and in the title of [83], matrix eigenproblem is at the

heart of polynomial system solving. Furthermore, matrix computation problems

such as least squares and numerical rank/kernel computation also arise frequently

and naturally in polynomial algebra. We shall survey the approximate GCD, fac-

torization, multiplicity structure and elimination problems in this section and derive

related matrix computation problems.

5.3.1 Approximate GCD

Given a polynomial pair (p,q) ∈ C[x]×C[x] of degrees m and n , respectively,

with

p(x) = p0 + p1x+ · · ·+ pmxm

q(x) = q0 +q1x+ · · ·+qnxn,

we can write

p = uv and q = uw

where u = gcd (p,q) is the GCD along with cofactors v and w . Then

p ·w−q · v = [p, q]

[
w

−v

]
= 0. (5.20)

That is, the polynomial pair (v,w) belongs to the kernel K (Lp,q) of the linear

transformation

Lp,q : (r,s) −→ p · s−q · r. (5.21)

Moreover, it is clear that the kernel K (Lp,q) is spanned by polynomial pairs in

the set
{
(x jv, x jw)

∣∣ j = 0,1, · · ·
}

.

The classical Sylvester matrix

S(p,q) =

n︷ ︸︸ ︷ m︷ ︸︸ ︷
⎛
⎜⎜⎜⎜⎜⎜⎝

p0

p1

. . .

.

.

.
. . . p0

pm p1

. . .
.
.
.

pm

q0

q1

. . .

.

.

.
. . . q0

qn q1

. . .
.
.
.

qn

⎞
⎟⎟⎟⎟⎟⎟⎠

(5.22)

is the matrix representation of the linear transformation Lp,q in (5.21) restricted in

the domain
{
(r,s)

∣∣ deg(r) < n, deg(s) < m
}

. It becomes clear that S(p,q) has a

nullity equals to k = deg(u) since the kernel of the restricted Lp,q is spanned by
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{
(v, w), (xv, xw), . . . , (xk-1v, xk-1w)

}
. Consequently, the (exact) GCD structure is

represented as the nullity of the Sylvester matrix:

deg
(

gcd (p,q)
)

= nullity (S(p,q)) .

For the problem of the approximate GCD, the polynomial pair (p,q) is consid-

ered a perturbation from (p̂, q̂) residing in the GCD manifold P
m,n
k (cf. Exam-

ple 5.2.3 in §5.2.1). Then

S(p,q) = S(p̂, q̂)+S(p− p̂,q− q̂).

Namely, the Sylvester matrix S(p,q) is near S(p̂, q̂) of nullity k with a distance

‖S(p− p̂,q− q̂)‖2 , and identifying the maximum codimension manifold P
m,n
k

becomes the numerical rank/kernel problem of the Sylvester matrix.

After identifying the degree k of the approximate GCD, one can further restrict

the domain of the linear transformation Lp,q as

{
(r,s)

∣∣ deg(r)≤ m−k, deg(s)≤ n−k
}
.

The corresponding Sylvester submatrix

Sk(p,q) =

n−k+1︷ ︸︸ ︷ m−k+1︷ ︸︸ ︷
⎛
⎜⎜⎜⎜⎜⎜⎝

p0

p1

. . .

.

.

.
. . . p0

pm p1

. . .
.
.
.

pm

q0

q1

. . .

.

.

.
. . . q0

qn q1

. . .
.
.
.

qn

⎞
⎟⎟⎟⎟⎟⎟⎠

has a numerical kernel of dimension one and the coefficients of the cofactors v

and w can be obtained approximately from the lone basis vector of the numerical

kernel:

K
(
Sk(p,q)

)
= span

{[
[[v]]

−[[w]]

]}
.

An estimate of the coefficients of the approximate GCD u can then be obtained by

solving for the least squares solution u in the linear system u · v = f instead of

the unstable synthetic division.

The approximate GCD computed via numerical kernel and linear least squares

alone may not satisfy the minimum distance requirement. The accuracy of the com-

puted GCD depends on the numerical condition of the Sylvester submatrix Sk(p,q) ,

while the GCD sensitivity measured from (5.13) can be much healthier. Therefore,

the above matrix computation serves as stage I of the approximate GCD finding.

The Gauss-Newton iteration (c.f. §5.1.3) is needed to ensure the highest attainable

accuracy.

For a simple example [96], consider the polynomial pair
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f (x) = x7−.999999999999x6+x5−.999999999999x4+x3+.999999999999x2+x−.999999999999

g(x) = x6−3x3− x5 +2x2 + x4−2x+2

possessing an exact GCD as gcd ( f ,g) = x2 + 1. Matrix computation alone can

only produce u≈ x2 +0.99992 with four-digit accuracy, while the Gauss-Newton

iteration attains the solution with a high accuracy near hardware precision. The

GCD condition number 3.55 shows the approximate GCD is not sensitive at all, but

the kernel sensitivity for the Sylvester matrix is quite high (≈ 1012 ).

The upper-bound of the distance to rank-deficiency for the Sylvester matrix

‖S(p− p̂,q− q̂)‖2 ≤ ‖S(p− p̂,q− q̂)‖F

=
√

n‖p− p̂‖2
2 +m‖q− q̂‖2

2 = θ ,

where ‖ · ‖F denotes the Frobenius norm [34, §2.3] of a matrix. However, rank-

deficiency within the above threshold θ is only the necessary condition for the

given (p,q) to be near a GCD manifold. The converse is not true. This is an-

other reason why the iterative refinement is needed as Stage II for computing the

minimum distance and certifying the approximate GCD.

There is also a different approach for GCD computation [38, 47, 50, 104]: Com-

puting displacement polynomials Δ p and Δq such that the Sylvester matrix (or

submatrix) S(p +Δ p,q +Δq) has a specified nullity. This approach leads to a

total least squares problem with special structures. This approach may have an ad-

vantage when there is a large distance from (p,q) to the GCD manifold beyond

the convergence domain of the Gauss-Newton iteration, and it theoretically seeks a

global minimum in comparison with the local minimum of the Gauss-Newton itera-

tion. An apparent disadvantage of this approach is that it is subject to the sensitivity

of the matrix kernel, not the actual GCD condition.

Both approaches can extend to multivariate GCD in a straightforward general-

ization. However, the matrix sizes may become huge when the number of indeter-

minates increases, and it may become necessary to reduce those sizes for the con-

sideration of both storage and computing time. A subspace strategy for this purpose

shall be discussed later in §5.4.2.

5.3.2 The multiplicity structure

For a polynomial ideal (or system) I = 〈 f1, f2 . . . , ft〉 ⊂ C[x1, . . . ,xs] with an iso-

lated zero x̂ = (x̂1, . . . , x̂s) , the study on the multiplicity of I at x̂ traces back to

Newton’s time with evolving formulations [26, pp. 127-129][60, 64, 84]. Several

computing methods for identifying the multiplicity have been proposed in the liter-

ature, such as [54, 62, 65, 88] and more recently in [6, 17, 94]. Here we elaborate

the dual basis approach that can be directly adapted to numerical kernel computa-

tion. This approach is originated by Macaulay [60] in 1916 and reformulated by
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Gröbner in 1939. For that reason it is also (somewhat inappropriately) referred to

as the Gröbner duality [64, §31.3].

A univariate polynomial f (x) has an m -fold zero x̂ if

f (x̂) = f ′(x̂) = · · · = f (m-1)(x̂) = 0 and f (m)(x̂) �= 0.

The Macaulay/Gröbner duality can be considered a generalization of this multiplic-

ity to multivariate cases using partial differentiation functionals.

For an index array j = [ j1, · · · , js] ∈ Ns of non-negative integers, denote

xj = x
j1
1 · · ·x js

s and (x−y)j = (x1− y1)
j1 · · ·(xs− ys)

js .

Define a (differential) monomial functional at x̂ ∈ Cs as

∂j[x̂] : C[x]−→ C, where ∂j[x̂](p) = (∂j p)(x̂) for any p ∈ C[x].

Here, the differentiation operator

∂j ≡ ∂ j1··· js ≡ ∂
x

j1
1 ···x

js
s
≡ 1

j1! · · · js!

∂ j1+···+ js

∂x
j1
1 · · ·∂x

js
s

. (5.23)

Namely, the monomial functional ∂j[x̂] applying to a polynomial p equals the

partial derivative ∂j of p evaluated at x̂ . We may use ∂j for ∂j[x̂] when

the zero x̂ is clear from context. A (differential) functional at x̂ ∈ Cs is a linear

combination of those ∂j[x̂]’s. The collection of all functionals at the zero x̂ that

vanish on the entire ideal I forms a vector space Dx̂(I) called the dual space of

I at x̂

Dx̂(I) ≡
{

c = ∑
j∈Ns

cj∂j[x̂]
∣∣∣ c( f ) = 0, for all f ∈ I

}
(5.24)

where cj ∈ C for all j ∈ Ns . The dimension of the dual space Dx̂(I) is the

multiplicity of the zero x̂ to the ideal I . The dual space itself forms the multiplicity

structure of I at x̂ .

For example, a univariate polynomial p having an m -fold zero x̂ if and only

if the dual space of the ideal 〈p〉 at x̂ is spanned by functionals ∂0 , ∂1 , . . . ,
∂m-1 . The ideal I = 〈x3

1, x2
1x2 + x4

2〉 has a zero (0,0) of multiplicity 12 with the

dual space spanned by [17]

1︷︸︸︷
∂00 ,

2︷ ︸︸ ︷
∂10, ∂01,

3︷ ︸︸ ︷
∂20, ∂11, ∂02,

2︷ ︸︸ ︷
∂12, ∂03,

2︷ ︸︸ ︷
∂13, ∂04−∂21,

1︷ ︸︸ ︷
∂05−∂22,

1︷ ︸︸ ︷
∂06−∂23 (5.25)

and Hilbert function {1,2,3,2,2,1,1,0, · · ·} as a partition of the multiplicity 12.

The most crucial requirement for the dual space is the closedness condition: For

c to be a functional in the dual space Dx̂(I) , not only c( f1) = · · · = c( ft) = 0,

but also c(p fi) = 0 for all polynomial p ∈ C[x] and for i = 1, . . . ,t . Since all

differential functionals are linear, the closedness condition can be simplified to the

system of linear equations
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∑
k∈Ns, |k|≤α

ck∂k[x̂]
(
(x− x̂)j fi

)
= 0 (5.26)

for j ∈ Ns, j < k, and i ∈ {1, . . . ,s}.

in the coefficients cj ’s for sufficiently large α ∈ N .

For each α ∈ N , the equations in (5.26) can be expressed as a homogeneous

linear system in matrix form

Sα C = 0

where Sα is the Macaulay matrix of order α , and each functional in the basis

for the dual space corresponds to a null vector of Sα and vice versa. The Hilbert

function
{

H(0) = 1,
H(α) = nullity (Sα )− nullity (Sα-1 ) for α = 1,2, . . . .

The (approximate) dual basis can be obtained by computing the (numerical) kernels

of S0 , S1 , . . . until reaching the α where the Hilbert function H(α) = 0 [17].

The algorithm based on the above analysis and matrix kernel computation is im-

plemented as a computational routine MULTIPLICITYSTRUCTURE in the software

package APATOOLS [99]. The algorithm is also applied to identifying the local

dimension of algebraic sets [3] as part of the software package BERTINI [4].

5.3.3 Numerical elimination

Numerical elimination with approximate data arises in many applications such as

kinematics [16, 21, 61, 87, 91, 90], and computational biology/chemistry [23, 25].

Numerical elimination methods have been studied in many reports, such as [1, 2,

21, 22, 42, 61, 70, 87, 90, 91]. The main strategy for the existing elimination ap-

proaches is using various resultants [32] whose computation requires calculating

determinants of polynomial matrices. There are formidable obstacles for calculat-

ing resultants using floating point arithmetic since determinant computation can be

inefficient and unstable. There is a new approach [95] that avoids resultant calcula-

tion and transforms the elimination to a problem of matrix rank/kernel computation.

Consider the ring C[x,y] of complex polynomials in variables x and y , where

x is a single scalar variable and y may be either a scalar variable or a vector of

variables. For polynomials f ,g ∈C[x,y] , there exist polynomials p and q such

that

f p+gq = h

belongs to the first elimination ideal 〈 f ,g〉∩C[y] of f and g , unless ( f ,g) has

a GCD with positive degree in x . We wish to calculate p , q and h with floating

point arithmetic. Since f p + gq = h ∈ C[y] , there is an obvious homogeneous

equation



5 Regularization and Matrix Computation in Numerical Polynomial Algebra 147

∂

∂x

(
f p+gq

)
=

[
∂

∂x
f + f · ∂

∂x

]
p+

[
∂

∂x
g+g · ∂

∂x

]
q = 0. (5.27)

which leads to a simple strategy: Finding a polynomial f p+gq in the elimination

ideal 〈 f ,g〉 ∩C[y] is equivalent to computing the kernel K (Ln) of the linear

transformation

Ln : (p,q) −→
[
∂

∂x
f + f · ∂

∂x
,

∂

∂x
g+g · ∂

∂x

] [
p

q

]
(5.28)

in the vector space Pn of polynomial pairs p and q with degree n or less.

With proper choices of bases for the polynomial vector spaces, the linear transfor-

mation Ln induces an elimination matrix Mn where the rank-revealing method

elaborated in §5.1.2 produces the polynomial h = f p+gq in the elimination ideal.

The elimination algorithm based on matrix kernel computation can be outlined be-

low with a test version implemented in APATOOLS [99] as computational routine

POLYNOMIALELIMINATE.

For n = 1,2, · · · do

Update elimination matrix Mn

If Mn is rank deficient then
extract (p,q) from its kernel, break,

end if

end do

The method can be generalized to eliminating more than one variables from sev-

eral polynomials and, combined with numerical multivariate GCD, can be applied

to solving polynomial systems for solution sets of positive dimensions [95].

5.3.4 Approximate irreducible factorization

Computing the approximate irreducible factorization of a multivariate polynomial is

the first problem listed in “challenges in symbolic computation” [44] by Kaltofen.

The first numerical algorithm with an implementation is developed by Sommese,

Verschelde and Wampler [78, 79, 80]. Many authors studied the problem and pro-

posed different approaches [8, 7, 10, 12, 13, 27, 28, 40, 45, 73, 74, 75, 76]. In 2003,

Gao [29] proposed a hybrid algorithm and later adapted it as a numerical algorithm

[30, 46, 48] along with Kaltofen, May, Yang and Zhi. Here we elaborate the strate-

gies involved in numerical irreducible factorization from the perspective of matrix

computation.

The collection of polynomials sharing the structure of irreducible factorization

p
m1
1 p

m2
2 · · · pmk

k forms a factorization manifold which we denote as Πm1···mk
n1···nk

, where

n j is the degree of p j for j = 1, · · · ,k . Namely

Πm1···mk
n1···nk

=
{

p
m1
1 p

m2
2 · · · pmk

k

∣∣ deg(p j) = n j for j = 1, . . . ,k
}
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For simplicity of exposition, consider the manifold Π 1,1,1
n1n2n3

where polynomials

are square-free in two variables x and y with three factors. An approximate

square-free factorization algorithm is implemented in APATOOLS [99] as a compu-

tational routing SQUAREFREEFACTOR which is a recursive application of approxi-

mate GCD computation [102].

The first task of factorization is to identify the reducibility of the polynomial,

the number of factors, and the degrees of each factor. The Ruppert approach[71]

for reducibility detection is very effective and can be easily explained using the

differential identity
∂

∂y

(
fx

f

)
=

∂

∂x

(
fy

f

)

for any function f . For a given polynomial f = p · q · r of bidegree [m,n] ,

applying this identity to the first factor p yields ∂
∂y

(
px

p
· q·r

q·r

)
= ∂

∂x

(
py

p
· q·r

q·r

)
,

namely
∂

∂y

(
px ·q · r

f

)
=

∂

∂x

(
py ·q · r

f

)
.

The same manipulation on the remaining factors q and r reveals that the differ-

ential equation
∂

∂y

(
g

f

)
=

∂

∂x

(
h

f

)

in the unknown polynomial pair (g,h) has three linearly independent solutions

(g,h) = (pxqr, pyqr), (pqxr, pqyr), or (pqrx, pqry).

From this observation, it can be seen that the linear transformation

L f : (g,h) −→ f 2

[
∂

∂y

(
g

f

)
− ∂

∂x

(
h

f

)]

= [ f ·∂y−∂y f ]g− [ f ·∂x−∂x f ]h (5.29)

has a kernel whose dimension is identical to the number of irreducible factors of f

if we restrict the domain of L f to those g and h of bidegrees [m−1,n] and

[m,n− 1] respectively. As a result, the reducibility and the number of irreducible

factors in f can be identified by computing the nullity of the Ruppert matrix L f

corresponding to the linear transformation L f with a restricted domain. When

the polynomial f is inexact using floating-point arithmetic, the reducibility identi-

fication becomes numerical kernel problem.

Moreover, a vector in the numerical kernel Kθ (L f ) selected at random corre-

sponds to polynomials

g = λ1 pxqr +λ2 pqxr +λ3 pqrx

h = λ1 pyqr +λ2 pqyr +λ3 pqry

with undetermined constants λ1 , λ2 and λ3 . From f = pqr and
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g−λ1 fx = p[(λ2−λ1)qxr +(λ3−λ1)qrx],

we have identities associated with the unknown λ j ’s

⎧
⎨
⎩

p = gcd ( f , g−λ1 fx)
q = gcd ( f , g−λ2 fx)
r = gcd ( f , g−λ3 fx)

(5.30)

Select complex numbers x̂ and ŷ at random and consider univariate polynomials

p(x, ŷ) and p(x̂,y) in (5.30). Applying the nullity count of the Sylvester matrix

(5.22) elaborated in §5.3.1 yields that the Sylvester matrices

S
(

f (x, ŷ), g(x, ŷ)−λ1 fx(x, ŷ)
)

and S
(

f (x̂,y), g(x̂,y)−λ1 fx(x̂,y)
)

are of nullities identical to the degrees deg
x
(p) and deg

y
(p) respectively. The un-

known value of λ1 then becomes the generalized eigenvalue of the matrix pencils

in the form of A−λB :

S
(

f (x, ŷ), g(x, ŷ)
)
−λS

(
0, fx(x, ŷ)

)
(5.31)

and

S
(

f (x̂,y), g(x̂,y)
)
−λS

(
0, fx(x̂,y)

)
. (5.32)

From the identities in (5.30), both pencils have the same eigenvalues λ1 , λ2 and

λ3 of geometric multiplicities identical to the degrees deg
x
(p) , deg

x
(q) and

deg
x
(r) respectively for the pencil (5.31) and to the degrees deg

y
(p) , deg

y
(q)

and deg
y
(r) respectively for the pencil (5.32). As a result, finding the unknown

constants λ j ’s in (5.30) and degree structures of the irreducible factors p , q and

r becomes generalized eigenvalue problem of matrix pencils in (5.31)–(5.32).

Computing eigenvalues with nontrivial multiplicities has been a challenge in

numerical linear algebra. With new techniques developed in [103] on computing

the Jordan Canonical Form along with the known eigen-structure of the pencils

in (5.31)-(5.32), their generalized eigenvalues and multiplicities can be computed

efficiently and accurately in floating-point arithmetic even if the polynomials are

inexact.

In summary, Stage I of the numerical irreducible factorization can be accom-

plished with a sequence of matrix computations:

(a) Finding the numerical kernel of the Ruppert matrix by matrix rank/kernel com-

putation; followed by

(b) solving the generalized eigenproblem of pencils in (5.31)-(5.32) to obtain the

degrees of the irreducible factors and values of λ j ’s; and concluded with

(c) computing approximate GCDs in (5.30) to obtain approximations to the irre-

ducible factors.

This stage of the computation identifies the maximum codimension factorization

manifold.
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In Stage II, the approximations of the factors obtained in Stage I are used as the

initial iterate for the Gauss-Newton iteration (5.11) applied on the overdetermined

system F(u,v,w) = 0 where

F(u,v,w) ≡
[

aHu−1

bHv−1
[[uvw− f ]]

]
.

The Jacobian of F is injective (cf. Example 5.1.3 in §5.1.3, not without the aux-

iliary equations aH u = bH v = 1) at the solution (p,q,r) , ensuring the Gauss-

Newton iteration to be locally convergent.

5.4 A subspace strategy for efficient matrix computations

5.4.1 The closedness subspace for multiplicity matrices

The Macaulay matrix Sα for the homogeneous system (5.26) can be undesirably

large when α increases. For example, consider the benchmark problem KSS

system [17, 54] of n×n

f j(x1, · · · ,xn) = x2
j +

n

∑
ν=1

xν −2x j−n+1, for j = 1, . . . ,n (5.33)

for multiplicity computation at the zero x̂ = (1, . . . ,1) . The largest Macaulay ma-

trix required is 12012× 3432 for n = 7 to obtain the multiplicity 64, and the

matrix size reaches 102960× 24310 for n = 8 for identifying the multiplic-

ity 128, exceeding the memory capacity of today’s desktop personal computers.

Therefore, reducing the size of the multiplicity matrices is of paramount importance.

The key idea, which is originated by Stetter and Thallinger [84, 88], is to employ

the closedness condition that can be rephrased in the following lemma.

Lemma 5.4.1. [84, Theorem 8.36] Let I ∈ C[x1, . . . ,xs] be a polynomial ideal

and let Dx̂(I) be its dual space at an isolated zero x̂ . Then every functional

c ∈Dx̂(I) satisfies sσ (c) ∈ Dx̂(I) for all σ ∈ {1, . . . ,s} where sσ is the linear

anti-differentiation operator defined by

sσ (∂ j1... js [x̂]) =

{
0, if jσ = 0

∂ j′1... j′s [x̂], otherwise

with j′σ = jσ −1 and j′i = ji for i ∈ {1, · · · ,s}\{σ} .

For example, the functional ∂06−∂23 belongs to the dual space D0(I) spanned

by the functionals in (5.25) implies



5 Regularization and Matrix Computation in Numerical Polynomial Algebra 151

s1(∂06−∂23) = 0−∂13

s2(∂06−∂23) = ∂05−∂22

are both in D0(I) , as shown in (5.25). This property leads to the closedness

subspace strategy: After obtaining the dual subspace

D
α-1
x̂ (I) ≡ Dx̂(I) ∩ span

{
∂j[x̂]

∣∣ |j| ≤ α−1
}

of order α − 1, the additional basis functionals in the dual subspace Dα
x̂ (I) of

order α can be found in the closedness subspace

C
α
x̂ (I) =

{
∑

j∈Ns,|j|≤α
cj∂j[x̂]

∣∣∣ sσ (c) ∈D
α-1
x̂ (I), σ = 1, . . . ,s

}
, (5.34)

of order α . An algorithm for computing the bases for closedness subspaces have

been developed in [100] using a sequence of numerical kernel computation involv-

ing matrices of much smaller sizes. Let {φ1, . . . ,φm} form a basis for the closed-

ness subspace C α
x̂ (I) . Then the functionals in the dual subspace Dα

x̂ (I) can be

expressed in the form of u1φ1 + · · ·+ umφm and can be computed by solving the

homogeneous linear system

u1φ1( fi)+ · · ·+umφm( fi) = 0, for i = 1, · · ·t (5.35)

where f1, . . . , ft are generators for the ideal I . In comparison with the linear

system (5.26), the system (5.35) consists of a fixed number (t ) of equations. Since

the solution space of (5.35) is isomorphic to the dual subspace Dα
x̂ (I) , the number

m of unknowns ui ’s is bounded by

m ≤ dim
(
D
α
x̂ (I)

)
+ t.

The process of identifying the closedness subspace C α
x̂ (I) and finding dual basis

functionals can be illustrated in the following example.

Example 5.4.2. Use the dual basis in (5.25) as an example. To identify the closed-

ness subspace C 4
0 (I) after obtaining the dull subspace and the closedness subspace

of order 3

D
3
0 (I) = span{∂00, ∂10, ∂01, ∂20, ∂11, ∂02, ∂12, ∂03}

C
3
0 (I) = span{∂00, ∂10, ∂01, ∂20, ∂11, ∂02, ∂30, ∂21, ∂12, ∂03}.

The monomial functionals ∂22 , ∂31 , and ∂40 can be excluded since s2(∂22) =
s1(∂31) = ∂21 and s1(∂40) = ∂30 are not in the monomial support of D3

0 (I) . As

a result, we have

C
4
0 (I) ⊂ span{∂00, ∂10, ∂01, ∂20, ∂11, ∂02, ∂30, ∂21, ∂12, ∂03, ∂04, ∂13}

and every functional in C 4
0 (I) can be written as
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φ = γ1∂00 + γ2∂10 + γ3∂01 + · · ·+ γ10∂04 + γ11∂13.

The closedness conditions s1(φ),s2(φ) ∈D3
0 (I) become

⎧
⎪⎪⎨
⎪⎪⎩

γ1∂00 + γ3∂10 + γ4∂01 + γ6∂20 + γ7∂11 + γ8∂02 + γ11∂03

= η1∂00 +η2∂10 + · · ·+η8∂03

γ2∂00 + γ4∂10 + γ5∂01 + γ7∂20 + γ8∂11 + γ9∂02 + γ10∂03 + γ11∂12

= η9∂00 +η10∂10 + · · ·+η16∂03

.

These equations lead to

[γ1, γ2, . . . ,γ11]
⊤ = [η1, η9, η2, η3, η11, η4, η5, η6, η14, η16, η8]

⊤ (5.36)

along with

γ4 = η3 = η10, γ7 = η5 = η12, γ8 = η6 = η13, γ11 = η8 = η15, η7 = 0.

Consequently, we have a system of homogeneous equations

η3−η10 = η5−η12 = η6−η13 = η8−η15 = η7 = 0. (5.37)

Since a basis for C 3
0 (I) is already obtained, we need only additional basis func-

tionals in C 4
0 (I) by requiring

φ ⊥ C
3
0 (I). (5.38)

In general, systems of equations in (5.36), (5.37) and (5.38) can be written in matrix

forms

⎡
⎢⎣
γ1

...

γm

⎤
⎥⎦ = A

⎡
⎢⎣
η1

...

ηn

⎤
⎥⎦ , B

⎡
⎢⎣
η1

...

ηn

⎤
⎥⎦ = 0, and C

⎡
⎢⎣
η1

...

ηn

⎤
⎥⎦ = 0

respectively. Thus the problem of identifying the closedness subspace becomes the

(numerical) kernel problem of the matrix
[

B

C

]
, from which we obtain

⎡
⎢⎣
η1

...

ηn

⎤
⎥⎦ = N

⎡
⎢⎣
µ1

...

µk

⎤
⎥⎦ , and thus

⎡
⎢⎣
γ1

...

γm

⎤
⎥⎦ = AN

⎡
⎢⎣
µ1

...

µk

⎤
⎥⎦ .

In this example, γ1 = · · ·= γ9 = 0 and

[
γ10

γ11

]
=

[
0 1

1 0

][
µ1

µ2

]

implying

C
4
0 (I) = C

3
0 (I)⊕ span{∂13, ∂04}
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where additional dual basis functionals ∂13 and ∂04−∂21 in D4
0 (I) are solved

in the equation (5.35). ⊓⊔

Preliminary experiments show that the closedness subspace strategy tremen-

dously improves the computational efficiency over its predecessor implemented

in ApaTools as the module MultiplicityStructure in both memory and

computing time. For instance, MultiplicityStructure can handle only

n≤ 6 for the KSS system (5.33) with multiplicity 42 before running out of memory.

The new code increase the capacity to n = 9 with multiplicity 256. Moreover, the

new code is as much as 76 times faster on the KSS system at n = 6. The speed up

reaches thousands on some large systems with low multiplicities [100].

5.4.2 The fewnomial subspace strategy for multivariate

polynomials

A vector space of multivariate polynomials within a degree bound may have huge

dimensions. For example, we can construct a simple GCD test problem with

{
p = (x1 + · · ·+ xn−1)

(
x1(x

n
2 + · · ·+ xn

n)+2
)
,

q = (x1 + · · ·+ xn−1)
(
xn(x

n
1 + · · ·+ xn

n-1)−2
) (5.39)

in expanded form. For n = 10, the dimension of the vector space of polynomial

pairs within total degree n+2 is 1,293,292, while both p and q are “fewnomi-

als” of only 110 terms. To compute the approximate GCD of (p,q) , the standard

Sylvester matrix has a size as large as 92,561,040×705,432 requiring nearly 500

terabytes of memory. It is not practical to construct such a large matrix on a desktop

computer.

To compute the approximate GCD of such polynomial pairs, we employ a sim-

ple fewnomial subspace strategy for reducing the sizes of matrices required for the

computation by identifying the monomial support of the GCD and the cofactors.

The strategy is similar to the sparse interpolation approach in [15, 33, 105] that is

applied to other polynomial problems [30, 48, 51].

We shall use the polynomial pair in (5.39) as an example for n = 3 to illustrate

the fewnomial subspace strategy.

Example 5.4.3. Consider the polynomial pair

p(x1,x2,x3) = (x1 + x2 + x3−1)(x1x3
2 + x1x3

3 +2)

q(x1,x2,x3) = (x1 + x2 + x3−1)(x3
1x3 + x3

2x3−2)

with u = gcd (p,q) and cofactors v and w . Assign fixed random unit complex

values x̂2 = .8126623341− .5827348718 i and x̂3 = .8826218380+ .4700837065 i in

(p,q) and compute its univariate approximate GCD in x1 , obtaining
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p(x1, x̂2, x̂3) = (x1 + .6953− .1127i)(−(0.1887− .0381i)x1 +2)

q(x1, x̂2, x̂3) = (x1 + .6953− .1127i)((.8826+ .4701i)x3
1−1.807− .9813i)

(showing 4 digits for each number), implying

u(x1, x̂2, x̂3) ∈ span{1, x1}, (5.40)

v(x1, x̂2, x̂3) ∈ span{1, x1}, w(x1, x̂2, x̂3) ∈ span{1, x3
1}. (5.41)

Similarly, we can apply univariate GCD in x2 and

u(x̂1,x2, x̂3) ∈ span{1, x2}, (5.42)

v(x̂1,x2, x̂3) ∈ span{1, x3
2}, w(x̂1,x2, x̂3) ∈ span{1, x3

2} (5.43)

u(x̂1, x̂2,x3) ∈ span{1,x3}, (5.44)

v(x̂1, x̂2,x3) ∈ span{1, x3
3}, w(x̂1, x̂2,x3) ∈ span{1, x3} (5.45)

Consequently, combining the monomial bases in (5.40)-(5.43) yields three fewno-

mial subspaces

u(x1,x2, x̂3) ∈ span{1, x1, x2, x1x2},
v(x1,x2, x̂3) ∈ span{1, x1, x3

2, x1x3
2},

w(x1,x2, x̂3) ∈ span{1, x3
1, x3

2, x3
1x3

2}.

In these subspaces we compute bivariate GCD of (p,q) in x1 and x2 :

p(x1,x2, x̂3) = (x1 + x2− .1174+ .4701i)(x1x3
2 +(.1025+ .9947i)x1 +2)

q(x1,x2, x̂3) = (x1 + x2− .1174+ .4701i)((.8826+ .4701i)x3
1 +(.8826+ .4701i)x3

2−2).

Combining monomial bases in (5.44) and (5.45) yields the fewnomial subspaces

u ∈ span{1, x1, x2, x3, x1x3, x2x3},
v ∈ span{1, x1, x1x3

2, x3
3, x1x3

3, x1x3
2x3

3},
w ∈ span{1, x3

1, x3
2, x3, x3

1x3, x3
2x3}.

where u , v and w are computed as approximations to

u = x1 + x2 + x3−1, v = x1x3
2 + x1x2

3 +2, w = x3
1x3 + x3

2x3−2

⊓⊔

The process in Example 5.4.3 can be extended to general cases of computing the

approximate GCD of multivariate polynomials in C[x1, · · · ,xs] : For k = 1,2, . . . ,s ,

compute the approximate GCD of

p(x1, . . . ,xk, x̂k+1, . . . , x̂s)

q(x1, . . . ,xk, x̂k+1, . . . , x̂s)
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in x1, . . . ,xk with remaining variables fixed using random unit complex constants

x̂k +1, . . . , x̂s . Then we can identify the monomial subspaces for u , v and w in

the first k +1 variables, and on those subspaces we can compute the approximate

GCD of (p,q) in the first k +1 variables. Continuing this process we complete

the GCD computation at k = s . This simple technique is tremendously effective in

practical computations for sparse polynomials. For the case, say n = 10 in (5.39),

the largest Sylvester matrix on the fewnomial subspaces has only 40 columns, which

is quite a reduction from 705,432.

5.5 Software development

Numerical polynomial algebra is a growing field of study with many algorithms

that are still in early stages of development. Nonetheless, many software packages

are already available. Most advanced software packages are perhaps the polyno-

mial system solvers based on the homotopy continuation method [57, 82], including

PHCPACK [35, 89], BERTINI [4, 5] and MIXEDVOL [31]. There are also special-

ized implementations of algorithms such as approximate GCD finder QRGCD [14]

that is bundled in recent Maple releases, approximate factorization [48], multiplic-

ity structure [6, 88], SNAP package [41] bundled in Maple, univariate factorization

and multiple root solver MULTROOT [97], SYNAPS package [66], and COCOA

[9, 55, 56], etc. Those packages provide a broad range of versatile tools for appli-

cations and academic research.

A comprehensive software toolbox APATOOLS is also in development for ap-

proximate polynomial algebra with a preliminary release [99]. APATOOLS is built

on two commonly used platforms: Maple and Matlab. The Matlab version is named

APALAB. There are two objectives for designing APATOOLS: Assembling robust

computational routines as finished product for applications as well as providing a

utility library as building blocks for developing more advanced algorithms in nu-

merical polynomial algebra. Currently, APATOOLS includes the following compu-

tational routines:

UVGCD: univariate approximate GCD finder (§5.3.1)

MVGCD: multivariate approximate GCD finder (§5.3.1)

UVFACTOR: univariate approximate factorization with multiplicities (§5.2.2)

SQUAREFREEFACTOR: multivariate squarefree factorization (§5.3.4)

MULTIPLICITYSTRUCTURE: dual basis and multiplicity identification (§5.3.2)

POLYNOMIALELIMINATE: numerical and symbolic elimination routine (§5.3.3)

APPROXIRANK: numerical rank/kernel routine (§5.1.2)

NUMJCF: (APALAB only) function for computing the approximate Jordan

Canonical Form of inexact matrices (§5.2.2)
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Those routines implement algorithms that solve ill-posed algebraic problems for

approximate solutions formulated based on the three-strikes principle elaborated

in §5.2.2 via a two-staged process: Finding the maximum codimension pejorative

manifold by matrix computation, followed by minimizing the distance to the mani-

fold via the Gauss-Newton iteration.

As a growing field of study, numerical polynomial algebra algorithms are in con-

tinuing development. APATOOLS consists of a comprehensive collection of utility

routines designed to simplify software implementation for algorithms. Those utili-

ties include matrix computation tools such as orthogonal transformations and other

manipulations, index utilities, monomial utilities, and so on. The two most notable

utilities are matrix builder LINEARTRANSFORMMATRIX that conveniently gener-

ate matrices from linear transformations between polynomial vector spaces, and the

nonlinear least squares solver GAUSSNEWTON for minimizing the distance to a pe-

jorative manifold. Both routines are designed with a priority on simplicity for users

and with options to maximize efficiency, as illustrated in the following examples.

Example 5.5.1. Construction of Ruppert matrices in ApaTools. The Ruppert

matrix (cf. §5.3.4) is the matrix represents the linear transformation L f in (5.29)

from a given polynomial f of bidegree [m,n] , say

f = 2x3y3−5x2y5 + x2y+6x2y2−15xy4 +3x−4xy2 +10y4−2

of bidegree [3,5] . The linear transformation is a combination of the linear trans-

formations

L{,‖ : ⊓ −→ [{ ·∂‖−∂‖{]⊓, ‖= ∞,∈ (5.46)

A Maple user needs to write a straightforward three-line Maple procedure for this

linear transformation:

> RupLT := proc( u, x, f, k)
return expand( f*diff(u,x[k]) - diff(f,x[k])*u )

end proc:

Then the Ruppert matrix is constructed instantly by calling

> R := < LinearTransformMatrix(RupLT,[f,2],[x,y],
[m-1,n],[2*m-1,2*n-1]) |

LinearTransformMatrix(RupLT,[f,1],[x,y],
[m,n-1],[2*m-1,2*n-1]) >;

R:=

⎡
⎣

60 x 38 Matrix
Data Type: anything
Storage: rectangular
Order: Fortran order

⎤
⎦

Here, the input items [f,1] and [f,2] indicate the linear transformation L{,∞
and L{,∈ respectively, [x,y] is the list of indeterminates, [m-1,n] and

[m,n-1] are the bidegree bounds on the domains of the linear transformations,
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and [2*m-1,2*n-1] is the bidegree bound of the range. Applying the numerical

kernel routine APPROXIRANK

> r, s, N := ApproxiRank(R,[1e-8]);

yields the numerical nullity 2 that reveals the number of irreducible factors of f .

⊓⊔

Example 5.5.2. Applying the Gauss-Newton iteration in factorization. After

obtaining an initial approximation

u1 = −1.99999+2.99999x+ x2y

u2 = .99998+2xy2−4.99998y4

to the irreducible factors of the polynomial f in Example 5.5.1, we seek the least

squares solution to the overdetermined system of equations

{
φHu1−1 = 0

[[u1 ·u2− f ]] = 0

(cf. Example 5.1.3 and §5.3.4). A user needs to write a straightforward Maple pro-

cedure for this system of equations

> FacFunc := proc( w, x, f, phi)
return [PolynomialDotProduct( phi,w[1],x)-1,

expand(w[1]*w[2])-f]
end proc;

prepare input data and make a call on the ApaTools routing GAUSSNEWTON

> factors, residual := GaussNewton(FacFunc,[u1,u2],
[[x,y],f,phi], [1e-12,9,true]);

Gauss-Newton step 0, residual = 1.71e-04
Gauss-Newton step 1, residual = 4.82e-10
Gauss-Newton step 2, residual = 3.46e-14

f actors,residual := [−2.00000714288266+3.00001071432397x+

1.00000357144133x2y, .999996428571430+1.99999285714286xy2−
4.99998214285715y4

]
, .346410161513776 10−13

The result shows computed irreducible factors with a backward error 3.5× 10-14 ,

and the factors with a scaling

−2.00000000000000+2.99999999999998x+1.00000000000000x2y
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and

1.00000000000000+2.00000000000001xy2−5.00000000000002y4

are accurate near hardware precision. ⊓⊔

APATOOLS is an on-going project with its functionality and library still expand-

ing. We wish to build a comprehensive software toolbox for applications and algo-

rithm development. The near term plan is to incorporate approximate irreducible

factorization, fully implement the closedness/fewnomial subspace strategy for en-

hancing the efficiency, and collect a library of benchmark test problems for numer-

ical polynomial algebra.

Acknowledgements. The author is supported in part by the National Science

Foundation of U.S. under Grants DMS-0412003 and DMS-0715127. The author

thanks Hans Stetter for providing his student’s thesis [88], and Erich Kaltofen for

his comment as well as several references in §5.4.2.

References

1. E. L. ALLGOWER, K. GEORG, AND R. MIRANDA, The method of resultants for computing

real solutions of polynomial systems, SIAM J. Numer. Anal., 29 (1992), pp. 831–844.

2. W. AUZINGER AND H. J. STETTER, An elimination algorithm for the computation of all

zeros of a system of multivariate polynomial equations. Proc. of International Conference on

Numerical Mathematics Singapore, 1988.

3. D. J. BATES AND J. D. HAUENSTEIN AND C. PETERSON AND A. J. SOMMESE, A local

dimension test for numerically approximate points on algebraic sets, Preprint, 2008.

4. D. BATES, J. D. HAUENSTERN, A. J. SOMMESE, AND C. W. WAMPLER, Bertini: Software

for Numerical Algebraic Geometry. http://www.nd.edu/∼ sommese/bertini, 2006.

5. , Software for numerical algebraic geometry: A paradigm and progress towards

its implementation, in Software for Algebraic Geometry, IMA Volume 148, M. Stillman,

N. Takayama, and J. Verschelde, eds., Springer, 2008, pp. 1–14.

6. D. J. BATES, C. PETERSON, AND A. J. SOMMESE, A numerical-symbolic algorithm for

computing the multiplicity of a component of an algebraic set, J. of Complexity, 22 (2006),

pp. 475–489.
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36. J. HADAMARD, Sur les problèmes aux dèrivèes partielles et leur signification physique.

Princeton University Bulletin, 49–52, 1902.

37. P. C. HANSEN, Rank-Deficient and Discrete Ill-Posed Problems, SIAM, 1997.



160 Zeng

38. M. HITZ, E. KALTOFEN, AND Y. N. LAKSHMAN, Efficient algorithms for computing the

nearest polynomial with a real root and related problems. Proc. ISSAC’99, ACM Press, pp

205-212, 1999.
39. V. HRIBERNIG AND H. J. STETTER, Detection and validation of clusters of polynomial

zeros, J. Symb. Comput., 24 (1997), pp. 667–681.
40. Y. HUANG, W. WU, H. STETTER, AND L. ZHI, Pseudofactors of multivariate polynomials.

Proc. ISSAC ’00, ACM Press, pp 161-168, 2000.
41. C.-P. JEANNEROD AND G. LABAHN, The SNAP package for arithemetic with numeric poly-

nomials. In International Congress of Mathematical Software, World Scientific, pages 61-71,

2002.
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92. P.-Å. WEDIN, Perturbation bounds in connection with singular value decomposition, BIT,

12 (1972), pp. 99–111.

93. J. H. WILKINSON, The Algebraic Eigenvalue Problem, Oxford University Press, New York,

1965.

94. X. WU AND L. ZHI, Computing the multiplicity structure from geometric involutive form.

Proc. ISSAC’08, ACM Press, pages 325–332, 2008.

95. Z. ZENG, A polynomial elimination method for numerical computation. Theoretical Com-

puter Science, Vol. 409, pp. 318-331, 2008.

96. Z. ZENG, The approximate GCD of inexact polynomials. Part I. to appear.

97. , Algorithm 835: MultRoot – a Matlab package for computing polynomial roots and

multiplicities, ACM Trans. Math. Software, 30 (2004), pp. 218–235.

98. , Computing multiple roots of inexact polynomials, Math. Comp., 74 (2005), pp. 869–

903.

99. Z. ZENG, ApaTools: A Maple and Matlab toolbox for approximate polynomial algebra, in

Software for Algebraic Geometry, IMA Volume 148, M. Stillman, N. Takayama, and J. Ver-

schelde, eds., Springer, 2008, pp. 149–167.

100. Z. ZENG, The closedness subspace method for computing the multiplicity structure of a poly-

nomial system, to appear: Contemporary Mathematics series, American Mathematical Society,

2009.

101. Z. ZENG, The approximate irreducible factorization of a univariate polynomial. Revisited,

preprint, 2009.

102. Z. ZENG AND B. DAYTON, The approximate GCD of inexact polynomials. II: A multivariate

algorithm. Proceedings of ISSAC’04, ACM Press, pp. 320-327. (2006).

103. Z. ZENG AND T. Y. LI, A numerical method for computing the Jordan Canonical Form.

Preprint, 2007.

104. L. ZHI, Displacement structure in computing approximate GCD of univariate polynomials.

In Proc. Sixth Asian Symposium on Computer Mathematics (ASCM 2003), Z. Li and W. Sit,

Eds, vol. 10 of Lecture Notes Series on Computing World Scientific, pp. 288-298, 2003.

105. R.E. ZIPPLE, Probabilistic algorithms for sparse polynomials, Proc. EUROSAM ’79,

Springer Lec. Notes Comp. Sci., 72, pp. 216-226, 1979.



Chapter 6

Ideal Interpolation:
Translations to and from Algebraic Geometry

Boris Shekhtman

Abstract In this survey I will discuss four themes that surfaced in multivariate inter-

polation and seem to have analogues in algebraic geometry. The hope is that mixing

these two areas together will benefit both.

6.1 Introduction

We have many things in common with the Americans except the language.

(Oscar Wilde)

The aim of this survey is to describe some of the problems arising in multivariate

interpolation that seem to be amenable to the methods of algebraic geometry. In

other words, to ask for help. The questions concern “ideal projectors”. These are

linear idempotent operators on the ring of polynomials that have one additional

property: the kernels of these operators are ideals in k[x] .
In one variable ideal projectors are precisely the Hermite interpolation projectors,

the well-studied and beloved workhorses of numerical analysis. A simple-minded

strategy is to take your favorite property of Hermite projectors and ask for its exten-

sion to a multivariate setting. This plan is as primitive as it is futile. Nevertheless,

I will follow this very strategy; if for no other reason than to prove the point. So

be prepared to read the phrase “in one variable” a lot; just like at the start of this

paragraph.

This first section is an attempt to bridge the proverbial “boundary of a common

language” between Approximation Theory (AT) and Algebraic Geometry (AG). The

appendix to this article contains a short “AT-AG dictionary” aimed at helping with

translations. Like every dictionary, this one is not exact, but it may help in making

the right associations. It certainly helped me.

Department of Mathematics & Statistics, University of South Florida, Tampa, FL 33620, USA,

e-mail: boris@math.usf.edu

L. Robbiano, J. Abbott (eds.), Approximate Commutative Algebra, Texts and Monographs 163

in Symbolic Computation, DOI 10.1007/978-3-211-99314-9 6, c© Springer-Verlag/Wien 2009



164 Shekhtman

In the later sections I describe in detail some problems and developments toward

their resolution in the following four topics:

Section 2: (AT) The limits of Lagrange projectors.

(AG) Radical component of a border scheme.

Section 3: (AT) Restrictions of ideal projectors.

(AG) Grading of k[x]/I and its dualizing module.

Section 4: (AT) Error formulas.

(AG) Ideal representation.

Section 5: (AT) Minimal interpolating subspaces.

(AG) Cohomological dimension and arithmetic rank of the Hilbert

scheme.

I have no doubt that a reader, familiar with algebraic geometry, will periodically

exclaim something like, “But this is trivial...”. Well, good! May this be a motivation

for her or him to take a crack at the problems.

6.1.1 Ideal projectors

In approximation theory we seek an approximation to a function f by a polynomial,

preferably of small degree; that is by a polynomial that comes from a fixed N -

dimensional subspace G of k[x] := k [x1, . . . ,xd ] . The function f is either given

explicitly or by limited information, such as its values at a few points. The ground

field k is typically the real field R or the complex field C , thus in this article k will

always refer to one of these fields. The method of approximation is encapsulated in

the projector (linear idempotent operator) P from k[x] onto G . While (depending

on the norm on k[x]) a best approximation is hard to compute, the linearity of

P gives a realistic hope of developing an algorithm for determining P f ∈ G . The

idempotence of P assures the quality of the approximation. Since Pg = g for every

g ∈ G ,

‖ f −P f‖= ‖ f −g−P( f −g)‖ ≤ ‖I−P‖‖ f −g‖
for every g ∈ G . Taking the infimum over all such g ∈ G , we conclude that

‖ f −P f‖ ≤ (1 + ‖P‖)dist( f ,G) . Thus, up to the constant K := ‖I−P‖ that does

not depend on f , the error of this approximation is as good as can be hoped. A

prototypical example of such a projector is the Lagrange projector defined by N

distinct points (sites): z1, . . . ,zN ∈ kd and having the property that f (z j) = P f (z j)
for all j = 1, . . . ,N and all f ∈ k[x] . The kernel of this projector is an ideal

kerP =
{

f ∈ k[x] : f (z j) = 0, j = 1, . . . ,N
}
⊂ k[x]

and in fact is a radical ideal with the associated variety V (kerP) = {z1, . . . ,zN} .

Definition 6.1.1 (Birkhoff [2]). A projector P on k[x] is called an ideal projector

if kerP is an ideal in k[x] .
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The following observation of Carl de Boor [11] stems from the fact that P f is a

result of division of f by the ideal kerP .

Theorem 6.1.2. A linear operator P on k[x] is an ideal projector if and only if

P( f g) = P( f Pg) (6.1)

for all f ,g ∈ k[x] .

We will leave the simple verification of this fact to the reader and refer to (6.1)

in the rest of the article as de Boor’s formula.

Of course, if the range G of the projector P is given, the study of ideal projectors

is the same as the study of ideals J ⊂ k[x] that complement G :

J⊕G = k[x]

or, in algebraic terminology, the ideals J ⊂ k[x] such that G spans the algebra A :=
k[x]/J . The de Boor’s formula simply says that [ f [g]] = [ f g] in A .

Let PG stand for the family of all ideal projectors onto G and JG for the family

of all ideals that complement G . There is a one-to-one correspondence between

these two sets. An approximation theorist prefers to study the set PG , while an

algebraist seems to focus on JG . The reasons are partly cultural and partly motivated

by the specifics of the problems at hand.

Of particular importance are projectors onto the space G := k[x]<n of polyno-

mials of degree less than n . Thus some of the results are specifically aimed at these

projectors.

The ideal projectors, just like ideals, have a set of attributes that we now describe.

6.1.2 Parametrization

One of the consequences of de Boor’s formula is that an ideal projector onto

G is completely defined by its values on a relatively small class of polynomials

{1,xig, i = 1, . . . ,d,g ∈ G} or, by linearity, on the finite set

∂G := {1,xigk, i = 1, . . . ,d, k = 1, . . . ,dimG}\G (6.2)

where {gk} is a k-bases for G . The polynomials { f −P f , f ∈ ∂G} form the (bor-

der) basis for kerP . The polynomials

P f =∑wP, f ,kgk, f ∈ ∂G (6.3)

define the (generalized) sequence of coefficients

wP :=
(
wP, f ,k : f ∈ ∂G,k = 1, . . . ,dimG

)

and the set of all such sequences
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PG := {wP : P ∈PG}

parametrizes PG . For a sequence w ∈ k#∂G×dimG to be in PG , the projector P

defined by (6.3) must satisfy equations (6.1) for all f and g , which is the set of

algebraic equations for w . This gives PG the structure of an affine variety (AKA

border scheme) and, for some G (cf. [13]), amounts to nothing more than enforcing

the Buchberger criteria on the polynomial { f − p, f ∈ ∂G, p ∈ G} .

The following example is not original (cf. [29, 40, 46]) but it is simple and will

serve as an illustration throughout the paper.

Illustration 6.1.3. Let G = k[x,y]<2 = span{1,x,y} ⊂ k[x,y] . Let P be an ideal

projector onto G and

Px2 = a0 +b0x+ c0y

Pxy = a1 +b1x+ c1y

Py2 = a2 +b2x+ c2y

(6.4)

The coefficients in (6.4) determines the value of P f on any polynomial f ∈ k[x,y]
and, moreover

P f = a f +b f x+ c f y

where a f ,b f and c f are polynomials in k [a0,b0,c0,a1,b1,c1,a2,b2,c2] . Equations

P(xPxy) = P
(
yPx2

)
and P(yPxy) = P

(
xPy2

)
form the set of algebraic equations

for the coefficients in (6.4). The solutions to these equations are given by

a0 =−b0c1 + c2
1 +b1c0− c0c2,

a1 = b2c0−b1c1,

a2 = b2
1− c2b1−b0b2 +b2c1.

(6.5)

Thus PG is the six-dimensional affine variety in k9 , consisting of points

(a0,b0,c0,a1,b1,c1,a2,b2,c2)

satisfying (6.5). A border bases for the ideal kerP is

(
x2−Px2,xy−Pxy,y2−Py2

)
.

Remark 6.1.4. It is an interesting feature of ideal projectors P onto k[x]<n in two or

more variables (cf. [46]) that the coordinates of wP ∈Pk[x]<n
are fixed polynomials

in the coefficients of the leading forms of Pxα , |α| = n . In two (and only two)

variables, every collection of forms pα of degree n− 1 uniquely determines an

ideal projector P by

leading form (Pxα) = pα , |α|= n.
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In particular, Pk[x,y]<n
is a polynomial image of kn(n+1) and thus an irreducible

n(n + 1) = 2× dimk<n[x,y]-dimensional affine variety in k
n(n+1)2

2 . More on this

subject can be found in [46].

6.1.3 Multiplication operators

With any ideal projector P and any f ∈ k[x] we associate the multiplication opera-

tor M f defined on G by M f (g) := P( f g) . In particular

M jg := P(x jg) .

These operators are similar, literally and figuratively, to the multiplication mappings

(endomorphisms) m j defined on k[x]/kerP (cf. [15, 35, 48]). Thus M = MP :=
(M j) is a cyclic d -tuple of pairwise commuting operators on G . The word “cyclic”

refers to the existence of a cyclic vector g0 ∈G (in this case g0 can be chosen to be

P1) such that

{ f (M1, . . . ,Md)g0 : f ∈ k[x]}= G.

The converse is also true. It is based on the “toy model” of the Hilbert scheme,

described in Nakajima [33], albeit in two variables. Here is a translation into the

language of ideal projectors:

Theorem 6.1.5 ([15]). Let L := (L j, j = 1, . . . ,d) be a cyclic sequence of commut-

ing operators on G, g0 be the cyclic vector for L . Then

(i) The map

ϕL : k[x] → G

f → f (L1, . . . ,Ld)g0
(6.6)

is a surjective ring homomorphism. The ideal kerϕL complements G and the

restriction ϕL|G of ϕL to G is an isomorphism.

(ii) The projector PL onto G with kerP = kerϕL is an ideal projector and is given

explicitly by the formula

PL =
(
ϕL|G

)−1 ◦ϕL. (6.7)

(iii) The sequence (L j) is similar to multiplication operators (M j) for the

projector PL .

The last part of this theorem was noted in [15] and [35], where it is shown that

(L j) is similar to multiplication endomorphisms (m j) on k[x]/kerϕL and, there-

fore, is similar to the multiplication operators (M j) for the projector PL . The rest

is self-explanatory (cf. [15]). The formula (6.7) has appeared in [15]. For deeper

results on the relationship between border basis and commuting endomorphisms we

refer to [24] and [35].
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Illustration 6.1.6. The operators M1,M2 for projector (6.4) are represented by ma-

trices

M1 = Mx =

⎡
⎣

0 a0 a1

1 b0 b1

0 c0 c1

⎤
⎦ ,M2 = My =

⎡
⎣

0 a1 a2

0 b1 b2

1 c1 c2

⎤
⎦

in the bases 1,x,y . It is easy (and instructive) to check that these matrices commute

if and only if (6.4) holds. The cyclic vector is (1,0,0) = 1 ∈ k[x,y] . The ideal

kerP = { f ∈ k[x,y] : f (M1,M2)1 = 0}= { f ∈ k[x,y] : f (M1,M2) = 0} .

6.1.4 Duality

Every projector onto G (ideal or not) can be written in the form

P =
dimG

∑
j=1

λ j⊗g j, (6.8)

i.e. P f =
dimG

∑
j=1

λ j( f )⊗ g j , where (g j) is a basis for G and (λ j) are bi-orthogonal

functionals in the algebraic dual k′[x] of k[x] .
The space Λ := span

{
λ j

}
⊂ k′[x] is the range of the dual projector

P∗ :=
dimG

∑
j=1

g j⊗λ j,

dimΛ = dimG and

kerΛ := { f ∈ k[x] : λ ( f ) = 0 for all λ ∈Λ}= kerP (6.9)

satisfies

kerΛ ∩G = {0}. (6.10)

Conversely, if dimΛ = dimG and (6.10) holds, then (6.9) defines a projector onto

G . In this case we will say that Λ is correct for G . In other words, Λ is correct for

G if and only if for every f ∈ k[x] there exists unique g ∈ G such that

λ ( f ) = λ (g), ∀λ ∈Λ ,

i.e. the projector P interpolates at the functionals λ j :

λ j( f ) = λ j(P f ) for all f ∈ k[x]. (6.11)

In algebraic language (cf. [7]), if A = k[x]/kerP , then Λ = Â is its dual and the

ideal kerP = Ann(Λ) .

To give k′[x] the structure of a module over k[x] , we identify the space k′[x]
with the space k[[x]] of formal power series (inverse system) as follows:
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To every element λ ∈ k [[x1, . . . ,xd ]] we associate a differential operator λ (D) ∈
k [D1, . . . ,Dd ] by formally replacing variables in λ with the appropriate opera-

tors D j , which are partial derivatives with respect to x j . Now, for every λ ∈
C [[x1, . . . ,xd ]] we define the functional λ̃ ∈ k′[x] by

λ̃ ( f ) := (λ̄ (D) f )(0) for every f ∈ k[x]. (6.12)

It is well-known (cf. [14, 7, 30]) that the map λ �−→ λ̃ defined by (6.12) is a

linear isomorphism between k[[x]] and k′[x] . In particular the power series (in x)

for ez·x are identified with the linear functional δz defined by δz( f ) := f (z) for

every f ∈ k[x] .
Whenever it does not cause confusion, we drop the tilde and treat λ as a func-

tional or as a formal power series interchangeably.

Definition 6.1.7. A subspace Λ ⊂ k[[x]] is called D -invariant if for every λ ∈Λ

D jλ ∈Λ for all j = 1, . . . ,d.

Given a subset F ⊂ k[[x]] we use D(F) to denote the least D -invariant subspace of

k[[x]] that contains F . The space D(F) is called the deflation of F (cf. [7]).

Theorem 6.1.8 ([14, 30] and [26] in its original form). Let Λ be a

finite-dimensional subspace of k[[x]] . Then kerΛ is an ideal in k[x] if and only

if Λ is D-invariant.

The Lasker–Noether theorem implies (cf. [30]) that the projector (6.8) is ideal if

and only if

Λ = span(λ j) =⊕m
j=1 (ez j ·x ·Λ j) (6.13)

where Λ j ⊂ k[x]⊂ k[[x]] is a D -invariant subspace of polynomials and

m

∑
j=1

dimΛ j = dimG.

In particular, if P is a Lagrange projector then Λ = span{ez j ·x, j = 1, . . . ,n} ; if P

is primary, i.e. kerP is a primary ideal in C[x] , then Λ = ez0·x ·Λ0 where Λ0 ⊂
k[x] and {z0}= V (kerP) . More on the relationship between ideals, multiplication

operators and duality can be found in [7].

Illustration 6.1.9. Among ideal projectors onto span{1,x,y} there are precisely

two (up to the change of variables) primary ideal projectors: the Taylor projector

T defined by

T x2 = T xy = Ty2 = 0 (6.14)

and P∗ defined by

P∗xy = P∗y2 = 0, P∗x2 = y. (6.15)

This projector appeared in several investigations (cf. [11, 29]) and, as the subscript

indicates, it is the star of the show. The space Λ = ranT ∗ is given by span{1,x,y}
while the space Λ for P∗ is span

{
1,x, 1

2
x2 + y

}
. The Taylor projector interpolates
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at the functionals δ0,δ0 ◦Dx,δ0 ◦Dy and P∗ interpolates at the functionals δ0,δ0 ◦
Dx,δ0 ◦

(
1
2
D2

x +Dy

)
.

6.2 Hermite Projectors and Their Relatives

Ideals are replaced by conventional goals at a certain age.

(Proverb.)

In this section we will examine the possibility of approximating (deforming) a

given ideal projector P ∈PG by a family of projectors P(t) ∈PG that have certain

additional properties (e.g. Lagrange projectors).

In one variable every ideal is curvilinear since every ideal has finite codimension

N and complements k[x]<N (cf. [45]). Every ideal projector P in C[x] is Hermite

(cf. [42]) and can be viewed as a limiting case of Lagrange projector. Indeed the

ideal kerP is principle, and a polynomial that generates this ideal can be approxi-

mated by square-free polynomials of the same degree. The approximants generate

a family of radical ideals that approximate the original ideal kerP . This prompted

Carl de Boor [12] to define Hermite projectors as limits of Lagrange projectors and

conjecture (cf. [11]) that every (finite-dimensional) ideal projector in C[x] is Her-

mite. Upon suggestion of G. Ellingsrud, the answer was translated from AG in [41].

The answer is “yes” for d = 2 and “no” for d ≥ 3.

6.2.1 Perturbations of ideal projectors

Definition 6.2.1. Let T be a topological space and 0 ∈ T . Let P(t) ∈PG and let

P be a linear operator onto G . We say that P(t)→ P as t → 0 if

P(t) f (z)→ P f (z) for every f ∈ k[x] and every z ∈ kd . (6.16)

The attributes of ideal projectors depend continuously on the projectors:

Theorem 6.2.2 ([46, 44]). Let G be a finite dimensional space, P(t) ∈PG and let

P be a linear operator onto G such that P(t)→ P as t → 0 . Then P is an ideal

projector. Moreover the following are equivalent

(i) P(t)→ P as t → 0 .

(ii) wP(t) → wP . Here wP(t),wP ∈PG are points that parametrize the projectors

P(t) and P respectively. Hence PG is a continuous parametrization of PG .

(iii) MP(t) → MP where MP(t) , MP are multiplication operators for P(t) and P

respectively.

(iv) For every λ ∈ (kerP)⊥ there exists λ (t) ∈ (kerP(t))⊥ such that

λ (t)( f )→ λ ( f ),

for every f ∈ k[x] .
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The proofs are relatively straightforward. Equivalence of (i) and (ii) follows from

the de Boor’s formula (cf. [49]) and so does the equivalence of (i) and (iii), (cf. [15]).

The equivalence of (i) and (iv) is proved in [46, 44].

In particular if the P(t) are Lagrange projectors at the points
{

z j(t), j = 1, . . . ,

dimG
}

then for every λ ∈ (kerP)⊥ there exist coefficients c j(t) ∈ k such that

dimG

∑
j=1

c j(t)e
z j(t)·x → λ as t → 0. (6.17)

Illustration 6.2.3. Let (x j, j = 1,2,3) be three distinct points in k and let P be a

Lagrange projector onto k[x,y]≤1 ⊂ k[x,y] interpolating at the sites
(

x j,x
2
j

)
. It is

easy to compute that

Px2 = y,

Pxy = x1x2x3− (x1x2 + x1x3 + x2x3)x+(x1 + x2 + x3)y,

Py2 = x1x2x3 (x1 + x2 + x3)+(x2 + x3)(x1 + x3)(x1 + x2)x

+
(
x2

1 + x2
2 + x2

3 + x1x2 + x1x3 + x2x3

)
y.

Thus if for every t , (x j(t), j = 1,2,3) is a triple of distinct points in k and

x j(t) → 0 as t → 0 then the Lagrange projectors P(t) interpolating at the sites(
x j(t),x

2
j(t)

)
converge to P∗ . Theorem 6.2.2(iv) implies the existence of coeffi-

cients (c j(t), j = 1,2,3) such that

∑c j(t)e
x j(t)x+x2

j (t)y → 1

2
x2 + y as t → 0.

This is so because the functional λ := 1
2
x2 + y ∈ (kerP∗)⊥ .

6.2.2 Lagrange and curvilinear projectors

Definition 6.2.4. An ideal projector P onto G is called curvilinear if there exists a

linear form l ∈ k[x] such that kerP complements the space span
{

1, l, . . . , lN−1
}

,

i.e. [1], [l], . . . , [lN−1] form a basis in the algebra k[x]/kerP . The subset of PG of

all curvilinear projectors is denoted by CG and the subset of PG that corresponds

to these projectors is denoted by CG .

The property of being curvilinear can be expressed in terms of the attributes of

the projector as is shown below.
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Proposition 6.2.5.

(i) P ∈PG is curvilinear if and only if there exists a linear form l ∈ k[x]≤1 such

that l (MP) is non-derogatory. In this case l̃ (MP) is non-derogatory for a

generic form l̃ .

(ii) CG is a Zariski open subset of PG .

(iii) There is a surjective rational map ρ : kdN → CG .

Proof. (i) Without loss of generality, assume that kerP complements

H := span
{

1,x1, . . . ,x
N−1
1

}
.

Then
{

xN
1 ,x2, . . . ,xd

}
= ∂H and the ideal projector Q onto H with kerQ = kerP

is given by

QxN
1 = q1 (x1) , Qxk = qk (x1) , p1, pk ∈ k[x]<N , k = 2, . . . ,d. (6.18)

Let MQ = (M1(Q), . . . ,Md(Q)) be multiplication operators for Q . We need to show

that M1(Q) is non-derogatory, for then, by Theorem 6.1.5(iii), so is M1 in MP .

From (6.18) we have

Mk(Q) = qk (M1(Q)) , k = 2, . . . ,d. (6.19)

By cyclicity, the algebra of operators that commute with MQ is generated by MQ ,

and hence by M1(Q) . Therefore every operator that commutes with M1(Q) is a

polynomial in M1(Q) and M1(Q) is non-degenerate. Conversely if M1 is non-

degenerate then (6.19) holds for some polynomials qk ∈ k[x]<N and the ideal

kerP = JL is generated by polynomials in x1 .

(ii) For every (l,g) ∈ k[x]≤1×G define

Ul,g := {wP ∈PG : Ml is non-derogatory, g is cyclic for Ml} . (6.20)

Then Ul,g consist of those wP ∈PG for which the determinant of the matrix of

column vectors
(
g,Mlg, . . . ,MN−1

l g
)

is non-zero. But this determinant is a polyno-

mial in k [PG] , hence Ul,g is Zariski open and so is CG = ∪Ul,g , where the union

is over (l,g) ∈ k[x]≤1×G .

(iii) Suppose that the kerP complements H := span
{

1,x1, . . . ,x
N−1
1

}
and let Q

be an ideal projector onto H with kerQ = kerP given by (6.18). For every f ∈ ∂G

we have f −P f ∈ kerP = kerQ . Thus Q f = QP f . Writing these equations in terms

of the coefficients we have

Q f =
N−1

∑
j=0

a j, f x
j
1 = Q(

N

∑
k=1

w f ,kgk) =
N

∑
k=1

w f ,k

N−1

∑
j=0

a j,gk
x

j
1. (6.21)

This is a linear system of equations for coefficients w f ,k , and by Cramer’s rule

w f ,k =
p f ,k

pk

, (6.22)
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where p f ,k and pk are determinants of the matrices with entries from k [PH ] , and

therefore, themselves are polynomials in k [PH ] . Since PH ≃ kdN we obtain the

proof of the theorem. ⊓⊔
Definition 6.2.6. An ideal projector P onto G is called Lagrange if the ideal kerP

is an ideal of N = dimG points in kd , i.e. (kerP)⊥ = span{ez j ·x, j = 1, . . . ,N} . The

subset of PG of all Lagrange projectors is denoted by LG and the subset of PG

that corresponds to the Lagrange projectors is denoted by LG .

Once again, this property of a projector is reflected in its attributes.

Proposition 6.2.7. Let k = C be the complex field. Then

(i) P ∈ PG is Lagrange if and only if the multiplication operators MP =
(
M1,

. . . ,Md

)
are simultaneously diagonalizable. In this case the joint spectrum

σ (MP) = V (kerP) .

(ii) LG is a Zariski open subset of PG .

(iii) There exists a surjective rational map ρ : CdN → CG .

Part (i) of the proposition is the celebrated theorem of Hans Stetter (cf. [1, 50,

51]). The rest is analogous to the proof of the Proposition 6.2.5 (cf. [48] for details).

Illustration 6.2.8. The ideal projector onto span{1,x,y} is Lagrange if and only if

there exists three points (x1,y1) , (x2,y2) and (x3,y3) in k2 such that

(
Px2

)
(xi,yi) = a0 +b0xi + c0yi = x2

i ,

(Pxy)(xi,yi) = a1 +b1xi + c1yi = xiyi,(
Py2

)
(xi,yi) = a2 +b2xi + c2yi = y2

i ,

for i = 1,2,3. By Cramer’s rule

a0 = a0(xi,yi) =

∣∣∣∣∣∣

x2
1 x1 y1

x2
2 x2 y2

x2
3 x3 y3

∣∣∣∣∣∣
∣∣∣∣∣∣

1 x1 y1

1 x2 y2

1 x3 y3

∣∣∣∣∣∣

∈ k(x1,y1,x2,y2,x3,y3) .

The rest of the coefficients have similar expressions as the rational functions defined

on the subset of k6 where the determinant in the denominator does not vanish,

i.e. the interpolation sites are not collinear.

6.2.3 Limits of Lagrange and curvilinear projectors

Definition 6.2.9. An ideal projector P onto G is a limit of curvilinear projec-

tors (LCP) if there exists a family of curvilinear projectors P(t) onto G such
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that P(t)→ P . The subset of PG of all (LCP) projectors is denoted by LCG , and

the subset of PG that corresponds to such projectors is denoted by L C G .

An ideal projector P onto G is a Hermite projector if there exists a sequence

of Lagrange projectors P(t) onto G such that P(t)→ P . The subset of PG of all

Hermite projectors is denoted by HG , and the subset of PG that corresponds to

Hermite projectors is denoted by HG .

Theorem 6.2.10. Let G be a finite-dimensional subspace of k[x] . Then:

(i) The subset L C G ⊂PG that parametrizes the LCP projectors is an irreducible

subvariety of PG of dimension d×dimG. Moreover, for every G there exists

a finite step algorithm that explicitly determines the polynomials that cut out

L C G in PG .

(ii) L C G = PG if and only if PG is irreducible.

(iii) If k = C then the same is true for the variety HG .

Proof. By Proposition 6.2.5(iii), Zariski closure C̄G of CG has rational parametriza-

tion, and thus it is irreducible. By Proposition 6.2.5(ii), CG is a Zariski open subset

of C̄G , hence (cf. [32]) its Zariski closure coincides with the Euclidean closure. By

Theorem 6.2.2(ii) the Euclidean closure of CG is L C G which proves the first part

of (i). The second part of the statement follows from the existence of “implicitiza-

tion algorithm for rational parametrization” (cf. [8, 130–131]). To prove (ii), observe

that if PG is irreducible then CG is a Zariski open subset of an irreducible variety

PG and hence its closure is C̄G = L C G = PG . Part (iii) follows from Proposition

6.2.7. The proof is similar to (i) and (ii). ⊓⊔

The following proposition immediately follows from (6.7).

Proposition 6.2.11 ([15]). Let L be a cyclic commuting sequence of operators on

G and let L(t) be a sequence of commuting d -tuples of operators on G such that

L(t)→ L . Then, for sufficiently small t , L(t) is cyclic and PL(t) → PL .

Proof. Let g0 be a cyclic vector for L and let pk ∈ k[x] be such that

{g0, p1(L)g0, . . . , pN−1(L)g0}

is a k-basis for G . Then for sufficiently small t we have

∑‖pk(L)g0− pk(L(t))g0‖< 1,

hence (cf. [28]) {g0, p1(L(t))g0, . . . , pN−1(L(t))g0} is a k -basis for G . The rest

follows from (6.7). ⊓⊔

Theorem 6.2.12 ([15]). Let P be an ideal projector onto G and let M be its se-

quence of multiplication operators. Then:

(i) P ∈ LCG if and only if there exists a sequence L(t) = (L j(t)) of commuting

d -tuples of operators such that for any t , some linear form lt(L(t)) is non-

derogatory and L(t)→M .
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(ii) If P ∈ LCG and l̃t is any linear form, then there exists a sequence L̃(t) =
(L̃ j(t)) of commuting d -tuples of operators such that l̃t(L̃(t)) is non-derogatory

and L̃(t)→M .

(iii) P ∈ HG if and only if there exists a sequence L(t) = (L j(t)) of simultaneously

diagonalizable d -tuples of operators such that L(t)→M .

(iv) HG ⊂L C G and, if k = C , then HG = L C G .

Proof. Item (i) follows from Propositions 6.2.5 and 6.2.11. To prove (ii), assume

that lt and L(t) = (L j(t)) satisfy (i) and let

l̃t(x) =
d

∑
k=1

ãk(t)xk.

The operator sl̃t(L(t)) + lt(L(t)) is non-derogatory for s = 0, hence it is non-

derogatory for all but finitely many s . Thus l̃t(L(t))+ εlt(L(t)) is non-derogatory

for ε = 1/s and hence it is non-derogatory for all but finitely many ε . Choosing

L̃k(t) := L j(t)+(ε(t)/(dãk(t))lt(L(t)) for ak �= 0 we have L̃(t) =
(
L̃ j(t)

)
→M if

ε(t)→ 0 sufficiently fast and l̃t(L̃(t)) = l̃t(L(t))+ ε(t)lt(L(t)) is non-derogatory.

Item (iii) follows from Proposition 6.2.7. To prove (iv) assume that P ∈HG . Then

there exist simultaneously diagonalizable L(t) → M . By small perturbations of

the eigenvalues we can assure that the spectrum of, say, L1(t) has distinct eigen-

values, hence L1(t) it is non-derogatory. Conversely, if k = C and L1(t) is non-

derogatory, then there exist polynomials p j,t ∈ C[x] of one variable such that

L j(t) = p j,t (L1(t)) , j = 2, . . . ,d . Let L̃1(t) be a diagonalizable perturbation of

L1(t) (it is here that the completeness of the field is used). Then

L̃(t) :=
(
L̃1(t), p2,t

(
L̃1(t)

)
, . . . , pd,t

(
L̃1(t)

))
→M

which ends the proof. ⊓⊔

Theorem 6.2.13 ([41]). For any finite-dimensional subspace G ⊂ k[x,y] we have

LCG = PG . If k = C then HG = PG .

Proof ([15]). Let P be an ideal projector onto G and let M = (M1,M2) be its

sequence of multiplication operators. We only need to approximate two commuting

matrices M1,M2 by commuting matrices L1(t),L2(t) in such a way that L2(t) is

non-derogatory. And this is possible by [31]. Here is a short proof: let M1 = SJS−1

where J = Diag(µkNk) be the Jordan form of M1 . Pick a matrix A = SJ̃S−1 with

J̃ = Diag(νkNk) where νk are chosen to be distinct and such that conjugate pairs

of µk correspond to conjugate pairs of νk . Then sM2 + A commutes with M1 , is

non-derogatory for s = 0, and therefore for all but finitely many values of s . Thus

M2 + tA is non-derogatory for all but finitely many values of t and letting t → 0 we

obtain the result. ⊓⊔

Remark 6.2.14. This could be a good time for the exclamation “Isn’t it just the

Fogarty theorem [16]?” Indeed it is!
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6.2.4 Two problems

The proof of the preceding theorem gives (at least conceptually) an algorithm of

generating a family of sets Z (t)⊂C2 of N = dimG points such that the Lagrange

projectors P(t) that interpolate at the sites Z (t) converge to a given ideal projec-

tor P ∈ HG . Starting with P , we construct A(t) := M2 + tA and find a polynomial

pt such that M1 = pt(A(t)) . For every t , let L2(t) be a diagonalizable matrix that

approximates A(t) and let
{

y j, j = 1, . . . ,dimG
}

be its eigenvalues. Then the La-

grange projectors P(t) that interpolate at the points

Z (t) := {z =
{
(pt (y j) ,y j) ∈ C2, j = 1, . . . ,dimG

}

converge to P .

Problem 1. Is there an “algorithm” in more than two variables?

The converse is even more intriguing and (in my opinion) is the key for deeper

understanding of the geometry (or rather “geology”) of the Hilbert schemes of

points, and therefore warrants a short discussion.

Problem 2. Given a Hermite projector P ∈HG and a family of Lagrange projectors

P(t)→ P , what is the relationship between “trajectories” of Z (t) = V (kerP(t))
and P?

Illustration 6.2.15. Recall the two primary ideal projectors T and P∗ onto G =
C[x,y]≤1 given by (6.14) and (6.15). As we saw previously, if all the points in Z (t)
tend to the origin along the curve

(
t, t2

)
⊂ C2 then the corresponding Lagrange

projectors P(t) converge to P∗ . Computational evidence suggests that even a slight

modification of this trajectory leads to a family of Lagrange projectors that con-

verges to the Taylor projector T . In fact a “random” choice Z (t)→ 0 leads to a

family of Lagrange projectors P(t) that converge to T . It seems that the Taylor pro-

jector is much more central in PG than P∗ . In other words, neighborhoods of wT

in PG have larger density than neighborhoods of wP∗ . This suggests that, even in

this simple case, the “geology” of PG is not well-understood.

Here is what little I know. If we assume that P(t) interpolates at three points

(xk(t),yk(t)) , k = 0,1,2 and P(t)→ P∗ then, by translation invariance, the same is

true for Lagrange projectors at the points

(0,0),(x̃k(t), ỹk(t)) := (xk(t)− x0(t),yk(t)− y0(t)) , k = 1,2.

Now we have

(x̃k(t))
2− ỹk(t) = a(t)x̃k(t)+b(t)ỹk(t) (6.23)

with a(t),b(t)→ 0.

Claim. |ỹk(t)|= o(|x̃k(t)|) .
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Proof. If not, then there exists a constant C > 0 such that |ỹ1(t)| ≥ C (|x̃1(t)|) .

Dividing both sides in (6.23) by |ỹ1(t)| , the right-hand side of the resulting equality

tends to zero, while the left-hand side tends to 1. ⊓⊔

If P(t)→ P and P(t) interpolates functionals δ0,δ0 ◦Dx and δ(x(t),y(t)) then

x2(t)− y(t) = b(t)y(t)

and thus
|x(t)|2
|y(t)| → 1. In other words, the trajectory of the point (x(t),y(t)) resembles

the curve x2− y that defines the ideal kerP∗ .

In general, if P(t)→ P , then V (kerP(t))→ V (kerP) . Intuitively, the trajecto-

ries of the points in V (kerP(t)) should resemble the curves on the hypersurfaces

defined by the polynomials in the basis for kerP .

Problem 3. Define “resemble”.

6.2.5 Existence of non-Hermite projectors

As was mentioned before, for d > 2 there exist ideal projectors that are not Hermite.

In the language of Hilbert schemes its existence was first proved by Iarrobino [22].

Here is a variation of his construction for non-Hermite projectors onto G = C[x]≤N .

Theorem 6.2.16. Let d ≥ 3 . Then for sufficiently large N there exists a non-LCP

projector onto k[x]≤N .

Proof. The idea is to pick a set U of monomials of degree N and a set W of

monomials of degree N + 1 in such a way that D jw ∈ spanU for every w ∈W .

Once such sets are chosen, we let V be the set of degree N monomials not in U

and construct a family of ideals

{
J(a(u,w)) : v ∈V,w ∈W,a(u,w) ∈ k#W×#V

}
,

where J(a(u,w)) is defined as deflation:

J(a(u,w)) := D{w−∑
v∈V

a(u,w)v : w ∈W}.

For any choices of a(u,w) ∈ k , the ideal J(a(u,w)) is primary. If the matrix

(a(u,w) : (u,w) ∈U×W ) is of rank #V then J(a(u,w)) complements k[x]≤N . All

that’s left is to count the number of free parameters a(u,w) , which is equal to

#W ×#V +d = #W ×
((

N +d−1

d−1

)
−#U

)
+d;

the term d corresponds to the various choices of maximal ideal.
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If #U = #W =
⌊

1
2

(
N+d−1

d−1

)⌋
=

⌊
1
2
#M[x]

⌋
then the number of parameters is

⌊
1
2
#M[x]≤N

⌋2
+ d . If this number is greater then d dimk[x]≤N = d

(
N+d

d

)
we are

guaranteed that at least one of the projectors generated by F(a(u,w)) is not an LCP.

It remains to show that for every K not greater than the number of monomials of

degree N , there exist subsets U and W with the desired properties. This is where

some caution is needed:

We impose an order ≺ on the monomials of fixed degree as follows. We say that

u ≺ v if u has fewer prime divisors than v . Otherwise the monomials are ordered

lexicographically. We start with a monomial xN
1 ∈U and xN+1

1 ∈W and add simul-

taneously monomials to U and W in the increasing order. It is now obvious that U

and W have the desired property. ⊓⊔

Simple calculations show the existence of non-LCP projectors onto the space

C[x]≤9 for d = 3. The dimension of this space is 220, which is much larger then

the dimension (= 102) of the range of the non-Hermite ideal projector obtained by

Iarrobino. On the other hand, we have a projector onto the space C[x]≤N , which

is of primary interest. Observe that the range of the projector matters. Indeed, for

G = C [x1]≤N ⊂ C[x] , every ideal projector is curvilinear, hence PG = HG . There

are other advantages to this construction:

Theorem 6.2.17 ([25]). For d = 13 there exists a non-LCP ideal projector from

k[x] onto k[x]≤1 .

Proof. Pick W =
{

x jxk,k, j = 1, . . . ,7
}

and U = {xk,k, j = 1, . . . ,7} . In this case

#W = 36 and #V = 5 and hence

#W ×#V +d = 193 > 13×14 = d×dimk[x]≤1

which proves the result. ⊓⊔

6.2.6 Description of non-Hermite projectors

Now that we know that not all of the ideal projectors are Hermite, one wants to

characterize those that are.

Until a few months ago, I was aware of only one explicitly given non-Hermite

projector. It was provided by Emsalem and Iarrobino [23]. The projector P is from

k[x,y,z,w] onto the 8-dimensional subspace G spanned by {1,x,y,z,w,xz,yz,yw}
defined by Pxw = yz and Pu = 0 for the rest of monomials not in G . The proof is

by hard computation of the dimension of Zariski tangent space to the variety PG at

the point P . This dimension turned out to be 28; less than d×dimG = 32. Thus P

does not belong to the irreducible component HG ⊂PG whose dimension is 32 at

every point.

Recently Dustin Cartwright, Daniel Erman, Mauricio Velasco and Bianca Viray

extended this result.
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Theorem 6.2.18 ([5]). Let P be an ideal projector onto an 8-dimensional subspace

of C[x,y,z,w] . Then P is non-Hermite if and only if (kerP)⊥ is a deflation of three

homogeneous quadratic polynomials λ1,λ2,λ3 such that the three four-by-four sym-

metric matrices
{

A j

}
defined by

(1,x,y,z,w)A j(1,x,y,z,w)t = λ j, j = 1,2,3

have a non-zero “Turnbull determinant”:

det

⎡
⎣

0 A1 −A2

−A1 0 A3

A2 −A3 0

⎤
⎦ �= 0.

In particular, this implies that every projector from C[x,y,z,w] onto a subspace

of dimension 7 or smaller is Hermite.

6.2.7 Projectors in three variables

The methods involved in the results of the previous subsections just do not seem

to work in three variables. Theorem 6.2.18 implies that any projector on an eight-

dimensional subspace of C[x,y,z] is Hermite.

Theorem 6.2.19. There exists a non-Hermite projector onto C[x,y,z]≤7 .

Proof. We will use a variation on the construction in the proof of Theorem 6.2.16.

Let

U =
{

xky7−k,k = 0, . . . ,7
}
∪
{

xkz7−k,k = 0, . . . ,6
}
∪
{

y6z,y5z2
}

and

W =
{

xky8−k,k = 0, . . . ,8
}
∪
{

xkz8−k,k = 0, . . . ,7
}
∪
{

y7z,y6z2
}

.

Then #V = 36− #U = 19, #W = 19 and D j(W ) ⊂ spanU for j = 1,2,3. Finally

#W ×#V = 361 > 360 = d×dimC[x,y,z]≤7 . ⊓⊔
There is a belief expressed by Sturmfels [52], and shared by this author, that there

exists a non-Hermite projector onto a subspace of C[x,y,z] of small dimension. I

will actually go a step further in the following conjecture.

Conjecture 6.1. The ideal projector from C[x,y,z] onto C[x,y,z]≤2 defined by

Px3 = yz,Py3 = xz,Pz3 = xy,Pu = 0 (6.24)

for the rest of monomials u of degree 3, is non-Hermite.

The reason for the conjecture goes back to the discussion in Subsection 6.2.4.

That is, it is not possible for sets of points Z (t) =
{

z j(t), j = 1, . . . ,10
}

that tend

to zero to “resemble” curves on the three surfaces
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x3− yz,y3− xz,z3− xy

at the same time. Here is another look at a potential argument.

If P is Hermite, then there exists Z (t)=
{

z j(t), j = 1, . . . ,10
}

such that z j(t)→
0 and

span
{

ez j(t)·x
}
→ (kerP)⊥.

Since the functionals 1,x,y,z,x2,y2,z2 ∈ (kerP)⊥ , it would stand to reason that there

exist ideal projectors Q(t) interpolating at three points, say,

{z1(t),z2(t),z3(t)}

and seven functionals: {
1,x,y,z,x2,y2,z2

}

such that Q(t)→ P . But this is not possible. Indeed, assume, without loss of gener-

ality, that for infinitely many values of t :

|x1(t)| ≤ |y1(t)| ≤ |z1(t)| ,

where z1(t) = (x1(t),y1(t),z1(t)) . We have

x3
1(t)− y1(t)z1(t) = a(t)x1(t)y1(t)+b(t)x1(t)z1(t)+ c(t)y1(t)z1(t), (6.25)

where a(t),b(t),c(t) → 0, since Q(t) → P . Dividing both parts by |y1(t)| |z1(t)|
and since z1(t)→ 0, the left-hand side of (6.25) tends to 1 while the right-hand

side tends to 0.

Remark 6.2.20. As Theorem 6.2.12 would suggest, there is an interesting parallels

between a search for small reducible Hilbert Schemes, and a small reducible vari-

eties of commuting matrices (cf. [15, 19, 20]).

Theorem 6.2.10 provides a potential for characterization of all Hermite projec-

tors. After all, it gives an algorithm for determining a finite set of polynomials

f1, . . . , fs such that P∈PG is Hermite if and only if f j (wP) = 0 for all j = 1, . . . ,s .

Unfortunately, even in the simplest of cases, such as G = k[x,y,z]≤2 ⊂ k[x,y,z] , the

“finitely many steps” are still too many. For now all that is left is to paraphrase

Abraham in the faith that “God will provide the RAM” Old Testament.

6.3 Nested Ideal Interpolation

If your only tool is a hammer, all your problems start to look like nails.

(Proverb.)

In one variable, Lagrange projectors onto k[x]<N can be written in Newton form.

Let the set of interpolation sites for P be {z1, . . . ,zN} . We choose the basis



6 Ideal Interpolation 181

g1(x) = 1,gk(x) =
k−1

∏
j=1

(x− z j) , k = 1, . . . ,N

for k[x]<N . Notice that span{gk(x),k = 1, . . . ,m} is a basis for k[x]<m . Now we

write

P =
N

∑
k=1

λk⊗gk,

where the λk ∈ (k[x])′ are bi-orthogonal to gk and the partial sums:
m

∑
k=1

λk⊗gk de-

fine Lagrange projectors onto k[x]<m . This Newton form of Lagrange projectors is

advantageous for numerical calculations since, after computing the interpolants at

N−1 points, we only have to compute one more term to get the full projector. The

functionals λk are known as divided differences. These functionals depend contin-

uously on {z1, . . . ,zk} and, if these points coalesce, the projectors converge to an

ideal (Hermite) projector.

Divided differences had long been one of the basic tools in numerical analysis.

What happens in several variables?

6.3.1 Ideal restrictions

Let G0 ⊂ G be subspaces of k[x] and let P and P0 be ideal projectors onto G and

G0 respectably. We say that P0 is an ideal restriction of P to G0 if kerP⊂ kerP0 .

Theorem 6.3.1. Let G0 ⊂ G be finite-dimensional subspaces of k[x] and let P be

a Lagrange projector onto G. Then there exists a Lagrange projector P0 onto G0

such that P0 is an ideal restriction of P onto G0 .

Proof. It is sufficient to prove this theorem for the case when dim(G/G0) = 1. Let

N := dimG and choose a k -basis (g1, . . . ,gN) for G such that (g1, . . . ,gN−1) is a

basis for G0 . Let V (kerP) = {z1, . . . ,zN} ⊂ kd . Then the N×N determinant

Δ := det(g j (zk)) �= 0. (6.26)

Expanding it with respect to the last row we have

0 �=
N

∑
k=1

gN (zk)ΔN,k, (6.27)

where the ΔN,k are the appropriate minors of Δ . It follows that at least one of

these minors is non-zero, say ΔN,k0
, hence the set Z0 := V (kerP)\

{
zk0

}
defines a

radical ideal that contains kerP and complements G0 . ⊓⊔

An algorithm for choosing Z0 for particular choices of G and G0 can be found

in [37, 38].
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In algebraic terms, if ⊕m
k=1Ak = A = k[x]/J is a grading of k[x]/J and J is a

radical ideal, then there is a grading of the dualizing module Â =⊕m
k=1Λk such that

for every j ≤ k , the space ⊕ j
k=1Λk is a dualizing module for ⊕ j

k=1Ak , i.e. Â can be

graded consistently with the grading of A .

In this section I will present some results from [49] regarding the possibility of

extending Theorem 6.3.1 to general ideal projectors.

Right off the bat, let us observe that the general ideal version of Theorem 6.3.1

has no chance.

Illustration 6.3.2. The projector P∗ cannot be restricted to an ideal projector onto

span{1,y} . For, if this was the case, there would exist a 2-dimensional D -invariant

subspace of span
{

1,x, 1
2
x2 + y

}
which is correct for span{1,y} . Such a subspace

by necessity must contain a polynomial with the term y in it, and therefore, a poly-

nomial with the term 1
2

x2 +y . This is not possible since a D -invariant subspace that

contains a polynomial of degree 2 is at least three-dimensional.

6.3.2 A conjecture of Tomas Sauer

Tomas Sauer conjectured (cf. [36]) that every ideal projector onto kx]≤n can be

restricted to an ideal projector onto k[x]≤m for m < n .

Here is a counterexample in three variables.

Theorem 6.3.3 ([48]). There exists a primary projector onto k[x,y,z]≤2 that cannot

be restricted to an ideal projector onto k[x,y,z]<2 .

Proof. It is easy to verify that the space Λ spanned by the functionals

λ1 = 1, λ2 = x, λ3 = x2, λ4 = y+ x3,

λ5 = xy+
1

4
x4, λ6 = z, λ7 = z2,

λ8 = xz+
1

2
x2y+

1

20
x5, λ9 = y2 +2x3y+

1

10
x6 +6x2z,

λ10 = zy+
1

140
x7 +

1

4
x4y+ zx3 +

1

2
xy2.

(6.28)

is D -invariant and correct for k[x,y,z]≤2 . An argument, similar to the one in the

above illustration (cf. [48]), shows that no four-dimensional D -invariant subspace

of Λ is correct for k[x,y,z]≤1 . ⊓⊔

Remark 6.3.4. The ideal kerΛ in the proof of the above theorem is

〈
x3−6y,x2y− xz,xy2− zy,x2z−6y2,xz2,z3,z2y,zy2,y3,xyz

〉
(6.29)

and the ideal projector is defined by



6 Ideal Interpolation 183

Px3 = 6y, Px2y = xz, Pxy2 = zy, Px2z = 6y2,

Pxz2 = Pz3 = Pz2y = Pzy2 = Py3 = Pxyz = 0.
(6.30)

The two-dimensional version of Sauer’s problem (shown below) is still open.

Problem 4. Does every ideal projector onto k[x,y]≤n have an ideal restriction onto

k[x,y]≤m for m < n .

The most I succeeded in showing is that every ideal projector onto k[x,y]≤2 has

an ideal restriction onto k[x,y]≤1 .

6.3.3 Divided differences

Starting with a Lagrange projector P onto G , Theorem 6.3.1 shows that one can

order points in V (kerP) in such a way that the Lagrange projector P onto G can

be written in Newton form:

P =
N

∑
j=1

λ j⊗g j, (6.31)

Since Lagrange projectors are defined by radical ideals and Hermite projectors are

the limits of Lagrange ones, one might expect that Sauer’s conjecture, being true for

radical ideals, implies its validity for the limits of those projectors. Unfortunately

this is not so, as is demonstrated by the following proposition.

Proposition 6.3.5. The ideal projector P onto C<3[x,y,z] given by (6.30) is

Hermite.

Proof. Direct computations show that the nilpotent operator Mx + Mz for the pro-

jector (6.30) is 2-regular, i.e. its eigenspace is two-dimensional, and spanned by the

polynomials z2 and yz . As the three multiplication operators commute with the 2-

regular operator Mx +Mz , they can be approximated by commuting simultaneously

diagonalizable operators (cf. [34]). This, in turn, implies that P is a Hermite projec-

tor by Theorem 6.2.12(iii). ⊓⊔
The search for the “right” definition of multivariate divided differences had been

extensive (cf. [17, 36, 38]) hence not overly successful. Proposition 6.3.5 coupled

with Theorem 6.3.3 shows that there does not exist a “continuous” Newton form

for multivariate interpolation, hence a “continuous” notion of multivariate divided

differences, no matter what the definition is.

6.3.4 Ideal decomposition

We started Section 6.3.1 with a given subspace G0 ⊂ G and an ideal projector P

onto G and asked for its restriction to G0 . In this subsection we will show that
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given a G and P one can decompose G and (kerP)⊥ in a consistent way. In other

words, for particular choice of basis (g j) , that depends on the projector, P can be

written as

P =
N

∑
j=1

λ j⊗g j,

so that, for every k ≤ N , the projector

P =
k

∑
j=1

λ j⊗g j

is ideal. This follows from the next theorem.

Theorem 6.3.6. Any N -dimensional D-invariant space Λ ⊂k[[x]] has D-invariant,

(N−1)-dimensional subspace.

Proof. We first assume that Λ ⊂ k[x] , i.e. Λ is spanned by N polynomials

λ1, . . . ,λN . Let ≺ be any complete monomial ordering. We define deg≺λ to be

equal to the monomial in λ of the highest order. Clearly this implies that for any

polynomial f we have deg≺ (D jλ ) ≺ deg≺λ . Assume, without loss of generality,

that

deg≺λN = max{deg≺λk,k = 1, . . . ,N} .

Then there exist numbers ak such that

deg≺ (λk−akλN)≺ deg≺λN for all k = 1, . . . ,N−1.

Let ΛN−1 be the space spanned by {µk := λk−akλN ,k = 1, . . . ,N−1} . Then ΛN−1

is a subspace of Λ and it is D -invariant. Indeed, since Λ is spanned by

{µk,k = 1, . . . ,N−1}∪{λm} and is D -invariant, we have

D jµk = (∑b jµ j)+bλN

If b �= 0, then deg≺λN = deg≺D jλk ≺ deg≺λk ≺ deg≺λN which gives the contra-

diction.

Now, if Λ ⊂ [[x]] then by (6.13)

Λ =⊕s
j=1

(
e〈z j ,x〉 ·Λ j

)
,

where Λ j are polynomial D -invariant subspaces. Hence we can choose Λ ′1 ⊂ Λ1

such that dimΛ ′1 = dimΛ1−1 and

ΛN−1 :=Λ ′1 · e〈z1,x〉+⊕s
j=2

(
Λ j · e〈z j ,x〉

)

defines the desired subspace. ⊓⊔
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6.4 Error Formula

The square root of 5 is 2 for small values of 5 .

(A students in my calculus class.)

In one variable every ideal J is zero-dimensional and curvilinear. In particular

every ideal of colength (codimension N ) complements k[x]<N . Let P be the ideal

projector onto k[x]<N with kerP = J and let h be the (unique) monic polynomial

that generates J . Then, for every f ∈ k[x] ,

P′ f := f −P f = q( f )h

for some q( f ) ∈ k[x] . P′ is a projector onto J and q is a linear operator on k[x] .
We have

kerP′ = kerq = k[x]<N = kerDN ,

where DN is the differential operator. It follows that there exists a linear operator

C : k[x]→ k[x] such that q( f ) = C
(
DN f

)
, hence

P′ f = C
(
DN f

)
·h.

Alternatively, let J = 〈h〉 be an ideal in k[x] . Then there exists a linear operator

C such that

f = C(DN f ) ·h, ∀ f ∈ J.

In approximation theory the formulas of this type are called “error formulas”, for

they measure the error between the function f and its approximation P f . The forms

of the operator C are well-established (cf. [9, 42]), and at least for Taylor projectors,

are written in every Calculus book.

What can be done for ideal projectors P on k[x] in general is wide open.

Definition 6.4.1. We will say that a basis (h1, . . . ,hm) for the ideal J ⊂ k[x] admits

an error formula if there exist homogeneous polynomials H j and linear operators

C j : k[x]→ k[x] , j = 1, . . . ,m such that

C j (Hk) = δ j,k. (6.32)

and

f =
m

∑
j=1

C j (H j(D) f )h j (6.33)

for all f ∈ J .

In other words, if P is an ideal projector with kerP = J then

f −P f =
m

∑
j=1

C j (H j(D) f )h j (6.34)

for all f ∈ k[x] .
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Definition 6.4.2. An ideal projector P admits an error formula if the ideal kerP has

a basis that admits an error formula.

Even if a projector P admits an error formula, not every basis for kerP admits

an error formula as we show in the following.

Illustration 6.4.3. Let P be a Lagrange projector onto the span {1,x,y} ⊂ k[x,y]
with V (kerP) = {z1,z2,z3} ⊂ k2 . It follows that these three points are not colinear.

Let l j,k ∈ k[x,y] , j < k = 1,2,3 be three lines that pass through the points z j,zk .

Then (cf. [53]) the basis

h1 := l1,2l1,3, h2 := l1,2l2,3, h3 := l2,3l1,3 (6.35)

admits an error formula. The polynomials H j are uniquely defined by (6.32).

Compare it to the following result.

Proposition 6.4.4 ([43]). Let P be an ideal projector onto the span {1,x,y} ⊂
k[x,y] given by (6.4):

Px2 = a0 +b0x+ c0y

Pxy = a1 +b1x+ c1y

Py2 = a2 +b2x+ c2y

Then the border basis

{
x2−Px2,xy−Pxy,y2−Py2

}
(6.36)

admits an error formula if and only if c0 = b2 = 0 . In particular, if P is a Lagrange

projector, then basis (6.36) admits an error formula if and only if the interpolation

sites

V (kerP) = {z1,z2,z3} ⊂ k2.

are vertices of a right triangle with sides parallel to the axis.

Carl de Boor (cf. [10]) proved the existence of the error formula for the special

class of Lagrange projectors: so-called Chang–Yao interpolation. This is precisely

the case when the interpolation sites generate an ideal kerP that has a basis of

polynomials each of which is a product of linear factors.

Problem 5 (de Boor [11]). Does every zero-dimensional ideal J have a basis

(h1, . . . ,hm) that admits an error formula?

Proposition 6.4.5 ([47]). Let G = k[x]≤n and let P∈PG . Let (h1, . . . ,hm) be a ba-

sis for kerP that admits an error formula. Then h j = H̃ j − PH̃ j where{
H̃ j, j = 1, . . . ,m

}
is a k-bases for the space of homogeneous polynomials of de-

gree n+1 .
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Notice that the condition c0 = b2 = 0 in the illustration above is equivalent to

the fact that the polynomials in the (6.36) are products of linear factors. Also notice

kerP∗ defined by (6.15) cannot have a bases consisting of product of the linear

factors and satisfying conditions of Proposition 6.4.5.

Conjecture 6.2. P∗ does not admit an error formula.

In fact, I will go on the limb here by proposing the following conjectures.

Conjecture 6.3. A basis for a zero-dimensional ideal admits an error formula if and

only if each element of the basis is a product of linear factors.

Conjecture 6.4. If a basis of an ideal admits an error formula then this basis is un-

shortenable.

6.5 Loss of Haar

If you cannot be a part of the solution, you must be a part of a problem.

(The commonly paraphrased version of the original quote of Eldridge Cleaver)

I know very little about the following (last) set of problems, yet I cannot resist

mentioning it.

In one variable every ideal of codimension N complements the space k[x]<N ,

that is G is a universal ideal complement and in fact a unique such complement

(cf. [45]). In particular, the space G = k[x]<N is Haar, meaning that for every set

Z = {z1, . . . ,zN} ⊂ k of distinct points and for every f ∈ k[x] there exists (unique)

g∈G such that f (z j) = g(z j) for all j = 1, . . . ,N . In other words, the Vandermonde

determinant

V = det
(

z
j
k

)
, j = 0, . . . ,N−1,k = 1, . . . ,N (6.37)

generates the ideal I(V )⊂ k [z1, . . . ,zN ] where V is an affine variety

V :=
{
(z1, . . . ,zN)⊂ k : zi = z j for some i �= j

}
. (6.38)

The well-known Mairhuber’s theorem (cf. [27]) states that such a subspace does not

exist in several variables. The radical ideal I(V ) in

k
[
x1,1, . . .x1,d , . . . ,xd,1, . . .xd,d

]
(6.39)

generated by the variety

V :=
{(

z j =
(
x j,1, ...x j,d

)
∈ kd

)
: zi = z j for some i �= j

}
(6.40)

is not principle for d > 1.

Problem 6. What is the minimal number of generators of an ideal J such that
√

J =
I(V )?
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For d = 2 significant progress in understanding the ideal I(V ) was obtained by

Hayman [21].

The one-variable situation described above has a nice linguistic extension to sev-

eral variables. Observe that k[x]<N is a unique N -dimensional D -invariant sub-

space of k[x] and it is generated by monomials. The next theorem goes at least as

far back as 1900 (cf. Gordan [18] also [13, 8]).

Let GN denotes the family of all N -dimensional D -invariant subspaces of k[x]
generated by monomials.

Theorem 6.5.1. For every ideal J ∈ JN there exists G ∈ GN such that G comple-

ments J , i.e. G spans k[x]/J .

The subspaces in GN are the staircases, and GN is the least family of subspaces

in GN that satisfies the conclusion of Theorem 6.5.1.

Problem 7. What is the smallest number of subspaces (without any additional as-

sumptions) that satisfy the conclusion of Theorem 6.5.1? What are these subspaces?

Problem 8. What is the smallest family of subspaces
{

G1, . . . ,Gm(N)

}
such that for

every Z = {z1, . . . ,zN} ⊂ kd of distinct points and for every f ∈ k[x] there exists

k ≤ m(N) and g ∈ Gk such that f (z j) = g(z j) for all j = 1, . . . ,N ?

The answer to Problem 6 will provide a lower bound for Problem 8; and the

lower bounds tend to be the hardest ones. If N = 3, the answers to Problem 8 and,

therefore, Problem 7 is m = 3 = #G3 (cf. [45]). I have strong doubts that m(N) =
#GN in general.

A variation on the last problem, in terms of N -regular embeddings, is due to

Borsuk [4].

Definition 6.5.2. An interpolation space is a subspace G⊂ k[x] such that for every

set Z = {z1, . . . ,zN} ⊂ kd of distinct points and for every f ∈ k[x] there exists a

g ∈ G such that f (z j) = g(z j) for all j = 1, . . . ,N .

Problem 9. What is the smallest dimension i(N,d) of an interpolation space G ⊂
k[x]?

Here is a stunning estimate of F. Cohen and D. Handel.

Theorem 6.5.3 ([6]). The least dimension i(N,2) of an interpolation space G ⊂
R[x,y] satisfies

2N−η(N)≤ i(N,2)≤ 2N−1 (6.41)

where η(N) is the number of 1’s in the binary representation of the integer N .

The right-hand side is easy. It is attained on the space of Harmonic polynomials

of degree N−1. The left-hand side is obtained by means of algebraic topology. For

N = 3 the exact answer is i(3,2) = 4 hence the lower bound is attained. For N = 4

the right-hand side of (6.41) coincides with the left-hand side and i(4,2) = 7. The

exact value for i(5,2) is not known to me.
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For d > 2 even less is known. The best known bounds:

1

2
(d +1)N ≤ i(N,d)≤ d(N +1) (6.42)

are far from the best. The lower estimate was originally obtained in [3] (for a simple

proof cf. [6]). The upper bound was proved in [39] using Rene Thom’s transversality

theorem.

So... what does it all have to do with algebraic geometry? The existence of finite-

dimensional interpolation spaces implies that the ideal I(V ) with V given by (6.40)

is determinantal. That is, it is generated by N×N determinants of an N× k matrix

with some k ≥ N .

Problem 10. What is the least k = k(N,d) such that the generators of I(V ) are

N×N determinants of an N× k matrix?
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Appendix: AT-AG dictionary

Warning: Like every dictionary, this one is not exact and is only designed to assist

in making the right associations.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Approximation theory

Ideal projector P

Interpolation sites

Lagrange projectors

Primary ideal projector

dimension of P, codim kerP

G = ran P

Curvilinear projector

Dual space k′[x]
(kerP)⊥ = ranP∗

Λ ⊂ k′[x] correct for G

de Boor’s equation P( f Pg) = P( f g)
M j multiplication operators on G

PN : N-dimensional ideal projectors

PG,PG

Hermite projectors

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Algebraic geometry

ideal J = kerP

V (J), variety of J

Radical ideals

Primary ideal

colength of J

A = k[x]/J

A≃ k[x]/
〈
xN
〉

Inverse systems

dualizing module Â

A = k[x]/Ann Λ
[ f [g]] = [ f g] in k[x]/J

Multiplication maps on k[x]/J

Hilbert scheme HilbN(kd)
Border schemes

Radical component of HilbN(kd)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Chapter 7

An Introduction to Regression and Errors in
Variables from an Algebraic Viewpoint

Eva Riccomagno and Henry P. Wynn

Abstract There is a need to make a closer connection between classical response

surface methods and their experimental design aspects, including optimal design,

and algebraic statistics, based on computational algebraic geometry of ideals of

points. This is a programme which was initiated by Pistone and Wynn (Biometrika,

1996) and is expanding rapidly. Particular attention is paid to the problem of er-

rors in variables which can be taken as a statistical version of the ApCoA research

programme.

7.1 Regression and the X -matrix

Classical linear regression can be described by a model for an output Y (x) as a

family of linearly independent functions { f j(x)} j=1,...,k of an independent variable

x , also called a predictor, and typically x ∈ Rd :

Y (x) =
k

∑
j=1

θ j f j(x)+ ε, (7.1)

where θ j ∈ R ( j = 1, . . . ,k ) and ε is a random error term. An experimental design

is a set D = {x(1), . . . ,x(n)} ⊂ Rd , of size n , the sample size. At each design point

x(i) we make an observation Yi . Using these observations, we can write
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Yi =
k

∑
j=1

θ j f j(x
(i))+ εi

with εi = ε(x(i)) a copy of ε and hence Yi inherits its randomness from εi . The

X -matrix, also called the covariate matrix, is the matrix where the (i, j) entry is the

value of f j at the point x(i) ; that is, the observations index the rows of X and the

functions defining the model index the columns:

X = [ f j(x
(i))]i=1,...,n; j=1,...,k.

In matrix terms Equation (1) becomes

Y = Xθ + ε (7.2)

where ε = (εi)i=1,...,n , θ = (θ j) j=1,...,k and Y = (Yi)i=1,...,n . Often the set

{ f j(x)} j=1,...,k is called a basis with reference to the fact that the columns of X

should be linearly independent, in order to achieve identifiability, which is a desir-

able requisite for a linear regression model.

The standard second order assumptions are that: the errors have mean zero,

E(ε) = 0; and the covariance matrix Cov(ε) = σ2In×n , where σ2 > 0 is the er-

ror variance. The standard distributional assumption is that ε is multivariate nor-

mal (Gaussian). Thus the regression model can be written as Y = E(Y ) + ε and

E(Y ) = Xθ .

In the algebraic theory the independent functions are typically monomial so that

f j(x) = m j(x) are monomials in R[x1, . . . ,xd ] , the set of polynomials in x1, . . . ,xd

with real coefficients, and then

X = [m j(x
(i))]i, j.

Another important matrix is the information matrix XT X and its normalized

form, the moment matrix

M =
1

n
XT X .

Here XT is the transpose of X . In the case of monomial functions the entries of M

are polynomial moments of the form 1
n ∑ j,k mi(x

( j))ml(x
(k)) .

The following are standard and outline the role of the X -matrix and of the infor-

mation matrix in estimation.

1. A least squares estimator of the parameter vector θ is

θ̂ = argmin ||Y −Xθ ||2, (7.3)

where Y is the vector of observations, and if X is full rank, θ̂ is given by

θ̂ = (XT X)−1XTY.
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We shall assume, from now on, that X is full rank. The θ̂ are random variables

because Y is a random vector. In practice, one observes a realisation Y ′ of Y ,

that is of ε , and thus the numeric vector (XT X)−1XTY ′ is an estimate of θ̂ .

2. The covariance matrix of θ̂ is

Cov(θ̂) = σ2(XT X)−1.

3. The matrix P = X(XT X)−1XT is the (symmetric, idempotent) projector onto the

column space (range) of the X -matrix and we have a partition of the identity

matrix of dimension n

In×n = P+ I−P

which gives the basic decomposition of ||Y ||2 arising out of the least squares

operation:

||Y ||2 = Y T PY +Y T (I−P)Y.

Thus Y T PY = ||Ŷ ||2 and Y T (I−P)Y = ||Y − Ŷ ||2 where

Ŷ = PY = X θ̂ ,

is the vector of predicted values and R = Y − Ŷ = (I − P)Y is the vector of

residuals.

If n = k , so that X is square, we have exact interpolation and then

θ̂ = X−1Y,

and trivially Ŷ = Y . Furthermore, sometimes, more than one observation is taken

at a location x(i) . In this case, we might re-index the Yi as Yi j where i runs over

the distinct locations and j runs over the replications at each location. Then, if the

number of replications at each design point are equal, θ̂ = X−1Ȳ where Ȳ is the

average value of the observations at each distinct location. When n = k we can use

the term saturated basis for the f j ’s. As will be explained in the last section, the

algebra gives a saturated monomial basis.

We end the session with few notes on a case that will not be treated later on.

In an era when there is a need to analyse large data sets, the case when k is much

larger than n , and hence the X -matrix is not full rank, has received much attention.

A proper discussion will have to involve machine learning and data mining theories.

Here we just mention two recent applications involving regression models with only

linear effect (monomials of degree one and zero) and which have large potential for

the application of the algebraic methodology. The first one consists on modifica-

tions of k = 4088 genes to improve Riboflavin production rate when, to start with,

only n = 71 observations are available. Under the hypothesis of Gaussian error the

θ coefficients have a causal interpretation according to the intervention scheme in

(Pearl, 2000). The design problem is driven by sequential model fitting and variable

selection (Bühlmann, 2008). A formally similar problem occurs in network infer-

ence, a sub-field of systems biology, where the interest is on the identification of
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biochemical networks from experimental data. A connection to design of experi-

ments and regression analysis was started in (Laubenbacher and Stigler, 2008).

7.2 Orthogonal polynomials and the residual space

A standard procedure in statistics, at least conceptually, is to start with a large satu-

rated set of f functions, but actually fit the data to a sub-set. Suppose the sub basis

is monomial and suppose that X is the an n× k covariate matrix and has full rank

k < n . Then we can extend X to a full basis and consider an extended covariate

matrix

X̃ = [X : Z].

The : indicates that the matrix X is augmented with the n× (n− k)-matrix Z . We

must assume that there is a saturated full basis and we can do this with an orthogonal

kernel K , with KT X = 0

X̃ = [X : K].

Hence X̃ is square and full rank. There are several ways of constructing a kernel K .

One way is to use the residual projector, defined above, and write

K = (I−P)X ,

and, as we saw above, the residuals are R = KY .

An important and related construction is that of orthogonal functions and this

is particularly natural in the case of monomial bases produced by the algebraic

method. To construct a basis which is orthogonal with respect to the design we

can proceed as follows. Let

XT X = UTU

be the Cholesky factorization of the information matrix, where U is a k× k upper

triangular matrix. Then consider the new basis of functions:

g(x) = (UT )−1 f (x),

where f (x)T = [ f1(x), . . . , fk(x)] . Then we can rewrite the model as

Y (x) =
k

∑
i=1

g j(x)φ j + ε, φ j ∈ R.

In matrix terms this becomes

Y = Xθ + ε = Zφ + ε,

where Z = XU−1 and φ = Uθ . Then the functions φ j are orthogonal with respect

to the design because
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∑
x∈D

φ(x)φT (x) = ∑
x∈D

(UT )−1 f (x) f (x)TU−1

= (UT )−1 ∑
x∈D

f (x) f (x)TU−1 = (UT )−1XT XU−1 = Ik×k.

Note that orthogonal functions give another way of finding a kernel for the matrix

K = [φ j(x)]x∈D, j=k+1;...,n,

which is a full rank matrix orthogonal to X . Using statistical terminology, we have

decomposed the residual space using orthogonal functions.

The orthogonal effects are defined as the least squares estimates of the parameters

in the orthogonal representation of the model:

φ̂ = Z−1Y = UX−1Y = U θ̂ .

It is standard in many fields to decompose ||Y ||2 (the total sums of squares)

into orthogonal effect with large φ̂ 2
j , the signal terms, and those with small φ̂ 2

j ,

noise terms. Indeed given any model of order k (the length of the vector f )

we have

||Y ||2 =
k

∑
j=1

φ̂ 2
i +

n

∑
j=k+1

φ̂ 2
j .

“Small”, usually means relative to an estimate of the underlying variance σ2 . The

classical unbiased estimate of σ2 regression is 1
n−k
||R||2 . Graphical inspection of

the raw φ̂ j is also standard. In signal processing, to reduce the dimension of a model

(number of f j ’s) sophisticated methods set to zero all φ j for which the correspond-

ing φ̂ j are below some threshold; Fourier and wavelet analysis are examples. It

should also be noted that with a design of sufficient symmetry and saturated basis

of sufficient symmetry, the orthogonal functions may be well known. For exam-

ple in Fourier analysis if the design is equally spaced on [0,1] then the functions

{sin(2πr),cos(2πr)} up to order r = m form a basis for a sample size n≥ 2m+1,

the “Nyquist rate”. The set of ordered φ̂ 2
j is then a “power spectrum”.

In line with the motivation of this paper, to make a closer link to the algebra, if

the large basis is constructed using an ordering on the monomials of R[x1, . . . ,xd ] ,
then it is natural to use the same order to create the Cholesky decomposition. In one

dimension, i.e. d = 1, the theory of orthogonal polynomials has a large literature,

for example on the interlacing properties of the zeros. The theory for multidimen-

sional polynomial regression is less well known. In this case the “zeros” are special

varieties and very little seems to be known about their properties. If we think of de-

sign points as quadrature points then there is some theory available in the quadrature

literature.

Example 7.2.1. As simple exercise consider the staircase (echelon) design in two-

dimensions: D = {(0,0),(1,0),(2,0),(3,0),(0,1),(1,1),(2,1),(0,2),(1,2),(0,3)}
and the saturated monomial basis 1≺ x≺ y≺ x2 ≺ xy≺ y2 ≺ x3 ≺ x2y≺ xy2 ≺ y3 .

Then the final orthogonal polynomial is computed up to a scalar as
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−16236+59494x+128732y−42900x2−154269xy−109578y2

+8300x3 +40266x2y+54621xy2 +22930y3.

To summarize, if we use, for orthogonalization, the same monomial ordering as

that used to construct the monomial basis (see the last section) we can do a Fourier-

type analysis using the algebra.

7.3 The fitted function and its variance

Suppose we have selected a particular monomial basis listed in multi-index nota-

tion so that f (x)T = [xα ]α∈L where L is a size k subset of Zd
≥0 . Then the fitted

polynomial model is written as

Ŷ (x) = ∑
α∈L

θ̂αxα .

This is a random function and in fact is a realization of a Gaussian process,

{Y (x),x ∈ Rd} , if the original ε is Gaussian. The covariance of the process at the

points x1 and x2 ∈ Rd is given by

c(x1,x2) = σ2 f (x1)
T (XT X)−1 f (x2),

and the variance at x ∈ Rd is

v(x) = c(x,x) = σ2 f (x)T (XT X)−1 f (x).

It is interesting to express these in terms of the orthogonal basis:

c(x1,x2) = σ2
k

∑
j=1

g j(x1)g j(x2) and v(x) = σ2
k

∑
j=1

g2
j(x).

There are many ways of assessing how well Ŷ (x) predicts, or interpolates, the

mean response E(Y (x)) = Xθ , or how well θ̂ estimates θ . This is a special case of

the theory of estimation or statistical decision theory. The Gauss-Markov theorem

tells us that for a p× k matrix B and any vector of parameters ψ = Bθ , the simple

“plug in” estimator ψ̂ = Bθ̂ , where θ̂ is the least squares estimator, has minimal

variance covariance matrix among all linear unbiased estimators: minimum variance

linear unbiased (MVLU). Linear here means of the form: ψ̂ = AY , with A a p×n

matrix, and unbiased means E(ψ̂) = Bθ = φ . Specifically we have

Cov(ψ̂) = σ2B(XT X)−1BT ≤ σ2AAT ,

where ≤ is the Loewner ordering.
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The generalisation of the formulation Y = E(Y (x)) + ε = Xθ + ε to Y =
g(E(Y (x)))+ ε = g(Xθ)+ ε with g a suitable function, and for an error ε which

is not necessarily Gaussian, leads to the well-applied theory of generalised linear

models (see Dobson (2002)).

7.4 “Errors in variables” analysis of polynomial models

The subject of fitting regression models when the design points arrive with errors,

which is at the core of the ApCoA programme of research, is a well developed area

of statistics under the heading of “errors in variables” or EIV, particularly popular in

Econometrics. The reference list gives pointers to the vast literature on EIV models.

Typical applications of EIV are when the predictors are not observable directly or

there are measurement errors. We give an elementary exposition as a contribution to

the ApCoA programme.

Now each design point Xi is a d -dimensional random vector which is the sum

of a term of interest x(i) and a noise term δ (i) . As before let Yi ∈ R be the output

at Xi . Briefly, there are three non equivalent formulations of Equation (1) for EIV

models. In the first two formulations the model structure is

Yi =
k

∑
j=1

E( f j(Xi)θ j + εi

Xi = x(i) +δ (i)

with δ (i)T
= (δi1, . . . ,δid) and εi ∼ N(0,σ2

ε ) . The standard hypotheses on δ (i) are

that they are independent and normally distributed with mean zero and Var(δ
(i)
j ) =

σ2
i j .

1. Functional formulation. Here the x(i) are fixed values and x(i) = E(Xi) .

2. Structural formulation. Here the x(i) are distributed as x(i) ∼ N(x,σ2
x I) where x

is a fixed value.

To distinguish between these two formulations, consider a practical example

where Yi is the amount of wheat and Xi the amount of nitrogen in the i ’th plot

of a cultivated field under investigation. The true value of Xi is x(i) but because of

measurement error the measured value is Xi = x(i) + δ (i) . In a functional approach

we fix plot locations and assume them to have different levels of nitrogen. In the

structural approach we assume that the plots are samples from a larger field and the

mean quantity of nitrogen in each plot is the same as in the field.

3. A third formulation, the Berkson model (Berkson, 1950), is characterised by little

or no bias in the measurement. Here
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Yi =
k

∑
j=1

f j(Xi)θ j + εi

Xi = x(i) +δ (i),

where the hypotheses on the x(i),δ (i),εi are as in the structural framework.

In the sequel we adopt the “instrumental variable” approach, that is we assume

that the predictor is random but not correlated with the errors, ε . The basic approach

is then to show that, to first order, the randomness in the independent variable is to

induce an additional error in a regression about the mean values at every design

point. This additional term leads to a weighted least square analysis but with an

added complication. This is that the induced error depends on the unknown pa-

rameters θ . It is standard therefore to carry out a two-stage procedure: first fit an

expression to the known mean values and then plug these first stage estimates into

the variance terms and conduct a second stage weighted least squares.

We restrict ourselves to showing how the first stage perturbation analysis works

for a monomial basis. We make the following assumptions and use a simplified

notation. The true (preset) design point is now considered to be x = (x1, . . . ,xd) ∈
Rd , but the value used in the actual regression or interpolation is z = x+δ .

Let us assume a monomial basis and consider mα(x) = xα = ∏d
j=1 x

α j

j be a

monomial term which appears in the polynomial model, but, instead zα = ∏z
αi
i

is used for the inference. Then a first order approximation yields

zα =∏
j

(x j +δ j)
αi ≃∏

j

(x
α j

j +δ jα jx
α j−1

j |+)≃ mα(x)+∑
j

δ jα jx
α j−1

j |+∏
k �= j

x
αk

k ,

(7.4)

where x
α j−1

j |+ = 0 when α j = 0.

Suppose that at each design point we use a perturbed value z(i) = x(i) + δ (i) .

Then this is equivalent to using a version of the original covariate matrix X =
{mα(xi))}i,α , each row of which will have its own first order approximation of the

form (7.4). If {δ (i)
j } are perturbations then we can write (to first order) the perturbed

X -matrix as

X̃ = X +△,

where △ is a matrix whose entries are linear in the {δ (i)
j } . In the saturated case

let Y be the vector of observations, which, for the moment, we assume fixed (non-

random). The parameter estimate, when there is no perturbation, is θ̂ = X−1Y . With

perturbation, and again using a first order analysis, we have the estimate

θ̃ = X̃−1Y = (X +△)−1Y ≃ θ̂ −X−1△ θ̂ .

The last term shows the perturbation for fixed △ . Now, if we assume that the △
are random and have zero mean then this term also has zero mean so that the bias

(in the statistical sense) is (approximately) zero. The second order approximation to

the parameter covariance matrix is
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Cov(θ̃) = X−1 Cov(△θ̂)(XT )−1

Example 7.4.1. Consider the case d = 2 and the design {(−1,−1),(1,−1),(−1,1) ,

(1,1))} and m(x) = (1,x1,x2,x1x2) . Then,

△=

⎛
⎜⎜⎜⎝

0 δ
(1)
1 δ

(1)
2 −δ (1)

1 −δ (1)
1

0 δ
(2)
1 δ

(2)
2 −δ (1)

1 +δ
(1)
1

0 δ
(2)
1 δ

(3)
2 +δ

(1)
1 −δ (1)

1

0 δ
(2)
1 δ

(4)
2 +δ

(1)
1 +δ

(1)
1

⎞
⎟⎟⎟⎠

Assume also, for simplicity, that all the {δ (i)
j } are uncorrelated with variance de-

pending on dimension: Var(δ
(i)
j ) = σ2

x . Then, for fixed θ we have

Cov(θ̃) =
σ2

x

4

⎛
⎜⎜⎝

θ 2
2 +θ 2

3 +2θ 2
4 2θ3θ4 2θ2θ4 0

2θ3θ4 θ 2
2 +θ 2

3 +2θ 2
4 0

2θ2θ4 0 θ 2
2 +θ 2

3 +2θ 2
4 2θ3θ4

0 2θ2θ4 2θ3θ4 θ 2
2 +θ 2

3 +2θ 2
4

⎞
⎟⎟⎠

Thus, we see that the first order perturbation method leads to parameter co-

variances which are quadratic in the θ s. The second step would be to replace

these initial values by the values fitted from the data: θ̂ = X−1Y , in the satu-

rated case. The analysis would be repeated with error covariance matrix given by:

C = σ2I + XC(θ̂)XT , and weighed least squares used. The first term is the stan-

dard covariance structure given above for ordinary regression. This procedure is an

approximated version of iterated re-weighted least squares: IRWLS.

7.5 Comments

The ideas in this paper are fairly standard in Statistics, and could be included in a

course on regression. The aim of the paper is to provide an overview which could

stimulate the interest of algebraists in the multiple aspects of regression analysis and

in particular in the inferential aspects linked to the distributional assumptions on the

model and on the observation/design points.

At the very core of the application of Algebraic Statistics to regression analysis

is the fact that a finite set of points D ⊂ Rd , at which measurements are taken, is

identified with an ideal in R[x1, . . . ,xd ] , usually called Ideal(D) . Then, a R -vector

space basis of R[x1, . . . ,xd ]/ Ideal(D) becomes a saturated monomial basis for a

regression model Y (x) = ∑α θαmα(x) + ε , as already. One of the strength of the

method lies in the fact that often the coordinates of the design points are not re-

quired in order to perform some computations, e.g. to compute moments. For this it

is sufficient to be able to perform operations in the quotient space. Actually some-

times the exact knowledge of the ideal is not required. For example the vector space
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basis of R[x1, . . . ,xd ]/ Ideal(D) = R[x1, . . . ,xd ]/ Ideal(LT (Ideal(D))) and infinitely

many D lead to the same leading term ideal. This should be an aid to planning an

experiment which still has not been systematically explored.

So far, within Algebraic Statistics techniques have been developed to determine,

under different circumstances, design/model pairs for which the X -matrix is full

rank (see Pistone et al, 2001). But the contribution of Algebraic Statistics to the

estimation of regression models has been limited and does not go beyond achieving

unbiased models. Although an example can be found in Giglio, Riccomagno and

Wynn (2000) where techniques from Algebraic Statistics are coupled to standard

statistical techniques to analyse non-orthogonal experiments.

In Section 2 we sketch the role of orthogonal decomposition in understanding the

structure of the residual space. The statistical methods typically used are based on

numerical analysis and mainly rely on first order approximation theory. In Section 3

second order properties of the fitted model are considered. They are functions of the

[mα(x)]α∈L and hence depend on the choice of a basis in the quotient space. How

do we choose the [mα(x)]α∈L so that the covariance of the process is a diagonal

matrix or at least some of its entries are zero? Or how do we chose it so that the

variance of each component is smallest? Section 4 starts with the assumption that

measurements are made at random design points and the randomness is assumed

additive. A sensitivity analysis is sketched to illustrate how the error propagates. But

how does the structure of zeros in the Δ matrix relate to the geometry of the design

points? Importantly, the covariance matrix of θ̃ , since it depends on the parameters,

is not an estimator. Can the algebra provide any insight here and in particular can it

provide insight on the working of the iterated reweighted least square procedure?

In our brief excursus on regression we left out an important case: the random ef-

fect models or variance component models, used when random effects are randomly

distributed and for which the θ parameters in Equation (1) are random variables,

with zero mean, unknown variance and independent of each other. We refer to the

classic text book by Searle (1987).

7.6 Acknowledgements

The authors are grateful to Professors M. P. Rogantin and A. V. Geramita for useful

comments.

References

1. Berkson, J. (1950). Are there two regressions? J. Amer. Statist. Assoc, 45, 164–180.

2. Dobson, A. J.(2002). An introduction to generalized linear models. Second edition. Chapman

& Hall/CRC, Boca Raton, FL.

3. Donev, A.N. (2000). Dealing with errors in variables in regression surface exploration. Com-

mun. Statist. Theory Methods, 29, 2065–2077.



7 Regression and errors 203

4. Donev, A. N. (2004). Design of experiments in the presence of errors in factor levels. J. Statist.

Plann. Inference, 33, 569–585.

5. Durbin, J. Errors in variables. (1954). Rev. Inst. Internat. Statist. 22, 23–32.

6. Giglio, B., Riccomagno, E and Wynn, H. P. (2000). Gröbner basis strategies in regression.
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Chapter 8

ApCoA = Embedding Commutative Algebra
into Analysis

Hans J. Stetter

Abstract I take a philosophical look at Approximate Commutative Algebra and

present my view of computational algebra over C , highlighting the important role

of analytical concepts and techniques. I look at the particular case of Gröbner bases:

an important tool in exact commutative algebra which needs non-trivial adaptation

(into border bases) when moving into the world of approximate commutative alge-

bra.

8.1 Introduction

This presentation is not a technical paper in the strict sense. This must be so since

I have terminated active research 4 years ago while Approximate Commutative

Algebra (ApCoA) has become a blooming subject within recent years, very much

in contrast to the situation in the late 20th century. Instead, I will explain the mean-

ing and the validity of the title of my presentation and – in doing so – point out

how meaningful research and algorithmic development in ApCoA must be based on

viewing the subject as a discipline within Analysis, a view that I have held through-

out my work in that area. The overview character of this presentation is also the

reason why I have refrained from bibliographical citations besides some general

pointers to my book [1].

Most of the 19th century mathematicians regarded it as their prime task to solve

problems posed by the natural sciences; for them, it would have been natural that al-

gebraic problems over the real or complex numbers must be considered as problems

in analysis for a meaningful numerical treatment. Take Carl F. Gauss, the “prin-

ceps mathematicorum”: in the university of Göttingen, he was not a professor in

mathematics but the director of the observatory, and – along with his fundamental

research in discrete and continuous mathematics – he did pioneering experimental
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and theoretical work in physics and the technical sciences. In an overdetermined

linear algebraic system with numerical coefficients, he “saw” the norm of the resid-

ual as a function of the pseudo-solution components; therefore he determined his

least-squares solution by differentiation. And he valued this approach as sufficiently

important to be taught in a special course of lectures at the university.

In the fall of 1823, Gauss actively participated in the accurate determination of

the distance between the observatories of Goettingen and Altona by an elaborate

surveying project, and he faced the daily task of retrieving highly accurate numer-

ical results from the sizable overdetermined linear equation systems arising from

the triangulation measurements. At that time, this was a tedious pencil-and-paper

job, requiring patience, care – and checks for calculating errors. This chore led to

his “invention” of numerical linear algebra: not only did he devise a novel, gen-

uinely analytic approach to his task, viz. iterative improvement, but his design of

an algorithmic recipe realized many of the principal ideas of what developed into

numerical analysis: clever choice of the coordinate system, quick determination of

a reasonable initial approximation, efficient flow of control in the iterative proce-

dure, meaningful number of digits in the calculation, and many more. Fortunately,

he documented his pioneering concepts in a letter to a fellow surveyor, written on 26

Dec.(!) of that year, with explanatory sketches and an elaborated example. The let-

ter closes with the remark (my translation): “I recommend you this method for your

own usage. You will hardly use direct elimination ever again, at least with more than

2 unknowns. One can perform the indirect procedure while half asleep, or one can

think of other matters at the same time.” (Maybe this led to the name “relaxation”

for this family of iterative algorithms.)

I have no doubt that – presented with a multivariate polynomial problem with

numerical coefficients – Gauss would not have considered the precise satisfaction

of the equalities through exact rational calculation as appropriate tools; he would

rather have seen the problem continuously embedded in the set of equally structured

systems with neighbouring coefficients, and he would have employed concepts and

tools of analysis together with the relevant algebraic concepts to define and to com-

pute meaningful solutions. This brings me to my subject:

Computational problems in commutative algebra with numerical coefficients re-

quire the embedding of commutative algebra into analysis!

8.2 Approximate Commutative Algebra

At first, we have to clarify what we mean – in the context of this presentation –

by “Approximate Commutative Algebra”. Of course, you would not be here in this

ApCoA-Workshop without a notion of what ApCoA is. In my personal view, Ap-

CoA encompasses the following:

• consideration of problems of Commutative Algebra over the complex or real

numbers

• admission of some data of limited accuracy

• use of floating-point arithmetic for the computation of numerical results.
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Naturally, the first characteristic must be present; but many aspects of ApCoA

also apply to exact data and/or with exact computation.

The two main tasks of ApCoA are – in my personal view – the following: on the

one hand, we must consider the feasibility in ApCoA of the relevant concepts from

Commutative Algebra and define modified concepts where required. On the other

hand, we must design algorithms for the numerical determination of meaningful nu-

merical results for certain computational problems and analyze their performance.

In both of these aspects, ApCoA is fully analogous to Numerical Linear Algebra.

For this reason, I would have strongly preferred the general usage of the term “Nu-

merical Commutative Algebra” in place of “Approximate Commutative Algebra”;

but it is no use to cry over spilt milk.

Assume that we have a specified multivariate polynomial system with complex

coefficients, with some of these coefficients of limited accuracy. What do we mean

by an ideal generated by this polynomial system? Or, conversely, given a polynomial

ideal through a specified basis, when is a polynomial with numerical coefficients of

limited accuracy a member of this polynomial ideal. If we cannot clearly answer

these and similar questions, it is meaningless to design an algorithm for the nu-

merical computation of an ideal basis of whatever structure for an “approximate”

polynomial system, a typical task of ApCoA. From the term approximate it is obvi-

ous that such questions do not belong to classical algebra but to analysis.

Instead of further examples which will appear later anyway, I will now to turn to

the meaning of “embedding into analysis”.

8.3 Empirical Data

Every application scientist using mathematical models is accustomed to the use of

“approximate” data, or rather data with limited accuracy. I prefer the technical term

empirical data since “approximate data” may suggest that there exists an “exact

value” while there is no such thing for most real-world data: take the temperature

of a lake, or the height of a tree etc., let alone socioeconomic data. If we use such

data in the evaluation of algebraic models, we must have a clear concept of them:

e.g. what is meant by a coefficient 1.23 which has arisen directly or indirectly from

measurements or has been the result of previous computations which employed data

of limited accuracy?

Clearly, the value 1.23 is not to be understood like a value 2 arising intrinsically in

some physical law. Normally, it simply means that – in this context – this specifica-

tion is the most plausible choice from the sequence { . . . ,1.19,1.20,1.21,1.22,1.23,
1.24,1.25,1.26,1.27, . . .} and that no meaningful choice for a third digit exists.

Definitely, it does not exclude values in the neighbourhood of 1.23 (like 1.234) as

valid instances. At times, an indication of the extension of that neighbourhood may

be given by some tolerance like ±.02; but, for 1.23, this would not mean that the

values in [1.21,1.25] are valid while those outside this interval (like 1.2501) are not.
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The discontinuity introduced by such a strict interval would be just as unnatural as

the strict concept of a point value.

Rather, in my opinion, an empirical data item should be seen as an expanding set

of neighbourhoods, with less and less probable choices at their peripheries as their

diameters increase. But this heuristic “probability” cannot be formulated rigidly so

that a recourse to mathematical probability theory is, generally, also futile. My own

suggestion has been the association of a validity scale with each such data item

(cf. [1], section 3.1.1); but other similar concepts may serve as well. Essential is the

view of such data as loosely defined neighbourhoods rather than precise points or

precise sets like intervals.

Within a computation, however, we must use one precise value for each empirical

data item, its specified value, like 1.23 above. The given problem, with all empir-

ical data at their specified values, will be called the specified problem. While it is

generally not an “exact problem” in any sense, it may be used as a well-defined

reference problem. Of course, to solve this specified problem exactly, with exact

rational calculation, would be “shooting at sparrows with cannons”; floating-point

arithmetic, perhaps even with a low word-length, will suffice at first. The results of

such a computation must be subject to a validity check in any case and they must be

improved if necessary. Obviously, the discrete view of algebra is not adequate for an

understanding of this situation but the continuous view of analysis must be adopted.

8.4 Valid Results; Validity Checking of Results

As mentioned before, a problem with empirical data has no exact results. Instead

one may define valid (pseudo-)results in a consistent and well-defined manner:

Any delivered result of an empirical problem is valid if it may be interpreted as

the exact result of a valid instance of the problem, i.e. of a “neighbouring” problem

with valid data. The genesis of the pseudoresult plays no role in this context.

This concept has the important advantage that the validity of a pseudoresult is

defined strictly within the underlying algebraic context: note that we require an

exact solution in the algebraic sense of a well-defined algebraic problem whose

existence must be proved. This also explains my dislike of the name “Approximate

Commutative Algebra” because in the end there is nothing approximate in the way

algebraic relations come into play.

At first, it appears that the task of checking the validity of a pseudoresult ob-

tained in whatever way would be as difficult as the solution of the original problem.

However, we have to establish only the existence of some valid neighbouring prob-

lem for which our result is an exact solution. It is true that one will often proceed

as if one had to find the closest neighbouring problem in the metric introduced by

the validity scales of the empirical data. But this optimization problem need only be

solved very crudely: either a just-vaguely-nearest conforming neighbouring prob-

lem is well within the validity range and thus confirms the validity of the presented

result, or it is outside by a substantial amount so that an iterative improvement of the
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presented pseudosolution appears necessary. If the situation is doubtful, an iteration

step will be carried out anyway.

As a first example, consider a numerically computed “pseudozero” of an em-

pirical system of multivariate polynomial equations. An evaluation of the residual

will not suffice because it may be manipulated arbitrarily by scaling some or all

polynomials.

According to the above validity concept, we will replace the specified values α̃ j

of the empirical coefficients by α̃ j +µ jΔα j , where the µ j reflect the accuracy levels

of the empirical coefficients α j : e.g. if an α j has three significant decimal digits,

µ j may be chosen as 10−3 . These new polynomial equations should be satisfied

exactly for the pseudozero components. After some manipulation, we are left with

a linear system for the Δα j which contains the residuals of the specified system for

the pseudozero components. If there are more empirical coefficients than equations,

we may minimize the moduli of the Δα j in solving. In a system representing a real-

life model, there will always be empirical terms representing small effects which

have not been included in the model so that there are sufficiently many Δα j . If the

weights µ j have been properly chosen, the pseudozero is valid if all Δα j have a

modulus about 1 or smaller.

8.5 Data → Result Mappings

In our introductory remarks, we have emphasized that it is crucial to conceive of an

empirical algebraic task as problem for a whole neighbourhood of data. In analyzing

our task for a neighbourhood of data simultaneously, we must view the relation

between the data set and the associated set of results as a mapping in the analytic

sense if we are to understand what may happen. The qualitative and quantitative

properties of this data→result mapping will determine the further steps to be taken.

As we deal with problems with numerical data (coefficients and the like), the

algebraic objects of our task may, and generally will, also contain numerical data

which are exact, e.g. integers; we will call them intrinsic data. It helps to consider

these intrinsic values as a part of the mapping and not as data. Notably, vanishing

coefficients which determine the sparsity structure are generally of this kind. As data

of the mapping, this leaves the empirical numerical coefficients, with their respective

neighbourhoods.

Thus our data→ result mappings are defined on bounded regions A⊂ Cn where

n is the number of empirical components αν ∈ C in our task. The image space,

i.e. the space to which these regions are mapped, naturally depends on the task:

If we aim, e.g., at locating all zeros of a polynomial system in s variables, the

image space will be Cm×s , where m is the number of zeros. If, on the other hand,

we aim at some qualitative answer, e.g. about the stability of a univariate polynomial

(“Are all zeros in the open left half-plane?”), then the image space is discrete and

consists only of the truth values ‘true’ and ‘false’. Similarly, an image space may

consist of natural numbers.
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Let us shortly consider this special case of a discrete image space first. Clearly, to

be able to obtain a definite result over the whole data region A under consideration,

we must ascertain that the data→ result mapping is constant there. If it is not, the

given task is ill-defined for the specified “approximate data”, it cannot be reliably

completed. (A suitable redefinition of the task may sometimes resolve the dilemma.)

One particular situation of this kind has, in the 90’s, dominated the discus-

sion about the feasibility of what became Approximate Commutative Algebra: the

floating-point computation of Gröbner Bases for polynomial systems which – in

view of Wilkinson’s backward error analysis – is equivalent to exact GB compu-

tation for approximate data. Since the principal result of a GB computation is the

structure of the GB, its floating-point computation can be meaningful if and only

if this structure is constant over a sufficiently large neighbourhood of the specified

data. A fortiori this is so if some coefficients are actually of limited accuracy.

Thus, the only chance for a safe numerical computation of Gröbner Bases in

ApCoA exists if the associated normal sets are generic for the chosen term order

for a sufficiently large neighbourhood of the specified data, i.e. if the normal sets

for all neighbouring polynomial systems consist precisely of the initial members

of the sequence of monomials in ascending term order. It is well-known that for

a polynomial system whose GB has a non-generic normal set, there must occur

“jumps” in the normal set structure upon some infinitesimally small generic changes

in the coefficients! Since, generally, the normal set structure of a Gröbner Basis to be

determined is not known a priori, Gröbner Bases are not suitable as a standard for

ideal bases in Approximate Commutative Algebra. If I had seen this so clearly 15

years ago, I could have saved myself a great deal of futile endeavours and numerous

heated discussions with computer algebraists.

Naturally this raises the question of how we can compute ideal or quotient ring

bases at all in ApCoA, since it is obvious that there do not exist normal sets which

are feasible for all ideals with a given number of zeros. The only possible answer

appears to lie in the abolition of the term order as a guiding principle for the algo-

rithmic procedure. As a consequence, this leads to Border Bases in place of Gröbner

Bases. Algorithms of this kind are possible, in particular if we know the dimension

of the quotient ring. For regular polynomial systems, this value can be found from

the BKK-algorithm which uses the sparsity structure of the polynomial system only;

thus this is no principal problem, at least for zero-dimensional ideals. In my book

(cf. [1], chapter 10), I have elaborated how such algorithms may proceed.

8.6 Analytic View of Data→Result Mappings

If the result space X is some CN , it is clear from the preceding discussions that a

necessary prerequisite for a meaningful definition of the computational task is the

continuity of the data→ result mapping F : A → X . Consider some typical tasks

from this respect:
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• Zeros of regular multivariate polynomial systems (complete intersections):

One of the most fundamental theorems of complex analysis says that the indi-

vidual zeros depend continuously on the coefficients of the system (cf. e.g. [2],

section 10.2) in a sufficiently small data neighbourhood.

• Quotient ring representations for regular multivariate polynomial systems: For a

specified system, there exist monomial bases which are valid within a neighbour-

hood of the data and whose associated multiplication matrices are continuous

there; cf. [1], section 2.5.

• Eigenvalues and eigenvectors of square matrices: Since they may be defined via

the characteristic polynomial, we have continuity w.r.t. the matrix elements.

Mere continuity is a very weak basis for safe and successful computation. But

when we consider differentiability, the situation begins to be more complicated:

even for a univariate polynomial it is well-known that the mapping from the coeffi-

cients to a zero is not differentiable at a multiple zero: such a zero decomposes into

a cluster of zeros upon arbitrarily small generic perturbations of the coefficients. At

multiple zeros of multivariate systems, the situation is qualitatively the same but

quantitatively much more intricate; cf. [1], section 9.3. This implies that computa-

tions in the vicinity of a multiple zero or a zero cluster must be subject to special

attention in order to be successful; this will be further discussed below.

Isolated zeros of regular polynomial systems, on the other hand, depend smoothly

on the coefficients because the system derivative is nonsingular at an isolated zero.

Thus, a neighbourhood of the specified data is mapped to a domain in the neigh-

bourhood of each zero; the dimension of the domain depends on the dimensions of

the data and result spaces. This is the basis for the validity of the Newton method

for improving the accuracy of an approximate isolated zero. However, if other zeros

are relatively close, the system derivative may well be near-singular at an isolated

zero making the computational task very ill-conditioned; see below.

For a regular polynomial system and a feasible monomial basis of the associ-

ated quotient ring, the elements of the multiplication matrices are smooth functions

of the polynomial coefficients, within the feasibility region of the monomial basis.

This implies that the coefficients of a border basis for a regular 0-dimensional poly-

nomial ideal are smooth functions of the coefficients of the generating polynomials.

Thus, the shortcoming of Gröbner bases is only due to their artificial restriction of

admissible normal sets by a term order.

8.7 Condition

It is well-known to everybody who has had to deal with extended numerical com-

putations that the formal smoothness of the data→ result mapping is illusory if the

associated derivatives are extremely large; this situation is called ill-conditioning

in numerical analysis. In a well-conditioned situation, small changes in the data do

not lead to unduly large changes in result values. In an ill-conditioned task, on the
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other hand, the virtual data changes associated with floating-point computation may

completely distort the outcome of a computation.

Therefore, there exists a “grey zone” about strictly singular data configurations,

i.e. data for which the differentiability of the data→ result mapping breaks down.

For specified data in this zone, we must expect ill-conditioning and either employ

refined computational procedures and checks, or – preferably – redraft the problem

formulation such that the ill-conditioning disappears. Since commutative algebra

with polynomials presents us with a variety of singular situations, the detection of

potential ill-conditioning is a fundamental task in ApCoA and the design of appro-

priate redrafting measures an important aspect of algorithmic design.

Thus, as a standard procedure, one should check the condition of intermediate

linear systems of equations to be solved, even of very small systems. Also the ap-

pearance of a very small number as a divisor e.g. through a tiny leading coeffi-

cient of an intermediate polynomial) may be a crucial indicator of an intolerably

ill-conditioned situation. Often, the information from such checks can be used for

the activation of switches leading to a modification of the problem formulation with

a vastly improved condition. I will sketch two such situations.

The location of a polynomial zero which is a member of a dense cluster of zeros is

notoriously ill-conditioned; this will be displayed by the condition of the associated

Newton step. If the information on the individual zero has arisen from an eigenvec-

tor of a multiplication matrix, we may check for the set of near-linearly-dependent

eigenvectors which – together – represent the complete cluster. The determination

of the eigenspace associated with this set can proceed in a well-conditioned manner

and permits a safe computation of the complete zero cluster.

With empirical systems, we may often suspect that the cluster should be inter-

preted as a valid multiple zero and try to verify the presence of such a zero at the

locality in question. Again, this is, generally, a well-conditioned computation. More

technical details are to be found in my book and in the related literature.

As mentioned in section 5, the numerical computation of a basis for a 0-

dimensional polynomial ideal must be prone to extreme ill-conditioning or even

failure if it is based on a fixed structure of the associated normal set – as it is the

case with Gröbner basis computation for a specified term order. Even if this situa-

tion is discovered before breakdown, it is generally infeasible to use the information

gathered so far for a redirected computation w.r.t. a different term order; and this

one may once more be unsuitable. In the computation of a border basis, on the other

hand, one starts with some normal set of the correct number of elements, compatible

with the polynomial system. If an ill-conditioning is discovered during the subse-

quent computations, one can exchange just one monomial of the current normal

set. This is a simple operation which saves all of the information previously deter-

mined; it may also be repeated as often as necessary. For technical details, cf. [1],

section 10.3.

If the ill-conditioning arises from a zero with a very large modulus (i.e. a zero

close to ∞ ), this can be diagnosed during a border basis computation: in this case,

if the computation is continued after an appropriate monomial of the normal set has

been discarded and sent to the border set, this is equivalent to the assumption that a
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valid position of the zero in question is at ∞ . This fact must, of course, be verified

a posteriori.

8.8 Overdetermination

Various phenomena appear frequently in polynomial algebra which lead to an

overdetermined, inconsistent numerical problem; we collect them under the term

“overdetermination”.

There is, of course, the natural situation in a real-life scenario of having more (not

rarely many more) observations than would be strictly necessary for the evaluation

of some polynomial model. Here, as in the linear case, one will minimize some

norm of the residual vector which arises from the individual observations. However,

contrary to the linear situation, the least squares approach results in a system of

higher degree. Therefore, we must reformulate the minimization in terms of the

increments of a rough approximate solution and discard higher than linear powers of

the increments in the minimization conditions. This is the immediate generalization

of a procedure which Gauss suggested for the linear situation in his initially quoted

letter. A similar situation arises in various other “smoothing” scenarios involving

empirical polynomials.

A genuinely different situation exists when the consistency of more than s poly-

nomials in s variables is an indispensable part of the task and has to be maintained

strictly. With some empirical coefficients present, a specified polynomial system

will “always” be inconsistent. Thus, what we really have in mind is the set of nearby

systems which are consistent, preferably the closest such system.

Such a situation arises naturally, e.g. when we want to factor an empirical mul-

tivariate polynomial in a particular way: with the specified values of the empirical

coefficients, the polynomial will most certainly not factor exactly, i.e. the system

of equations for the coefficients of the potential factors will almost inevitably be

inconsistent; but, naturally, we do not want an exact factorization of the specified

polynomial but of a factorable valid instance of the empirical polynomial.

One possible approach consists in the selection and solution of a suitable regular

subsystem, and the identification of those solutions which fit the remaining equations

roughly. By an iterative procedure, this fit may then be simultaneously extended over

the full system and improved by a minimization procedure. When we arrive at the

solution of a consistent valid instance of the system, we are satisfied.

Quite generally, we have this situation also when we compute an ideal basis nu-

merically, possibly from generating polynomials with some empirical coefficients.

In most cases, the basis will consist of more than s polynomials, which therefore

must satisfy a set of syzygies; otherwise they define a trivial ideal. But even for non-

empirical generating polynomials, the floating-point computation will introduce de-

viations which violate the syzygies. This is commonly the main argument against

the use of floating-point arithmetic in an ideal basis computation. The following

section deals with this fundamental problem.
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8.9 Syzygies

By their very nature, syzygies are relations which have to be satisfied in a strict

sense. In practical situations, however, this depends on the use which is made of

the polynomial system in question. In the case of an ideal basis of a 0-dimensional

ideal, a property which must be present in any case is the stationarity of the structure

of the system for a full, sufficiently large neighbourhood of the empirical data. For

this reason, we will only consider border bases with suitable normal sets in the

following.

If the purpose of our computation is the determination of all (or of a particular

set of) zeros of the generating polynomial system, the border basis coefficients will

be used for the construction of the multiplication matrices of the associated quo-

tient ring; their joint eigenvectors yield the coordinates of the zeros. Let us assume

that our computed border basis does not satisfy the appropriate syzygies but is rea-

sonably close to a genuine (i.e. syzygy satisfying) border basis. If the normal set

contains every variable, it generally suffices to compute the eigenvectors of one par-

ticular multiplication matrix. Although it has been obtained from an approximate

border basis, this matrix has, generally, a full set of linearly independent eigenvec-

tors. That means that we obtain a complete set of approximate zero locations in any

case, independently of any syzygies which have or have not been satisfied previ-

ously! How can that be?

The answer comes to light when we compare the syzygy conditions for the border

basis with the commutativity conditions for the associated multiplication matrices:

written in terms of the coefficients and elements respectively they are identical!

Thus, a slight violation of syzygies in the border basis simply leads to a slight viola-

tion of the commutativity of the multiplication matrices and thus to slightly different

sets of eigenvectors for the individual multiplication matrices and to slightly differ-

ing locations of the approximate zeros which they define.

Furthermore, some of the conditions constitute internal conditions on the matri-

ces; their violation implies that eigenvector components which correspond to prod-

ucts or powers of zero coordinates deviate slightly from the respective products or

powers of the computed coordinates. Both conflicts need not bother us – they do not

even come to light – if we are only interested in a set of approximate zero locations;

we will check and improve their locations by a Newton step anyway.

If there are multiple zeros or dense zero clusters, it is more important to have ma-

trices which permit a (near-)strict interpretation as multiplication matrices, i.e. which

form a (near-) commutative set. In this case, one can perform an optimization step

on the coefficients of the approximate border basis towards the satisfaction of the

syzygies to achieve that goal.

It appears to be a reasonable approach to border basis computation for

0-dimensional polynomial ideals to construct a closed monomial set with the cor-

rect number of elements (the BKK number) which fits the generating polynomi-

als and to use the syzygy equations, together with the generating polynomials, for

the computation of the basis coefficients. However, without further complications,

this requires that we use a set of syzygies which contains no overdetermination: an
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overdetermined equation system with empirical data would be inconsistent. In sec-

tion 10.2 of my book ([1]), I have shown how such a minimal syzygy set may be

obtained.

8.10 Singularities

When we deal with a situation near or at a genuine singularity of an algebraic con-

stellation over the real or complex numbers, the analytic view is indispensable for

a successful computational treatment. “Genuine” means that we dismiss so-called

representation singularities where a jump in the representation is only due to some

restrictive formal requirements like term order precedences. In connection with 0-

dimensional ideals, this leaves (at least) two distinct important cases:

confluence Two or more zeros of an ideal coincide but separate into a zero cluster

upon infinitesimal changes in the data;

dimension jump An apparently regular polynomial system admits a zero mani-

fold which disappears, however, upon infinitesimal changes in the data leaving

only one or several discrete zeros behind.

In both cases, if the empirical data admit the degenerate as well as the non-

degenerate situation, we must first decide what we want to determine: we may be

interested only in a valid instance of the degenerate situation because our model

requires its presence; or we may be interested in the structures of the potential valid

zero configurations which may arise close to the singularity. For sufficiently well-

defined or exact data, we may want to exclude the possibility of a degeneration and

to determine the zero loci quite accurately.

Let us look at the cluster case first:

The one-variable case is well-known and easily understood: one complex poly-

nomial p in one variable always decomposes into linear factors over C ; because of

the continuous dependence of the zeros, a multiple linear factor s0(x) = (x− z0)
m

must turn into s(x) = (x− z0)
m +∑m−1

0 σµ(x− z0)
µ , with tiny σµ ’s, upon tiny

changes of the coefficients in the full polynomial. The ideal generated by s contains

only the zeros of the cluster into which the multiple zero has decomposed after the

data change. But contrary to the cluster zeros, the coefficients σµ of this “cluster

polynomial” are smooth functions of the coefficients of p .

If we parametrize the data change by a common small parameter ε , the cluster

polynomial permits a representation of the zeros in terms of a series in ε1/m which,

e.g. displays the directions in the complex plane in which the m zeros depart from

the location z0 . For an empirical polynomial, this implies that the potential loci

of the cluster zeros spread over an O(ε1/m ) area; but at the same time, for a fixed

set of data, the loci are strongly interrelated. All computational problems regarding

the cluster become much easier when the “cluster polynomial” s is used in place

of the complete polynomial which is generally of a much higher degree, and the

meaningful accuracy of the results is obtained more directly.
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While the multi-variable situation extends this situation in a natural way, it is

considerably more intricate technically. For the exact data of a system with a multi-

ple zero, there must exist an ideal I0 which admits only the multiple zero z0 and at

the same time contains the ideal of the full system P0(x) with the multiple zero. The

closed linear space of the linear functionals at z0 which vanish for all polynomials

in I0 is the dual space of I0 whose dimension denotes the multiplicity of z0 .

The parametrized perturbation of that ideal must function as the “cluster ideal”

which describes the zero clusters which arise under various perturbations. However,

if we have a polynomial basis for I0 , it is not at all clear at first, which monomial

terms should be added (with tiny coefficients) to the basis polynomials to represent

all potential perturbations of I0 arising from perturbations in the full system P(x) .

It turns out that the appropriate choice are the monomials in the normal set of the

basis of I0 , taken about z0 ; cf. the one-variable situation above.

In the one-dimensional case, the interpretation of the dual space spanned by

the 0-th to the (m− 1)-th derivative is trivial; this permits a geometric interpre-

tation of the potential zero configurations in the cluster. The analogous analysis of

a multi-variable dual space is much more intricate; it constitutes an interesting an-

alytic problem whose solution is necessary for the computational management of a

multi-dimensional zero cluster. Finally, these constructs must be realized algorith-

mically. A good number of technical details are to be found in the sections 8.5 and

9.3 of [1].

An intrinsic polynomial system of s polynomials in s variables is regular if it

has exactly as many zeros (counting potential multiplicities as above) as given by its

BKK-number; such a system is singular if it either admits zero manifolds or has a

deficient number of zeros. In both cases, the singularity disappears upon arbitrarily

small generic perturbations of the system. The manifold case is particularly irritating

because it appears to constitute a clear violation of the continuity of zeros: almost

all points of the manifold are not near the few discrete zeros which remain of the

manifold upon the perturbation. Consider the trivial case: {xy,y +α(x− 1)} ; for

α = 0, we have the zero manifold y = 0 which reduces to the two discrete zeros

(1,0) and (0,α) for arbitrarily small α �= 0.

As a surprise, the continuity returns for empirical polynomials in place of “exact”

ones: when we consider the sets of potential zero locations for the sets of polynomial

systems neighbouring the singular one, it turns out that these sets stretch further

and further along the hidden zero manifold as the coefficient ranges approach the

critical value(s); finally they enclose the full manifold as soon as the critical value(s)

become(s) engulfed by the coefficient range(s).

This shows that there are phenomena in commutative algebra over the complex

(or real) numbers which cannot be understood at all without considering an em-

bedding of the situation into an analytic context. But such an understanding is indis-

pensable for a decision about the validity of a potential zero manifold in an empirical

system, a problem which is not so rare in applications. Again, the reader is referred

to [1], where a good number of interesting details are discussed in section 9.4. The

zero-deficient case is also found there in section 9.5; it has been omitted here for

shortness.



8 Stetter’s view 217

8.11 Conclusions

We have attempted to exhibit a few of the many additional insights which may be

gained from viewing problems of commutative algebra over the complex or real

numbers as embedded in analysis through the natural topology supplied by the co-

efficients fields. In particular, it has been shown that this approach furnishes decisive

advantages in connection with computational tasks:

It yields an access to the stability and conditioning of most algorithms and thus

permits a qualified choice of both the algorithms and of appropriate bases within

them. Thus it provides a solid basis for the use of floating-point arithmetic with

standard wordlengths, even in problems with exact data. For such problems, initial

approximate results may be refined iteratively to any specified or needed accuracy

by analytic tools. The total computational effort may thus be reduced considerably,

sometimes by orders of magnitude.

In the presence of empirical data, i.e. with nearly all computational problems

from real-world applications, the analytic viewpoint is indispensable: the spread of

the data may include singular or degenerate situations which would be overlooked

if the neighbourhood of a specified problem would be neglected. This simultaneous

consideration of sufficiently large sets of neighbouring problems may permit a qual-

ified answer to practically important questions, e.g. the possibility or the exclusion

of the occurrence of certain special situations.

Furthermore (an aspect which has not been reviewed in this presentation), the

questions which arise in the analytic approach may frequently pose novel problems

for classical commutative algebra, with interesting or yet unknown answers. Thus,

we believe that there arises a benefit even for the genuine algebraic realm of the

subject.
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Chapter 9

Exact Certification in Global Polynomial
Optimization Via Rationalizing

Sums-Of-Squares

Erich Kaltofen

Abstract Errors in the coefficients due to floating point round-off or through physi-

cal measurement can render exact symbolic algorithms unusable. Hybrid symbolic-

numeric algorithms compute minimal deformations of those coefficients that yield

non-trivial results, e.g. polynomial factorizations or sparse interpolants. The ques-

tion is: are the computed approximations the globally nearest to the input?

We present a new alternative to numerical optimization, namely the exact valida-

tion via symbolic methods of the global minimality of our deformations. Semidefi-

nite programming and Newton refinement are used to compute a numerical sum-of-

squares representation, which is converted to an exact rational identity for a nearby

rational lower bound. Since the exact certificates leave no doubt, the numeric heuris-

tics need not be fully analyzed. We demonstrate our approach on the approximate

GCD, approximate factorization, and Rump’s model problems. The talk covers joint

work with Bin Li, Zhengfeng Yang and Lihong Zhi.

Narrative

The following is a transcript of my presentation at ApCoA 2008: Workshop on Ap-

proximate Commutative Algebra in Hagenberg, Austria, held July 24–26, 2008. My

talk is on the results in [7].

We first consider the example of approximate polynomial factorization. The sim-

plest case is when the input is an irreducible polynomial f ∈ R[x1, . . . , xn] over

R , and the desired output are two polynomials g1,g2 ∈ R[x1, . . . ,xn] such that

‖ f − g1g2‖2 is minimal An algorithm template solves for all “good” degrees for

g1 and g2 the unconstrained quadratic optimization problem
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min
g1,g2

‖ f −g1g2‖2
2,

where ‖ · ‖2
2 denotes the sum-of-squares of the scalar coefficients of the argument

polynomial. Our algorithms perform

• local optimization (Gauss-Newton, Lagrange multipliers [9]). Newton iteration

is initialized via the singular value decomposition of the corresponding Ruppert

matrix, which also yields good degrees for g1 and g2 .

• global optimization (semi-definite programming [6]).

• certification of the optima via rationalizing a numeric sum-of-squares [7]. This

is the subject of our talk.

A second example is Siegfried Rump’s 2006 model problem [19]. For n =
1,2,3, . . . one computes the global minimum µn : of the rational function

µn = min
P,Q

‖PQ‖2
2

‖P‖2
2‖Q‖2

2

(rational function)

s. t. P(Z) =
n

∑
i=1

piZ
i−1,Q(Z) =

n

∑
i=1

qiZ
i−1 ∈ R[Z]\{0}

An equivalent formulation is the equation-constrained polynomial optimization

problem

µn = min
P,Q

‖PQ‖2
2

s. t. ‖P‖2 = ‖Q‖2 = 1, deg(P)≤ n−1,deg(Q)≤ n−1

which can be solved by the method of Lagrangian Multipliers. A third equivalent

formulation relates Rump’s problem to factor coefficient bounds:

1

µn

= max
P,Q

Bn−1

s. t. ‖P(Z)‖2
2 · ‖Q(Z)‖2

2 = Bn−1‖P(Z) ·Q(Z)‖2
2

P,Q ∈ R[Z]\{0}, deg(P)≤ n−1,deg(Q)≤ n−1

By Mignotte’s factor coefficient bound [14] we have 1
µn
≤
(

2n−2
n−1

)2
. Our algorithms

minimize the rational function f (X)/g(X) with

f (X) = ‖PQ‖2
2 =

2n

∑
k=2

( ∑
i+ j=k

piq j)
2,

g(X) = ‖P‖2
2‖Q‖2

2 = (
n

∑
i=1

p2
i )(

n

∑
j=1

q2
j)
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where

X = {p1, . . . , p⌈n/2⌉}∪{q1, . . . ,q⌈n/2⌉},
because P,Q achieving µn must be symmetric or skew-symmetric [20].

We shall now give a brief introduction to sum-of-squares optimization. Emil

Artin’s Theorem states that

∀ξ1, . . . ,ξn ∈ R : f (ξ1, . . . ,ξn)≥ 0, f a real polynomial (or rational function)

(

∃u0, . . . ,um ∈ R[X1, . . . ,Xn] : f (X1, . . . ,Xn) =
m

∑
i=1

(
ui

u0

)2

Putinar’s “Positivstellensatz” allows for polynomial constraints q0 = 1,q1, . . . ,ql . If

the constraints satisfy certain conditions (generate an archimedean quadratic module

[16]), simple polynomial sums-of-squares suffice:

∀ξ1, . . . ,ξn ∈ R : (∀ j : q j(ξ1, . . . ,ξn)≥ 0) =⇒ f (ξ1, . . . ,ξn) > 0

(

∃u j,k ∈ R[X1, . . . ,Xn] : f (X1, . . . ,Xn) =
l

∑
j=0

q j∑
k

u2
j,k

Lasserre introduces polynomial relaxations [11], but for certification we require ex-

act sums-of-squares.

Polynomial sums-of-squares are related to positive semidefinite matrices in the

following way. Let W be a real symmetric matrix. We define W ) 0 (positive

semidefinite) if all its eigenvalues are non-negative. The LDLT -decomposition [3]

gives the equivalent characterization

W ) 0⇐⇒∃L,D,P : PTWP = LDLT , P perm. matrix, D diagonal with Di,i ≥ 0.

Therefore,

∃ui ∈ R[X1, . . . ,Xn] : f (X1, . . . ,Xn) =
k

∑
i=1

ui(X1, . . . ,Xn)
2

(
∃W ) 0: f = md(X1, . . . ,Xn)

T W md(X1, . . . ,Xn)

=
rank W

∑
i=1

(
√

Di,i Li md(X1, . . . ,Xn))
2

with Li the i -th row of L and md(X1, . . . ,Xn) the vector of terms of degree ≤ d in

the polynomials ui .

Semidefinite Programming (SDP) [25] generalizes linear programming by re-

stricting the decision variables to form positive semidefinite matrices. Let A[i],C,W
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be real symmetric matrices. We define

C •W =∑
i
∑

j

ci, jwi, j = Trace(CW )

The primary problem is

min
W

C •W

s. t.

⎡
⎢⎣

A[1] •W
...

A[m] •W

⎤
⎥⎦ = b ∈ Rm,

W ) 0,W = W T

Interior point methods for linear programming generalize to such semidefinite pro-

grams. Selected software is SeDuMi [22], YALMIP [13], GloptiPoly [4] SOS-

TOOLS [18], SparsePOP [24], SDPT3, VSDP, and others.

The linear constraints A[i] •W = bi in the primary problem allow blocking

of W . Let A[i, j],C[ j] and W [ j] be real symmetric matrix blocks and let W =
block diagonal(W [1] , ... , W [k]) . The blocked primary problem is

min
W [1],...,W [k]

C[1] •W [1] + · · ·+C[k] •W [k]

s. t.

⎡
⎢⎣

A[1,1] •W [1] + · · ·+A[1,k] •W [k]

...

A[m,1] •W [1] + · · ·+A[m,k] •W [k]

⎤
⎥⎦ = b ∈ Rm,

W [ j] ) 0,W [ j] = (W [ j])T , j = 1, . . . ,k

We can now apply SDP on the rational function optimization problem arising in

Rump’s model problem. Suppose g is a positive real multivariate polynomial, and

that the lower bound of µn = min f /g is positive. We [7] successfully can solve the

sparse SOS program

µ∗n := sup
r∈R,W

r

s. t. f (X) = mG (X)T ·W ·mG (X)+ rg(X)
(i.e., f (ξ1, . . . ,ξn) = SOS+ rg(ξ1, . . . ,ξn)≥ rg(ξ1, . . . ,ξn))

W ) 0, W T = W,r ≥ 0

where mG (X) is the term vector restricted to piq j . Table 1 is from [7] and compares

local methods and Rump’s reported bounds with SDP. For n = 14: W ∈ R49×49,
784 equality constraints [7]. However, the SDP solver experiences degradation of

precision. The last line n = 75 was computed in Maple with 150 digits of precision.
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n µ∗n from fixed prec. SDP Newton-Lagrange upp. bnd. Rump’s upper bound

3 0.111111111111132 0.1111111111111112 0.1111111111111113

4 0.0174291733214352 0.01742917332143266 0.01742917332143269

5 0.00233959554819155 0.002339595548155594 0.002339595548155599

6 0.00028973187528375 0.0002897318752796807 0.0002897318752796843

7 0.0000341850701964797 0.00003418506980008289 0.00003418506980008323

8 0.00000390543564465773 0.000003905435649755721 0.000003905435649755845

9 4.36004072290608e-007 4.360016539181021e-007 4.360016539181362e-007

10 4.78395278113997e-008 4.783939568771179e-008 4.783939568772086e-008

11 5.18272812166654e-009 5.178749097446552e-009 5.178749097451150e-009

12 5.54188889223539e-010 5.545881831162859e-010 5.545881831173105e-010

13 4.06299438537872e-011 5.886688081195787e-011 5.886688081216679e-011

14 2.26410681869460e-010 6.202444992001861e-012 6.202444992172272e-012

75 ? 5.807824708805749e-073 ?

Table 1

We now turn to exact certification of optima, which can also address stability

issues of the SDP solvers. Problems with sum-of-squares certificates are that

1. Numerical sum-of-squares yields “≥ 0” approximately,

2. The exact optimum is high-degree/large-height algebraic number [1],

3. Relaxations [11] overshoot degrees, i.e. are always approximate.

Therefore, we certify a rational lower bound r̃ � r (of small size) via a rational

matrix W̃ so that the following conditions hold exactly:

f (X)− r̃g(X) = mG (X)T ·W̃ ·mG (X),

W̃ ) 0, W̃ T = W̃ .

The following figure from [7] shows the projection process

X

convert to rational

Newton iteration
WNewton

WSDP

project on hyperplane

symmetric positive semidefinite matrices
W̃

where the affine linear hyperplane is given by

X = {A | AT = A, f (X)− r̃g(X) = mG (X)T ·A ·mG (X).}

Note that W̃ = L D LT is actually a rational identity, which makes the certification

of positive semidefiniteness of the rational matrix W̃ easy using an exact LU matrix

decomposition. An important difference to [17] is that we perform Gauss-Newton
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refinement before projection. The change is crucial, because otherwise W̃ can be

too far from the cone of positive semidefiniteness. The initial quadratic form can be

expressed as:

f (X)− r∗g(X)≈
k

∑
i=1

(∑
α

ci,αXα)2 ∈ R[X]

We remark that k is determined from the numeric rank of W via singular¡?TeX ?¿

value decomposition, or it may be known. Gauss-Newton iteration proceeds on

f (X)− r∗g(X) =
k

∑
i=1

(∑
α

ci,αXα +Δci,αXα)2 +O(
k

∑
i=1

(∑
α

Δci,αXα)2).

An outline of the lower bound certification algorithm follows.

• Decrease rn = µ∗n − ρn for the small positive number ρn and compute the nu-

merical W by SDP.

• Apply Newton iteration

f (X)− rng(X) = mG (X)T ·W ·mG (X) =∑
k

(∑
α

ck,αXα)2 ∈ R[X].

• Project W to the hyperplane by solving the corresponding least squares problem.

min
W̃
∑
i, j

(wi, j− w̃i, j)
2

s. t. f (X)− rng(X) = mG (X)T ·W̃ ·mG (X)

• Check whether W̃ ) 0. If not, increase the precision for solving SDP and Newton

iteration or try smaller rn

Table 2 is from [7] and shows our certified lower bounds for Rump’s model

problem as the compare to Rump’s lower bounds.

n time(s) Digits certified lower bound Rump’s lower bound

3 0.028 20 0.11111111111111111 0.1111111111111083

4 0.368 20 0.017429173321432652 0.01742917332143174

5 8.128 20 0.002339595548155591 0.002339595548155278

6 182.8 20 0.0002897318752796800 0.0002897318752795867

7 837.4 20 0.00003418506980008203 0.00003418506980004407

8 2.112 15 0.000003905435649455700 0.000003905435649743504

9 7.008 15 4.36001623918100e-007 ?

10 34.14 15 4.78393556877000e-008 ?

11 27.93 15 5.17774909740000e-009 ?

12 174.1 15 5.51588183110000e-010 ?

13 181.2 15 5.78668808100000e-011 ?

14 1556 15 3.20244499200000e-012 ?

Table 2
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In [7] we give three further examples.

First, we computed the approximate GCD of 1000 Z10
1 +Z3

1 −1 and Z2
1 −1/100

[10]. The distance to nearest pair with common root (STLN [10], SOS [12]) is r∗ =
0.0421579164 which was verified as global minimum by interval arithmetic [26].

Our method certifies lower bound r̃ = 45266661 ·2−30 ≈ 0.0421578633 in several

seconds.

Second, we certified an approximate factorization. Nagasaka’s polynomial [15]

is (Z2
1 + Z2Z1 + 2Z2−1)(Z3

1 + Z2
2Z1−Z2 + 7)+ 1/5Z1 The distance to the nearest

reducible polynomial of no larger total degree is

0.00041370181014226

[9]. The numeric sparse SOS lower bound is 0.000413702070 [12]. Our certified

lower bound (in a few seconds), using the unconstrained polynomial optimization

problem given at the beginning, is

111052 ·2−28 ≈ 0.000413700938.

Third, we computed an exact sum-of-squares representation for a benchmark,

Vor1, from [2, 21]:

Vor1 = 16(au+au2)2

+(ay+aβ +2auy+4aβu−a2x−a2α+4aβu2−2a2αu)2

+(y+β +2βu−ax−aα−2aux−4aαu−4aαu2)2

≥ 0

The difficulty of our certification algorithm is to, first, actually have a polynomial

sum-of-square, and then, to achieve W̃ ) 0. The arising exact linear algebra can be

performed very quickly, thanks to modern symbolic algorithms. We have studied

how to use rational sum-of-squares and how to perform projections to hit the cone

of positive semidefiniteness in the follow-up paper [8].
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